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For 2-dimensional surfaces in E* the Gaussian torsion is the invariant of nor-
mal connection similar to the invariant of tangent connection, that is to the Gaus-
sian curvature. Two-dimensional surfaces in E* for which the Gaussian torsion
kr coincides with the Gaussian curvature K were considered in [1]. For example,
if the position vector of a surface is z,y,u(z,y),v(z,y) and v = @4, v = P,
where ® = ®(x,y) is some function, then K = kp. In general case on the surface
with K = kr the functions u and v satisfy some differential equation of the first
order. By using a method of characteristics one can integrate this equation to
the system of Hamilton equations. Thus, in [1] the method of constructing the
surfaces mentioned above is proposed and concrete examples are considered.

It is natural to consider a wider class of surfaces for which the ratio of the
Gaussian torsion and Gaussian curvature is a constant number. In this paper
a class of the ruled surfaces in E* is considered. It is assumed that the ratio of
the Gaussian torsion and curvature is distinct from zero, as the ruled surfaces with
zero Gaussian torsion were considered in [2]. In this paper from [2]| the formulas
for K and kp of the ruled surfaces in E* are used.

We formulate the basic results.

Theorem 1. For any C?-regular curve v C E*, with the first curvature
k1 # 0, and for any number c¢; # 0 in a neighborhood of each point py € -,
there exists a reqular ruled surface with the base curve 7y for which the ratio of the
Gaussian torsion and curvature is constant and equal to c;.
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Following Prop. A and B state global resolvability.

Analogously to the slope curve in E2, denote the slope curve in E* for which
the curvatures k1 # 0, ko and k3 satisfy the relations ks = aky and k3 = Bk,
where «, § are constants, and a # 0.

A generalized standard ruled surface is denoted as the two-dimensional ruled
surface F? in Euclidean space E™ when the directing (base) curve v is a curve
with the distinct from zero curvatures ki,...,k,—1, and the generatrix in each
point are directed as one of the basis vectors from the natural frame &;,...,&,. If
the directing curve v is a curve with constant and distinct from zero curvatures,
then the generalized standard ruled surface corresponds to the standard ruled
surface given in [4].

Proposition A. Ify in E* is a slope curve, then there exists a reqular gener-
alized standard ruled surface along the whole base curve «y for which the ratio 55

18 constant and equal to MLW
In particular, the standard ruled surface ®3 from [4] is of this kind, what

follows from the expressions for K and sr calculated in [4].

Proposition B. If v is a flat curve with (ki # 0), then in E* there eists
a regular ruled surface along the whole base curve y for which 55 = ¢ = const.

l
If the curve 7 is a closed flat curve with the length ¢, and ¢ = 5= [ ki (t)dt,
0

then the ruled surface is homeomorphic to a cylinder. As a special case of the
closed flat curve can be taken a circle. If ¢; = % is a rational number and the
curve vy is a circle taken p times, then this surface is homeomorphic to a cylinder.
If ¢y is an irrational number and the curve 7y is a circle taken infinite number of
times, then this surface is homeomorphic to a plane.

Some definitions should be recalled. Let v be some C¥(k > 2)-regular curve
in E* with the position vector p(t), where ¢ is an arc length. Let along the curve
v the C*¥(k > 2)-regular unit vector field of generatrix a(t) be given. Then the

position vector of the ruled surfaces F2 has the following form:

r(t,u) = p(t) + ua(t).
Denote the curve 7y as a base curve and also assume that a base curve is orthogonal
to generatrix.
Take the unit vector field a(t) as a linear combination of vectors of Frene’s na-

4 .
tural basis &9, &3, &4, that is a(t) = >_ a'¢;. The expression for the first derivative
i=2
4 )
of vector a has the form o' = Y T"¢;, where the coefficients T" are:
i=1
da?
Tl = —k1a2, T2 = E - k2G3,
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g _ da® 4 _ da’
T° = — + koa” — k T = —+k
7 + kea? sat, 7 + ksa®.
From [2]| the expression for the ratio of the Gaussian torsion and Gaussian

curvature of the ruled surface in F* is taken
kr c(t) +b(t)u

K dit)
where d o
a a
C(t) = kl |:<Cl E — a3ﬂ> — k3[(a3)2 + (a4)2] + k2a2a4] s
dT? dT* dT* dT?
T4 T3 T2 3 4
b(t) = < dt dt) + <dt dt
+T2T* (kga® + kza) — (T?)%kga® + T?T3kza® — k3a®((T?)? + (T*)?)

dT?
T34 — 3y [
+(T7a a’) 7

d(t) = —(a')* + (£,d')* = =[(T*)? + (T*)* + (T")’].
Let us prove Th. 1. For this we consider the case % = ¢1 = const. To find the
surfaces possessing this property it is necessary to solve the system

b(t) = 0, (1)
ct) = erd(t). (2)

First, consider the equation (1). By substituting the expressions for T, one
gets

+ kT — k2T3> ,

d%a? <a4 da? 3 da*

= pn = + kaa®a* — k3((a )2+(a4)2)>

d*a’ d d
+ dt(; <a2 ;t o ;t + ksa’a +k2a3a4>
d?a* da’® da?
+W <G3 dt 2 dt +k3a a —kQ(( )2+(a3)2)> +...:0, (3)

hereinafter the dots designate the terms not containing the second derivative from

at.

Rewrite (2) in the following form:
ki (T30 — T'a®) 4 ¢ ((T%)? 4 (T%)% + (T")?) = 0. (4)

By differentiating both parts of (4), one obtains

dT3 Tt dT? dT3 dT*
ki | —a* — — 2¢1 | T? T3 T = 0.
1<dta R >+Cl< a T a T a
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By substituting the expressions for 7%, one gets

d*a’® da? d%a? da®
W (261@ - 260k2a3> + W <261E + k1a4 + 261]4220,2 - 261k3a4>
dt? dt

As a vector field a(t) is unit, then (a?)? + (a®)? + (a*)? = 1. Differentiate this
condition twice

d2 4 4
+ a <201i — k1a3 + 200k3a3> +..=0. (5)

d?a3 d*a*
(2a2) + Pl (2a3) + W(2a4) +..=0. (6)

d?a?
dt?

The system of three differential equations (3), (5), (6) of the second order
relatively to the coefficients o’ with additional conditions

c(t) — erd(t) = 0, (7)

(a®)? + (a®)* + (a*)* =1, (8)
da? da? da*
GZE‘FCZSE‘FGAE =0 (9)

is obtained. o

If the determinant A of the matrix consists of the coefficients of % in (3),
(5), (6) and is distinct from zero, then the system in its normal form can be
written as follows:

d2ak
dt?

:Fk(t,ai, ) k=2,34. (10)

dt

Calculate the determinant of the matrix. In spite rather, of the expressions
being rather complex, one gets a very simple result

da? da* da? 2
A= —kl (G4E — G3E — k3((a3)2 + (a4)2) + k2a2a4> - 261 (E - k203>
—2 di?’—k 1 kya? 2—2 di4+k 3 2+2 Zd—aQJr 3C'L'L3+40L'L4
A\ Tar e TR A\ Tar T N T T w

= —k(T3a" —Ta®) — 2¢,[(T%)? + (T3)? + (T")?].
Using the equation (4), one finally obtains

A = —ci[(TH? + (T?? + (Th?].
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The system (10) of the second orders, when using a usual method, can be
reduced to the system of equations of the first order. Let y be a vector with

2 3
the components gz,...,y7. Put y2 = a®, ys = a', ys = ab, ys = Lo,y = o
Y7 = dst‘ Then the system can be written in the following form:
dy
— = F(y,t).
o = F1)
Choose the initial conditions of the system as follows:
2 2 3 3 4 4 6 _ da’
Yo = a”(to) = 0,45 = a’(to) = L,yp = a"(to) = 0,y0 = —-(to) =0.

Then additional conditions (7) and (8) are executed automatically. From (9)
one gets the equation

da? 2 da® ky da®
<W(t0) — kg) = <% +l€3> <a — (% +k3>> .

First, consider the case when the number ¢; is positive. Let us assume

da*
7
Yo 7 (to) 3+e¢,
da? k1 (to)
5 _ 1\t0 -
Yo =g (to) = ka(to) +4 /¢ <—Cl 5)-

It is possible to choose a positive small enough ¢, so that the additional condition
(9) will take place. For ¢; > 0 at point (¢g,yo), the determinant is distinct from

zero (ddif(to) _ k2>2 + (ddif(to) + k3> 2]

1

Now consider the case ¢; < 0. Let us assume

A(yo) = —c1

da*
7
Yo i ( 0) 3 —6&,
da? kq(t
yé’:—d (to):kZ(t0)+\/—8< 1( 0)+€>,
t C1
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then it is possible to choose a positive small enough ¢, so that the additional
condition (9) will take place. For ¢; < 0 at point (%9, o), the determinant is also
distinct from zero

A(to) = —C1 (—6 <ﬁ + 6) + €2> = €k1 ;fé 0.

C1

Let us consider some neighborhood of point (Zp,40). The determinant A is
a function of ¢,y2,ys3,...,y7: A = A(t,y9,...,y7) which is the algebraic function
of t,yo,...,y7 and, consequently, is continuous. Thus, the existence of the ruled
surfaces for which the ratio of the Gaussian torsion and curvature is constant
follows from the existence theorem of the theory of ordinary differential equations.

Consider the question of regularity of the constructed surfaces. The coeffi-
cients of their metric have the following form (see [2]):

g1 =1+ 2u(éy,d') +u?(d)?,

gi2=10, gx=1L1
Then get the condition of regularity

gi11922 = (]_ — uk1a2) + UZ((T2)2 + (T3)2 + (T4)2) 7’5 0.

4 .
In point (tg, %), the inequality > (7%)2 > €2 holds. From the above it follows
i=2
that at all values of the parameter u in some neighborhood of point (¢g, o), the

inequality g11g20 > 0 is valid. The surface is regular for the whole strip limited
by extreme generatrix. Thus Theorem 1 is proved.

Now let us turn to some examples of the ruled surfaces with a constant ratio
of the Gaussian torsion and Gaussian curvature with some base curves.

It is known that the tangent vector of a curve with constant ratio of torsion
and curvature in E? makes a constant angle with the fixed direction (see [3]).
Denote these curves as slope curves in E3. Recall that at the beginning of the
paper there was given the definition of slope curves in E*. For these curves

ko = aky, k3 = [k (11)

hold, where «, 8 are constants, and a # 0. Frene’s equations for this type of the
curves, can be written in the form:

% ke,

L2 — k(& +aty),
)
e,
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Introduce a new parameter ¢ = [ kids on the slope curve in E*. By differen-
tiating several times % and using Frene’s equations, get the differential equation

on &1 with constant coefficients

d'6
dt*

2 2 &1 20 _
+(1+a+ %) —% + 8% =0.
dt
From the theory of differential equations it follows that the common solution
of the equation above is

& = Ajcosvit + By sinvgt + As cos vat + Bs sinvst,

where v, 15 are some functions from «, 8, and Ay, By, As, By are constant vectors
satisfying condition |£;| = 1. By integrating &;, it is possible to find a position
vector of the slope curve in E*.

Now prove Prop. A. Let us construct a generalized standard ruled surface along
the slope curve in E*. So, let a base curve be a slope curve in E* with certain
conditions on the curvatures ki # 0, ks = ak1, ks = Bk1, and the generatrix be
directed along &3, that is a> = 0, a® = 1, a* = 0. Then the equation b(t) = 0
is reduced to khks — kok% = 0 which is executed by virtue of (11). From (2) it
follows that —ki1ks = —c1 (k3 + k3), that is ¢; = % = MLW

It appears that the ratio of the Gaussian torsion and curvature at the gener-
alized standard ruled surfaces along the slope curve in E* is constant. From the
expression gi1goo it is easy to see that the surface is regular. Proposition A is
proved.

If the curvatures of the curve are constant, then this case may be referred to
the standard ruled surface ®3 in E* described in [4].

To prove Prop. B, construct an example of the ruled surfaces with a constant
ratio of the Gaussian torsion and Gaussian curvature along a flat curve. In this
case ko = 0, k3 = 0, and the functions b(t), ¢(t), d(t) can be written in the
following form:

b(t) = da' d?a®  da® " , da? (dPa' , PP,
“\dt a2 " at at )¢ T

a2t T e

da® , da* 3\ (d*a?
o o ——k22
+<dta dta><dt2 1“)’

c(t) = ki <di3a4 — dil&) : (12)
d(t) = — [(%2)2 + <d7f>2 + (%)1 : (13)
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If as = 0, then the equation b(t) = 0 is executed identically. We put the
coefficients

a® =sing(t), a' = cosp(t) (14)

and substitute them into expressions for ¢(¢) and d(¢). Then the equation (2) by
virtue of (12) - (14) has the following form:

d do\ 2
kl—(p +c1 <_<P> =0.

dt dt
In the case when ‘fl—f = 0, the surface is a cylinder for which K = 0. In this
paper the surfaces of this type are not considered. Hence,
dp _ ki(t)
dt C1 '

The solution of the differential equation is as follows:

t

1
o(t) = —— [ ki(t)dt + ¢o.
01_0/

2
As (T3)? + (T*)? = ([fl—f) # 0, then the surface is regular. Proposition B is
proved.

Choose a closed flat curve with the length £. If any point on this curve passes
the whole curve, then the increment Ay of the angle ¢ is equal to Ap(t) =

l
—éofkl(t)dt. When

)4
1
Cl = 7~ kl (t)dta
2m
0
then Agp = —2m, and in this case the vector a(t) will return to the initial position.

Thus we obtain the surface that is homeomorphic to the cylinder with the base
flat curve.

A special case of the flat closed curve is a circle, i.e., ki = const. If any
point on the circle passes the whole circle, then the angle ¢ gets the increment
Ap = —12—116, where /£ is the length of the circle, that is Ay = —20—71r. If g = 1—‘;
is a rational number, and the point of the curve passes it p times, then Ay is
multiple 27r. In this case the vector a(t) will return to the initial position, and
we obtain the surface that is homeomorphic to the cylinder with the circle taken
p times as a base curve. If ¢; is an irrational number, then the vector a(t) will
not return to the initial position. Thus, if the point of the circle passes it infinite
number of times, we get the surface homeomorphic to a plane.
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