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1. Introduction. Notations

Let V be a d-dimensional Euclidean vector space, i.e, V = R% with its natural
scalar product. Let G = GL(V') be the linear group of V and g (k € Z) a sequence
of elements of G. We consider the recurrence relation in V'

Un+1 = Gn+1Vn , n € 7.

Then, given vy € V, we can express v,, n € N, by v, = Syvg, where S, =
Jn ---g1 € G is the product of the elements g, 1 < k < n. In analogy with the
constant case g = ¢g, A. Lyapunov was able to describe the asymptotic behaviour
of Sp,v, v € V, n €N, in terms of a finite number of exponents A, Ao, ..., Ap,
p < d, under a mild growth condition on the sequence g; (Lyapunov regularity).
The numbers )\;, 1 < ¢ < p, are called the Lyapunov exponents and the set
{A1,..., Ap} is called the Lyapunov spectrum of the sequence (g )kez-

Let (©,0,7) be a measured dynamic system where 7 is a finite #-invariant
and ergodic probability measure, and gi(w) a f-stationary sequence, i.e, gx(w) =
go(0*w), k € Z, such that Log||gr(w)|| and Log||g, ' (w)| are 7-integrable. Using
the methods of ergodic theory, V.I. Oseledets showed ([33]) the Lyapunov regu-
larity of the sequence (gx(w))kez, ™ —a.e. In particular the product Sy (w) can be
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reduced to a block-diagonal form where each block has a definite growth exponent
Ai, 1 < i < p. In this setting S, (w) is a G-valued Z-cocycle of (2,0, 1), i.e, for
m,n € Z:

Smtn(w) = Sm (0"w) Sn(w),

with Sy(w) = Id.

We denote by P(V') the projective space of V' and by z — g.x the projective
action of ¢ € G on 2 € P(V). A basic role in this ergodic context is played by
the skew product (€2 x P(V), f) and its f-invariant measures with projection .
Here @ is the extension of 6:

O(w,z) = (Qw, g1 (w).xz).
On the other hand, a special situation, where 7 = p®? is a product measure
and the random variables gx(w) are 7.i.d, has already been deeply studied by
H. Furstenberg and H. Kesten. There, the basic object is the random walk Sy, (w)
on G defined by p, and in particular the Markov chain on P(V') with transition
kernel @, defined by

Quiz, A) = / 14(g.2)dp(g).

The map 6 considered above can be identified with the shift transformation on
the path space of this Markov chain.

If suppp C G generates a large subgroup denoted by < suppu >, it was
observed by H. Furstenberg that the above Markov chain has nice properties of
contraction analogous to those of the iterates of a single positive matrix. For
example, if suppy is bounded and < suppy > is a dense subgroup of the unimo-
dular group SL(d,R), then ||S,(w)|| has exponential growth. This fact was used
as a key tool (for d = 2) by I. Goldsheid, S.A. Molcanov, L.A. Pastur in order to
prove the pure point spectrum property for the Schrédinger operator with random
potential on the line. Motivated by this kind of consequence, and going a step
further, the author and A. Raugi, and then I. Goldsheid and G.A Margulis, showed
simplicity of the Lyapunov spectrum, (i.e,p = d), for the cocycle S, (w), under
mild algebraic conditions on < suppu >. A basic fact, which can be used in a more
flexible way, is that the top Lyapunov exponent has multiplicity one. This is the
starting point for various nontrivial properties of the cocycle Sy, (w). Then it is
clear that, under mild conditions on < suppy >, the asymptotic properties of
Sp(w) can be developed much further and applied to various probabilistic, ana-
lytic or geometrical questions. Furthermore, even in the 7.i.d case, since "large"
subgroups play an important role, this topic cannot be considered as a simple
extension of Classical Probability Theory, from R* to GL(d,R). Here we sketch
these developments and we restrict our survey to the case of Markov dependence
of the increments gi(k € Z). The emphasis is put more on the basic ideas than

458 Journal of Mathematical Physics, Analysis, Geometry, 2008, vol. 4, No. 4



On Contraction Properties for Products of Markov Driven Random Matrices

on the detailed results. We give a detailed exposition of the ideas in the 4.i.d case
(Sects. 2—4), and we describe briefly the required modifications for the Markovian
case (Sect. 5). We observe that this Markovian setting includes the case where
7 is a Gibbs measure on Q@ = A” and go(w) depends only on a finite number of
coordinates. A few applications are described in Sect. 6 and references for other
topics are given. We describe now some notations used below.

For a Polish space E, the space of complex continuous functions on E will
be denoted C'(E), and the space of continuous maps of E into itself by C(E, E).
The action of a map u on E will be denoted z — u.z (z € E) if E is compact.
The space of probability measures on a Polish space F will be denoted M'(F).
If u € MY(C(E,E)) and p € M'(E), we write pu * p for the measure on E given
by ¢ — [ ¢(g.2)du(g)dp(z). A measure v € M'(E) is said to be p-stationary if
p*v = v. In this context, we will consider the Markov chain on E with transition
kernel @), defined by

Qup(z) = /w(g-x)du(g),

where ¢ is a bounded Borel function on F.

The adjoint of u € End E, with respect to the given scalar product, will be
denoted u*. For g € GL(V'), we will also denote by g the corresponding projective
map on P(V'). The elements of P(V') will be represented by vectors of unit length,
taken up to sign. In particular, for z € P(V) and g € GL(V), ||gz| € Ry is well
defined. The wedge products over V will be denoted by AV (1 < k < d).
The Euclidean scalar product extends naturally to A¥V. The submanifold of
P(A?V) corresponding to decomposable 2-vectors will be denoted by P,(V'). For
x€P(V),z ANy € Py(V), g € G, we will consider the following cocycles:

o1(g,z) = Log|lgz|l, o2(g,z Ay) = Log|lg(x A y)]|.

Also we will consider the submanifold P;2(V) C P(V) x Po(V) of elements
¢ = (z,x A y) and the cocycle a defined by

lgz A gyl|

a(g,§) = Log T

For z,y € P(V), we set d(z,y) = ||z A y||. The unique probability measure on
P(V), invariant under orthogonal maps will be denoted m, and the orthogonal
group of V' by O(d). In addition to projective maps, we need also to consider
quasiprojective maps corresponding to nonzero endomorphisms of V. If u €
EndV and z € P(V), then u.z is well defined if x does not belong to the projective
subspace defined by Ker u, again denoted by Ker u. Then the quasiprojective
map u is defined and continuous outside Ker u. If v € M'(P(V)) satisfies
v(Ker u) = 0, then the push forward measure w.v is well defined. If F C G,
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we will denote by < F' > (resp[F']) the subgroup (resp subsemigroup) generated
by F. Their closures will be written < F' >~ and [F]|~, respectively. We will say
that a measure g on G has exponential moment and write u € M'¢(G) if there
exists ¢ > 0 such that

/ lgl°du(g) / lg~" [°du(g) < +ov.

The unimodular group SL(V) = SL(d,R) C G will be written G;. Occasionally
the projection of x € V on P(V') will be denoted Z, but in general we will take the
same notation for vectors and elements of the projective space. The same abuse
of notations will be made for subspaces.

2. Growth of Column Vectors

Let i be a probability measure on Gy = SL(d,R) and I.?(V) the Hilbert space
of square integrable functions with respect to Lebesgue measure on V. We say
that a subset S C GL(V') is strongly irreducible if no nontrivial union of subspaces
of V' is S-invariant. In particular strong irreducibility implies irreducibility.

Theorem 2.1. Let p € M'(Gy) and assume the closed subgroup < suppp >~
is strongly irreducible and unbounded. Let r(u) be the spectral radius of the con-
volution operator on 1.?(V') defined by p. Then r(u) < 1.

Corollary 2.2. Assume furthermore [ Log||g||du(g) < +oo. Then there exists
a positive number \(j) such that

1 . |
Jim 1 / Logllglldi"(9) = Mu) > 2Log—~ >0

1
Furthermore: m —a.e, lim —Log||Sy(w)|| = A(n) > 0, where Sp(w) =gn ... 9g1.
n—+oo n

Theorem 2.3. Assume that p satisfies the hypothesis of Th. 1, and further-
more [ Log||g||du(g) < +o00. Then for every fized v € V '\ {0}:

. 1
T — a.e,nggloo ELogHSn(w)vH = A(u) > 0.

Also, L [ Logl|lgz|/du™(g) converges to (i) uniformly on P(V).

The proof of Th. 2.1 depends on the following lemmas.

Lemma 2.4. Assume that the subgroup T' of Gy is strongly irreducible and
unbounded. Then no probability measure on P(V') is T'-invariant.

460 Journal of Mathematical Physics, Analysis, Geometry, 2008, vol. 4, No. 4



On Contraction Properties for Products of Markov Driven Random Matrices

Prof. Assumev € M'(P(V))is I-invariant. Let g, € G with lirf llgnll =
n—-+0o0o

+o00 and write u, = ﬁ. Then det u,, = W converges to zero. Since |lu,|| =1,
n n
we can extract from wu, a convergent subsequence and assume lim wu, = u,

n—-+00

lul| = 1, det w = 0. Let W C P(V) (resp W') be the projective subspace
associated with Ker u (resp I'm u). We denote by v, and vy the restrictions
of v to W and P(V) \ W and write v = v; + vo. We observe that u defines
a quasiprojective map, again denoted by w, of P(V)\ W into P(V). Then we

have v = lim g,.v =u.vo+ lim g,.v1. Since P(V) is compact, we can assume
n—-+0o n—-+0o
that g,.r1 converges to v{ concentrated on the subspace W; = lir}rn gn - W. It
n—-+00

n
Let ® be the set of subsets X of P(V') which are finite unions of projective
subspaces and which satisfy v(X) = 1. Since any decreasing sequence of elements

of @ is asymptotically constant, ® has a least element, which is Xy = Xﬂq}X .
€

Since g.v = v, one has g.Xg = Xp. This contradicts strong irreducibility of I'. =

follows that v = lir_{l gn.v is concentrated on the union of Wy and W’'.
— 100

Prof of Theorem 2.1. We denote by p(u) the convolution operator on .2 (V)
defined by p(u)(f)(v) = [ f(g7'v)du(g). Since every g € Gy preserves Lebesgue
measure, |[p(p)f|l2 < 1. Assume r(u) = 1 and let z € C be a spectral value of
p(u) with |z| = 1. Then, either ngrfw||p(u)fn — fall2 = 0 for some sequence

fn € L2(V) with ||fullz = 1, or Im (p(u) — zI) is not dense in I2(V). In the
second case, duality gives Ker(p(p*) —zI) = {0}. Since p* satisfies also the
hypothesis we can only consider the first case.

Since |p(1)| ful — 1 full < 19(8) fo — ful, we have also

lim_ o)l fal = 1falllo =0, Tin o)l = 1

n—-+00

Honce lim < p(u)\fuls ful >= 1= Tim_ [ < p(g)lful.|ful > dito).

It follows that there exists a Borel subset S’ of suppu with p(S’) = 1, and
a subsequence ny such that < p(g)|fn,l,|fn,| > converges to 1, for every g € S".
For the sake of brevity we write ny = n. The inequality

lo@)|fal” = 1fal?e < (@)1 fal =1 fallllp(@)]fal + |falllz < 2llp(g)|fnl — | fulll2

gives lim_[|p(g)[ful? — [ fal?1 = O for every g € &',
n—-+0o

_ We consider the probability measure 6, = |fn|*(v)dv on V and its projection
0, on P(V). Then the above relation says that lim g¢.6, — 6, = 0 in variation

n—-+00

norm, hence lim ¢.6,, —6,, = 0 also in variation. Since P(V) is compact, we can
n—-+00
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assume lim 6, = 6 in weak topology. In particular, for every g € S' : ¢.6 = 6.
n—o00

Since u(S") =1, S’ generates < suppu >, hence g.0 = 6 for any g €< suppu >".
Lemma 2.4 says that this is impossible. ]

Prof of Corollary 2.2. We denote u, = [ Log||g|/du™(g). Since |g|| > 1,
un > 0. The subadditivity of Log|g|| implies %y tn < Up + ty, hence 0 < u,, <
nu; < +00.

It follows lim —2 = Inf "% =~ > 0.
n—+o0o n n N

We consider the L?-functions on V', f and 1¢ defined by
f)=Inf(1,|0]7%), C={veV;l<|ofl <2}

with 26 > d and we normalize the Lebesgue measure dv on V such that vol C' = 1.
The theorem gives limsup | < p(u”)f, 1c > |"/™ < r(u). On the other hand:
n——+00

<pu™file > > [lo)=mdu(9) dv > 27° [ 2rsdu”(g),
Log < p(u™) f,1¢ >> —0Log2 — & [ Log||g~"||du™(g),
liminf L [ Log |lg~t||du"(g) > —Logr(p),

n—-+oo

lim inf & [ Logllg™"(|du" (9) > §Log -
Since ¢ is arbitrary with § > %, and r(p) = r(u*), we get v > %Logﬁ > 0.
The subadditivity of Log||g|| implies that

Log|[Smin(w)|| < Log||Sm(w)|| + Logl|Sn o 0™ (w)]],

hence we can apply the subadditive ergodic theorem to the sequence Log||.Sy, (w)]|:
1 Log| Sn(w)|| converges m — a.e and in L' () to a constant A(u). It follows:

1 1 .
A = tim - [ LoglSu(@)ldntw) = lim - [ Toglgldu"(6) = > .

n—+o0o n —+oo N

For the proof of Th. 2.3, we need the following lemmas.
Lemma 2.5. For any fized c € R, the set W of elements v in V such that

1
m—a.e, limsup —Log||Sy(w)v| < ¢
n—+oo T

18 6 suppi-invariant subspace.

P rof. Weobserve that if a,b > 0, then Log(a + b) < 1+ Sup(Loga, Logb).
If v,0" € V, it follows

Log||Sn(w) (v + )| < 1+ Sup(Log||Sn(w)v], Log|| S (w)v']])-
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Hence, the condition v,v" € W implies v + v' € W. Also the condition v € W
implies Av € W for any A € R. It follows that W is a subspace of V.

We observe that Sy, (w) = S,,—1(fw)g1 (w). Hence, the condition v € W implies
T—ae, g(w)veW.

The suppu-invariance of W follows [

Lemma 2.6. Let m be the uniform measure on P(V). For any u € EndV we
have
[ Eoglusim(a) > Log|ul - Log2.
Prof We use the polar decomposition of u: u = kak' with k, k' € O(d),

a = diag(a',...,a?) with a' > a? >--- > a? >0 and ||u|| = a'. We write dk for
the normalized Haar measure on O(d). Then, since m is O(d)-invariant:

/Log“uw”dm(m) = /Log||akel||dk > /Log|a1 < key, ey > |dk.

1 2
| Eoglusildm(e) > Log a' + 5 [ Loglcost] db = Loglul ~ Log2.
m™Jo
||

Lemma 2.7. Let v € M'(P(V)) be p-stationary i.e [ g.vdu(g) =v. Then:

/ Logllgz| du(g)dv(z) = Mp).

Prof Let~y, = [Log|gz|du(g)dv(z). The finiteness of v, follows from
p-integrability of Log||g||. Since v is p-stationary, for any n € N:

ny, = /Logllgmﬂdun(g)dV(x) = /LOQIISn(w)QUlldW(W)dV(QU)-
We observe that if f(w, ) is given by f(w,z) = Log||g1(w)z||, then
n ~
Log|Sn(w)z| = f 0 6" (w, ).
1

Since |f(w,z)| < Log|lgi(w)||, f is m @ v-integrable and we can use the ergodic
theorem

) 1
TQU —a.e, nBr_l{loo ELogHSn(w)xH = /f(w, z)dr(w)dv(z) = v,.
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Then Lemma 2.5 and strong irreducibility of suppp imply that for every 2z € P(V):

T —a.e, limsup — LogHS( )zl < .

n—-+0o

In particular, the dominated convergence gives, for every =z € P(V):

1
i Sup = [ Loglga|dn” (9) < 1,

n—-+00

1
hence: limsup — /Log||gx]|dm(m)du" (9) <. Using Lemma 2.6, we have

n—+o0o
/ Logllglldu"(g) < / Log|lgz|[dm(z)du" (g) + Log2,

1
hence: v, > lim —/Log||g||d,un(g) = A(u). Since v, < A(u), we conclude
n—+oo n

Yo = Alw). u
The following is a well known fact of Markov chain theory (see |9, 16]).

Lemma 2.8. Let G be a locally compact group, E be a compact metric G-space,
p € MYG), T C MYE) the set of u-stationary measures on E, f a continuous
function on E such that vi(f) = va(f), for every vi,vs € I. Then, with v € I:

™ —a.e, lim Zf (Sk(w =v(f).

n—+oo n

n
The convergence of % Z/f(g.m)d,uk(g) to v(f) is uniform on E.
1

We will use this lemma if E = P(V) and f(z) = [ Log||gz||du(g). In the proof
of Th. 3 below we assume [ Log?||g||du(g) < +oo

Prof of Theorem 3. We consider the Markov chain on P(V') with transition
kernel Q,(z,.) = p * d, its space of trajectories  x P(V'), and the random vari-

ables X (w,x) = Log||g (Sk_1.2)||, kK > 1. Clearly, Log||Sy,(w)z|| = ZXk W, T)

We fix z € P(V) and we denote by F, the o-field on Q generated by the
random variables Si(w).z, 0 < k < n. Then we have E(Xy)|Fr_1| = f(Sk_1.2),
hence the sequence Yy = Xj — f(Sk—1.x) is the sequence of increments of the

n

martingale Z,, = Z Y.
1
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If we assume [ Log?|g||du(g) < +oo, then SupE(|Y;]?) < /LogZHQHdu(g)
k>1
< +o00.
n
Hence the law of large numbers for martingales gives m — a.e, lim% Z Y, =0.

1
Using Lemma 2.7, we conclude that for any u-stationary measure v, v(f) =

J Logllgz|ldp(g)dv(z) = A(u).
Then Lemma 2.8 implies

. 1
m™—a.e, lim —
n—+oon

> F(Skx) = Ap).
1

n
From the convergence of % Z Y} to zero, we get
' 1
m—ae, lim —Log|Su(w)el = Ap)
The last assertion is a direct consequence of Lemma 2.8. [
Remarks.

a) We have used the condition | Log?||g||du(g) < +oo instead of [ Log||g||du(g)
< +o00. A refinement of the above argument gives the complete result (see [9]).
It can also be obtained as a consequence of Oseledets’ multiplicative ergodic theo-
rem (see [22]).

b) Strong irreducibility of < suppu > have been used only in order to get

1
liril —Log||Sp(w)v]| > 0. The proof above shows that under irreducibility of
—+00 N

n

< suppp > one gets, for every v € V' \ {0},

1 1
m—a.e lim —Log||Sy(w)v| = lim —Log|Sy(w)| = A(u) > 0.

n—+oo N n—+oo n

c¢) A typical example with < suppu > irreducible but not strongly irreducible
is G = SL(2,R), p = 5(0, + &) with a = diag(), }), A>1,b= ( Lo )

1 0
Then A(p) = 0.
d) Theorem 2.3 was obtained in [9] by a different argument. Here it is a con-
sequence of Th. 2.1 which can be considered as a special case of the main result

of [7].
e) For a corresponding result where independence of increments is replaced by
markovian dependence with spectral gap, see [39]. [

3. Uniqueness of Stationary Measures and Contraction
Properties

Here we consider the group G = GL(V), its action on P(V'), and a probability
measure p € M'(G). In order to state the results we give some definitions.
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Definition 3.1. An element g € GL(V) is said to be prozimal if one can write

_ < — — n|l/n < _y<
V=B &V gvy = ol lolo) = lim "7, vy =V,

and the spectral radius of g on Vg< is strictly less than |o(g)|.

Definition 3.2. A subsemigroup S C GL(V) is said to satisfy condition i.p if
S is strongly irreducible and S contains a proximal element.

Definition 3.3. A probability measure v € M'(P(V)) is said to be proper if
for every proper projective subspace H C P(V') one has v(H) = 0.

Definition 3.4. A sequence g, € G is said to satisfy the contracting property
towards z € P(V') if one has lirf gn-m = 0,. (Where m is the uniform measure
n—-+0oo
on P(V)).
Theorem 3.5. Assume that the closed subsemigroup of G generated by suppu
satisfies condition i.p. Then, there exists a measurable map z from Q to P(V),

defined ™ — a.e such that
g1-(z00) = 2.

The map z is unique mod 7™ and

T—a.e, Oy = nkrfoo g1 Gn-m.

The Markov operator defined by x — u*d; has a unique stationary measure v on
P(V) and v is the law of z(w). The measure v is proper.

Corollary 3.6. Let z*(w) be defined by 0,-(,,) = 1ir£ gt gt.m and assume
n——+0oo
z ¢ Kerz*(w). Then, if Sp(w) =gn -+ g1:

 |[Sn(w)z|| . . |ISh(w)z A Sh(w)yll
T—a.e lim ———— =| < 2" (w),z >, lim =0.
=1 ] B N A
If furthermore y ¢ Kerz*(w):
T —a.e, lim O(Sn(@)-2, Sn(w)-y) =0.

n—-+oo 0(z,y)

For fixed w, the above convergences are uniform if ¢,y vary in a compact subset

of P(V)\ Kerz*(w).

The proof of Th. 3.5 depends of the following lemmas.
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Lemma 3.7. Assume v € M'(P(V)) is proper and g, € G is a sequence such
that lim g¢,.v =9, Then g, has the contraction property towards z.
n—+0o00
Prof. We can assume that g, converges to a quasiprojective map u, i.e, for
H C P(V) a projective subspace and z ¢ H : lim g¢,.z = u.x.

n—-+00

Using dominated convergence, we get that for any ¢ € C(P(V)):

lim [ p(gna)dv(z) = (ur)(p) = o(2).

n—-+00

It follows w.z = z if + ¢ Keru. Using again dominated convergence, we get:
u.m = d,, hence lim g,.m =4,. [
n—+oo
Lemma 3.8. Assume that [suppu]™ is strongly irreducible. Then every
w-stationary measure on P(V') is proper.

Prof. Let v bea p-stationary measure on P(V).

We consider the set H of projective subspaces H C P(V') such that v(H) > 0
and H has minimal dimension with respect to this condition. We observe that,
if HHH' € H and H # H', then v(H N H') = 0. It follows that for every
e>0: H. = {H € H;v(H) > ¢} is finite. Hence, there exists Hy € H with
v(Hy) = Sup{v(H); H € H} and the set Hgy of such subspaces Hj is finite.
On the other hand, the equation v(H) = [(g.v)(H)du(g) implies g~ Hy € Ho,
p — a.e for any Hy € Ho, hence (suppp) (Ho) = Ho. This contradicts the strong
irreducibility assumption. Hence H = ¢, i.e, v is proper. [

Lemma 3.9. Let ¢ € C(P(V)) and denote for (w,n) € 2 x Q, w = (gk)keN,

n=(yk)ken : falw) = (g1 gnv)(9), frlw,n) = (g1 gny0- Y1) ().
Then, if v is fized, 7 @ T — a.enli)r_i{loo fo(w,m) — fu(w) =0.

P rof. We denote by F, the o-field on  generated by ¢;(w) - gn(w).
Since v is p-stationary: E(f,41|Fn) = fn, i-e, fn is a martingale. It follows

that f, and f,1, — fn are orthogonal, i.e, E((fpir — fn)2) = E(ng) — E(fg)
Then, for any m > 0

m

ZE(fnJrr - fn)2 S 2T|‘p|c2>o'

n=1

oo
The convergence of the series ZE(( frtr — fn)?) follows. Since

n=1

E((fusr — fu)?) = / 7 (@21) — fulw) Pdr(w)dn(n),
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oo

we get the convergence m®@m—a.e of the series Z |7 (w,n)— fn(w)|?. In particular,
n=1

the assertion of the lemma follows. ]

Prof of Theorem 3.5. We have observed above that for any
¢ € C(P(V)), fun(w) is a martingale. Taking ¢ in a countable dense subset of
C(P(V)), we get that there exists v, € M'(P(V)) defined 7 — a.e such that

T—a.e, lim gy - gn.v=1,.
n—-+00
In the same way we get, using Lem. 3.5,

TRT—a.e, lim gy ---gpyo - -Ye-v= lim g1 gn.v =1,
n—-+00 n—-+00

Hence

m—a.e, lim g---gpy.v =10,
n—+00

for every v € [suppp]~. Let ng(w) be a subsequence such that g; - - - g, converges
to a quasiprojective map 7. Since v and ~y.v are proper

To-(YV) = Tyv = 1.

Let H, be the kernel of 7, 1 a proximal element of [suppu]~, with attractive fixed

point z. Using the strong irreducibility of [suppu]™, we can find vy € [suppu]™

such that vy.z ¢ H,. Then, taking v = y7{"(n € N), we get: liT Yoyi -V = Ony.z.
n—-+00

The continuity of 7, outside H,, gives finally

TV = Vy = Ty (Y.03) = 07y

This shows that v, is m—a.e a Dirac measure d,,), and, furthermore
70(P(V)\ H,) = z(w). In particular,

T — a.e, ngrfoogl S gLV = TV = Oy ().
This convergence implies
T—a.e, z(w)=g.2(0w),

and furthermore v is the law of z(w). Also we have E(d,(.)|Fn| = g1 gn-V-
Using Lemma 3.8, we know that v is proper. Then Lemma 3.7 gives that
g1 - - gn, has the convergence property towards z(w), hence

T — a.e, nll)f_'f_loo g1 GnM = Oy
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This relation defines z(w) independently of v. Since v is the law of z(w), v is
unique as a u-stationary measure.
If 2’'(w) is a solution m — a.e of the equation 2’ = g;.(2' 0 0) and v/ is the law
of ', we have, using the independence of g; and 2’ 0 0: v/ = p x /.
From above, we have v/ = v. Also (6, ()|Fn) = g1--- gn-v' and from the
martingale convergence theorem
— 3 /
T—a.e, Oy = nll}gloogl RV
Since v/ = v, we get 2/ =2 m—a.e. [ |

For the proof of Cor. 3.6 we need the following.

Lemma 3.10. Assume g, € G is such that g, has the contraction property
towards z* € P(V). Then, for any z,y € P(V), with x ¢ Kerz*:

A
T L e A iy

n—too |lgnl notoo|gna|?

0(gn - T,gn.y - . .
Furthermore, the sequence W converges uniformly to zero if ,y vary in

a compact subset of P(V) \ Kerz*.

Prof. We use the polar decomposition G = KA+K : Gn = knank], with
kn,k, € K = O(d), a, € AT. Then the convergence of g}.m to z* implies
(2)

an’ =o(al), nkrfoo k-l = 2"
d .
If z = Zwlei, we get
i=1
d .
lgne|® =D lay, < kna,ei > > > |ay, < kpz,en > |2
i=1
Since ||gn|| = a)
2 i\ 2
fim 1900 e s> 24 lim In ) < kg e; >?
n—+400 HgnH2 n— 00 n——+00 £ a}L

=| <25z > A
Also [|gnz A gny|? = Z(afma%)ﬂ <kh(zAy),eiNej > %
1<j
It follows

lgn A guyll < dafald |z Ayll, llgnz|l > all| < kyz,er > |,
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gyl > all| < KLy, er > |,

2
lgnz A gny|l a%) 1
7 Sd 1y / 2"
lz Ayll [lgnell al) | <kpzer>]
Since ngrfoo| <khzyep >|=|<z*,z>]|#0and ad = O(agl)), we get
tim  n Agnyl _
notoo  |[lgnl|
lgnzAgnyll a2 1
AlSO iy Tenal <& 7 T<imers <Fpers]
Since z,y ¢ Kerz*:
im 9n®9ny) _ o
notoo  §(z,y)
Since nkrfoo| < klwye; >< kly,er > | =| <2z >|]| < 2"y > |is bounded

from below on a compact C' of P(V) \ Kerz*, the convergence to | < z*,z >
< z*,y > | is uniform on C. [ |

P rof of Corollary 3.6. We observe that if a semigroup S satisfies i.p, then
the semigroup S* satisfies also ¢.p. Then the theorem implies the convergence

T—ae,  lHm gy gnm= ..
If Sp(w = gn---g1, we have S} (w) = gf ---¢g;;. The theorem implies that S} (w)
has the contracting property towards z*(w), hence the corollary follows from
Lemma 3.10. u

R em ark. The weak convergence of measures to a Dirac measure, stated
in Th. 2.5, plays an important role in various questions, in particular in the
superrigidity of lattices in semisimple groups (see [10, 32|), as well as in com-
pactifications of symmetric spaces (see [24]). The proof given here is borrowed
from [21].

4. Angles of Column Vectors: Exponential Decrease

Here we consider the wedge product A2V  generated by the decomposable
2-vectors z Ay (z,y € V). A natural scalar product on A2V is given

!/ /

< x,’x, > < x,yl = ) The angle 6(x,y) between
<y,y > <yy >

z and y is given by sinf(z,y) = % Here we are interested by the angle

0(Sn(w)z, Sy (w)y). We denote by P(V) the projection on P(A?V) of the cone

by <z Ay,z' ANy >:det(
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of decomposable 2-vectors. We note that §(Z,y) = sinf(z,y) defines a distance §
on P(V'). We represent an element of P,(V') by a 2-vector z Ay with ||z Ay| = 1.
Then we will write o2(g,x Ay) = Log|lgz A gy||.

Also we consider the compact space P 2(V') of contact elements & = (z, z Ay),

llgzAgyll
) . T : = llgall”
This cocycle can be interpreted as an infinitesimal coefficient of expansion of the

projective map g, at z in the direction of (z A y).
Here we will assume that Logl||g|| and Logl|lg !|| are p-integrable. Also we
assume that the semigroup suppu™ satisfies condition 4.p.

where ||z]] = [z A y|| = 1, and the cocycle on P (V) a(g,&) = Log

Theorem 4.1. Assume i € M'(G) is such that Logl|g| and Log|lg~'| are
p-integrable, and [suppp]™ satisfies condition i.p. We denote

) 1 . 1
y= tim / Logllgldu™(g) , 72 = lim - / Logllg A glld™ (g).

n—+oo n n—+oo n

Then o < 271.

gz /\gylld n

1
Corollary 4.2. lim Sup — /Log T u"(g) =v2 — 2y <0.

=001z |=|yl|=1 T

Corollary 4.3. Assume pu € M'(G) has an ewponential moment, i.e,
[gllédu(g) < +oo, [llg7 |°du(g) < +o0 for some ¢ > 0. Then, for e sufficiently
small, there exists p(e) < 1 such that

lim  Sup ( / wdu"(g)>l/n =ple) < 1.

n—+00 z,yeP(V) 55(3:7 y)

For a continuous function ¢ on P(V'), we write

lp(z) — w(y)|
| = Sup|e(x)], [¢le = Sup ———F—.
ol = Supleb el = S e Ry

We denote by H.(P(V')) the space of e-Hoelder functions on P(V), i.e,
H(P(V)) ={p € C(P(V));[gle <+oo},
and we observe that H.(P(V)) is a Banach space for the norm

lell = Il + []e

If t € R, we consider the operator P* on C(P(V)) defined by (Py)(z) =
[ llgz||®®(g.x)du(g). Then P* defines a bounded operator on H.(P(V)).
Then we have
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Corollary 4.4. With the notations of Cor. 4.3, there exists C' > 0 such that
for any ¢ € H.(P(V)) and t € R:

[Pole < p(e)le)e + [tIClep].

In particular 1 is an isolated spectral value of P and if t # 0 the spectral radius
of P" is strictly less than one.

For the proof of Th. 4.1 we will need the following lemmas.
Lemma 4.5. There ezxists C > 0 such that for any v € EndV,
Logl|lu Aul| < /Log||um A uylldma(z Ay) + C,

where my is the uniform measure on Pa(V).

Prof. Weproceed as in Lemma 2.6, i.e, we write u = kak’ with k, k' € O(d),
a = diag(a',...,a%). Then we get

/Log||um/\uy||dm2(m/\y) > Log||uAull +/Log| <z Ay,erNeg > |dma(z Ay).

Hence it suffices to show that the integral I in the right-hand side
is finite. We consider the unit sphere of A2V, its algebraic submanifold V5 =
{(z Ay) € A2V; ||z Ay|| = 1}, and we denote by my its normalized Riemannian
measure. Clearly,

I:/Log | <z Ay,er Ney > |dma(z Ay).

Since the map z Ay — | <  Ay,e; Aey > |? is a polynomial map, there exists
an integer » > 0 and ¢ > 0 such that

mAz Ay €Vo, | <z Ay,e1Aex > P <t} <ct'.

Then the push forward of mg on [0, 1] by this map has a density f which satisfies
tf(t) < ct'/?. Then

1

1
dt
/Log| <z Ay,erNeg > |dma(z Ay) = / Logt) f(t)dt > /tr/Q(Logt)7 > —00,
0 0

since r > 0. []
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Lemma 4.6. For any u-stationary measure p on Py(V')

/Logllgw A gylldu(g)dp(z A y) < yo.

The sequence % [ Log|lgz A gy||du™ (g)dmz(z Ay) converges to vo. For any cluster

n—1
value n of the sequence (% Z,uk> * My, one has
0

Yo = /Logllgﬂs A gylldu(g)dn(z Ay).

n—1
Prof. Letpu, = %Z,uk, n € M'(Py(V)) and
0

1) = [ ax(g.0 A y)du” ()G Ay).
Using the cocycle identity for oo:
1(8) = Ts(8) + [ Flo Ayl 8)(o A),

with f(z Ay) = [o2(g, 7 Ay)dulg). Hence, t1,(B) = (un * B)(f). T B =pis
p-stationary,

L(p) = p(f) = / 029, Ay)du(g)dp(z A y).

Since I,,(B) < [ Log|lg A g||du"(g), the first assertion follows.
If B = msy, Lemma 4.5 gives

C 1 I mo 1
—=+ —/Logllg/\glldu"(g) < n(ms) < —/Logllg/\glldu”(g),
n n n n
I
hence lim M =

n—-+o0o n
Also, from above % I,(m2) = (up * ma)(f). Since f is continuous,

n—-+0o

lm p, xme =n(f) = /Logllgﬁc A gylldp(g)dn(z A y).

Hence v2 = [ Logllgz A gy||dp(g)dn(z A y). m
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Lemma 4.7. Let (X,T,)\) be a measured dynamical system with \
finite T-invariant, f an integrable function. Then, if

n—-+0o0o

n—1
A—a.e, lim Zf oTF = —c0,
0

then [ f(z)d\(z) < 0.

For the proof of this statement see [15].

P rof of Theorem 4.1. Using Lemma 2.7, we know that for any p-stationary
measure v on P(V)

Logl|gz||du(g)dv(z) = .

On the other hand, Lemma 4.6 gives [ Log|lgz A gy|ldu(g)dn(z Ay) = 72,
where 7 is a cluster value of the sequence puy, * mo.

We consider the compact space Pj2(V). Clearly, G acts on Pja(V)
and the maps £ — 7 and £ — x Ay and are G-equivariant. It follows from
Markov-Kakutani theorem that there exists on P;o(V) a p-stationary measure
n which has projection n on P»(V'). Its projection v on P(V') satisfies as above:
[ Log||lgz||du(g)dv(z) = 1. Hence

/Log%du(mdﬁ(i)

- / 029, Ay)du(g)dn(EFRT) — 2 / 01 (9, F)dp(g)dv(T) = 72 — 271.

In particular, there exists a p-stationary measure p on P; o(V') such that

[ alo.du(a)io(&) =2 ~ 2.

On the other hand, every p-stationary measure p’ on Pjo(V) satisfies
[ (g, &)du(g)dp' (§) < 2 —2y;. This follows from the fact that the projections
Py ph, on Py (V) and Py (V) respectively, satisfy

/ o(g,2)dulg)dp) (2) = 1. / 029,z A y)du(g)dpy(a A y) < 7

in view of Lemmas 2.7 and 4.6. Using this property we see that we can assume p
to be extremal p-stationary in the formula [ a(g,&)du(g)dp(§) =v2 — 271.
We consider the transformation 6 on © x Py 2(V') defined by

~

0((")7 f) = (0(")7 g1 (w)f)a
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the function f(w,¢) = a(g1(w),&) and the measure 7@ p on Q x P; 5(V). We ob-
serve that © x P; 2(V) is the space of trajectories of the Markov chain on P; 2(V)
with transition kernel R, ({,.) = pu * d¢. Since p is p-stationary extremal, 7 ® p is
f-invariant and ergodic. Since |f(w,€)] < 2Logllg1]| + 2Logllgy ||, it follows that
f is ;4 ® p integrable.

On the other hand, the cocycle property for a(g,£) implies

(w)z A Sn(w)yll
1Sn (@)=l

S f 0 84 (w,€) = oS0 (w). £) = Log 1"
1

We are going to use Cor. 3.6 with §,«(w) = liT Gls-v-yGn-mm.
n—r-+00

Using Theorem 3.5 and Lemma 3.8, we see that the law of z*(w) € P(V) gives
measure 0 to any projective subspace. In particular, if z € P(V) is fixed, the
condition < z*(w), £ >= 0 is satified @ — a.e. In other words, using Cor. 3.6

T®p—ae, lim aS,(w),€) =—oc.
n—

+o00o

From above, this implies

n

—_ ] ok — —
T®p—a.e, nkrfoo;(foﬁ)(w,f) 0.

Then, using Lemma 4.7

/ F(w,€)dm @ p(€) = / (g €)du(g)dp(€) <0, ie 7 < 2. .

P rof of Corollary 4.2. We denote u, =  Sup /ag(g,x Ay)du"(g) and
TAYEP>(V)
we observe that using the cocycle identity for g9: Umin < Uy + Up.

Also, up, < [ Logl|lg A glldu"(g), hence limsup@ < 49. Furthermore, by
n—+oco T
subadditivity of u,, the sequence %= converges. It follows

, 1
lim  Sup - /oz(g,x Ay)dp"(g) < o
n—+00 TAYEP> (V) n

Furthermore Lemma 4.6 implies that there exists z Ay € Po(V') such that

1 .
lim —/Logrfz(g,ﬂﬁ/\y)du (9) = 7.

n—+o0o n

1
Hence lim — Sup / Logoa(g,z A y)du"™(g) = ya.
N2+ N lpny||=1
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Using Th. 2.3 and the uniform convergence of %fLogngHdu”(g) to 1,
the statement follows ]

Prof of Corollary 4.3. We denote

wn(e) =Sup [ SEI gy,

Using Schwarz inequality:

lgz A gyl \° (9:6)
we)< sw | (— artg) = sw [ ee0n)
lel=lyli=t /  \llgzl*lz Ayl lzl|=llzAyll=1

We observe that
e <1 +ea+e20?e™, |a(g,&)| < 2Log(llgll llg~"I)-

Using ulet < e3|“‘, we get for 0 < e < ¢q:
1 _
(@®e™)(g,¢) < = (llgll g D0, un(e) < 1+€/a(g,£)du"(9) +eI,
0

with I,, = %f(“g” lg~t)%0du™(g) < +oo. Now we observe that . ,(e) <

Um (€)un(g) for m, n € N.

It follows: lim (u, ()™ = Inf(ug(e))'/*. Hence, in order to show
n——+00 k

lim (un(e))™ < p(e) < 1, it suffices to find k € N with ug(e) < 1.

n—-+00

Using Cor. 4.2, we have

1 .
 lim = Sgp/a(g,ﬁ)du (9) =72 —2m <0,

hence we can fix k € N such that Sup/a(g,f)duk (9) =cp <.
3

Then ug(g) < 1+ cpe + €21}, < 0, if € is sufficiently small.
The statement follows. [ ]

P rof of Corollary 4.4. The inequality follows from Cor. 4.3 and a simple
computation. The spectral gap property is a consequence of the spectral theorem
of [26]. The fact that r(P%) < 1 if t+ # 0 follows also from this theorem and
Prop. 6.7 (see |20, 25]).

R em ar k. The fact that, under condition i.p, the "ergodic Lemma" 4.7
allows to deduce quantitative information from weak convergence of measures on
projective spaces, as in Th. 3.5, was observed in [15]. Under stronger conditions,
Th. 4.1 implies simplicity of Lyapunov spectrum for S, (w) in the i.i.d case (see
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Sect. 6). This property has played an important role in the study of pure point
spectrum for Schrédinger operators on the line if d = 2 [13] and more generally in
the strip [5], as well as for the study of propagation in inhomogeneous waveguides
(|38]). The observation in [15] has been developed in [21] and [12]. In [12], it was
observed that condition i.p can be checked from the Zariski density of [supppu]
in Gy. The relations between condition i.p and Zariski density of [suppu] in the
context of semi-simple real algebraic groups were studied in [34]. For another
approach to proximality properties see [1].

5. Contraction Properties for Transitive Markov Systems

1) Definitions.

Let (X,d) be a compact metric space, X = C(X,X) the semigroup of con-
tinuous maps of X into itself. We endow X with the Borel structure defined by
uniform convergence, and we write a.x for the action of a € X onz € X. We con-
sider a class of Markov operators on X defined as follows. Let p be a positive
Radon measure on X , q(z,a) a nonnegative continuous function on X x X such
that for every z in X, [ ¢(z,a)du(a) = 1.

For a € )?, we denote

q(a) = Supq(z,a).
zeX
Then we consider the Markov transition kernel () on X:

Qul) = / 4(, a)p(a)dya(a),

where ¢ € C(X). Clearly, Q preserves C(X). We denote @ = XN and for
w = (ag)ren and n € N, we write g, (z,w) = il q(sg—1(w).z,ar), where sg(w) =
k=1

ak -+ - a1, So(w) = Id. Then, for z € X, we define a probability measure @, on
Q by

Qz(A; X -+ x Ayp) = / qn(x,w)d,u®"(w),
Ay XX Ap

where A;, 1 <i < n, is a Borel subset of X. Also, if 0 € M'(X), we write Q, =
[ Qudo(z). The shift transformation on €2 is denoted 6, i.e, O(w) = (az,as,...),
where w = (aq, ag,...) € Q. If 0 is Q-invariant, then @, is #-invariant. We observe
that X x Q can be identified with the space of trajectories of the Markov chain
defined by Q. If (z,w) € X x Q, a trajectory can be written as the sequence
(sg-r)ken, hence the shift & on X x Q is given by 0(z,w) = (s1.7,0w). We will
summarize the data (X, q,u) by (X,q ® u).
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Definition 5.1. We say that (X,q® p) is a transitive Markov system (t.M.s)
on X if:
a) For every a € suppp, Inf q(z,a) > 0.
zeX

b) In the variation norm on M (), Q. depends continuously on z € X.
c¢) The equation Qh = h, with h € C(X) implies h = cte.

Condition b seems to be very restrictive. However it is satisfied in various
situations (see below). If o is Q-stationary, the above conditions imply that @, is
independent of o and #-ergodic, hence the main role below will be played by Q,
not by o itself. It is easy to see that, if every [suppu]-orbit is dense, conditions
a,b imply condition c.

2) Some examples.

a) Product measures.

If g(z,a) = q(a), then Q, is the product measure Q, = (qu)®", hence condi-
tion b is satisfied

b) Doeblin condition.

If suppp is equal to the set X of constant maps, then ¢(z,a) = q(x,y) with
{y} = a.X. If g(z,y) > 0, conditions a,b,c are satisfied

¢) Quantum measurements (see [29]).

We consider the vector space W = C?, with the usual scalar product and the
vector space H of Hermitian operators on W, H+t C H the cone of nonnegative
operators and we denote ¢(z,g) = Trg*zg if € H' \ {0} and g € G = GL(W).
Let X = {z € H';Trx = 1} and g be the transformation of X defined by

P
g.r = %. If ® ={ai,a2, -+ ,ap} is a finite subset of G with Zafai =1d,
i=1

P

we have Z q(z,a;) = 1, hence we can consider the following Markov operator @
i=1

on X:

Qp(z) =Y qlw, ai)p(ds.x).

i=1
P
If = Z da;, and [suppp] = [®] satisfies the complex version of condition i.p

i=1
(see [17]), then (X,q® p) is a t.M.s. This example can also be considered in the
framework of |23], and of example d below, with s = 1. We can define a norm ||. ||

on H as follows. Since 2 € H is conjugate to diag (A1,...,\g) with \; € R, we can
d

write ||z]; = Z |Ai]. Then we consider the representation p of G in H defined
i=1

by p(g)(x) = g*zg and write ¢q(z,g) = ||p(¢9)z||1. Then X can be considered as
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a part of the complex projective space P(H) and g as the restriction to X of the
projective map defined by p(g).
The corresponding algebraic framework was developed in ([29]).

d) Mellin transforms on GL(V').

Let G = GL(V), p € M'(G) be as in Sects. 3, 4 and assume [supppu] satisfies
condition i.p. We fix a norm v — ||v]| on V', and we consider the function (g,v) —
lgo]l* (s > 0) on GxV. Weassume € M'(G) i.e [(lg+]lg~ |)dp(g) < +oo,
for some ¢ > 0. Then the following function

1/n
ko) = tim ([ ol aro)

is well defined, strictly convex and analytic on (|0, c[) (see [23]). We consider also
the positive operator P* on C'(P(V')) defined by

B / lgz||*p(g.z)dp(g)-

Then, there exists a unique positive continuous function e; on P(V) such that
Pfeg = k(s)es. If we define ¢4(x, g) = Hg(xy; es(s(v w)) we observe that [ ¢s(x, g)du(g))
= 1. Asshown in [23], conditions a, b, ¢ are satisfied by (X, qs®pu), i.e (X, qs @)
is a t.M.s. The function k(s) can be considered as a kind of Mellin transform of
i and is useful in the study of various limit theorems of Probability Theory for
products of random matrices. This is the case for large deviations (see [31]) and
for Cramer estimates of fluctuation theory (see [23, 14]) and below. We observe
that the expression of the operator P* defined above is reminiscent of the transfer
operators of thermodynamic formalism (see below). If there exists a closed convex
cone sent into its interior by suppu, then this analogy can be made precisely.
However, in general, it is not possible to distinguish a region of attractivity for
all the maps g € supppu, hence a deeper analysis is needed (see [23]).

e) Gibbs measures (see [37]).

Let A be finite set, @ = AN, Q@ = A7 f(w) a Holder function on A%,
the shift on A%. If z € Q_, a € A, we define z.a by juxtaposition, and we have
an action of A on ©_ by continuous maps. We can write f uniquely as

f=F +wol—p+c,

where ¢ € R, ¢, f~ are Holder, f~ depends only on the component of w in Q_

and Z q(z,a) = 1, where q(z,a) = exp f (z.a). The transfer operator Q on Q_

acA
defined by

Qp(z) =Y qlz,a)p(z.0)

a€A
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has a unique stationary measure 7 and the Gibbs measure on A%, defined by the
potential f, is the unique f-invariant measure on A” with projection = on €_.
If 1 is a counting measure on A and X = Q_, (X,q ® p) is a t.M.s. Then the
probability @, on € is the conditional law of w € €2, given z € Q2

3) Harmonic kernels and contraction properties ([23]).

Here we consider a t.M.s (X, q ® p), and a Borel map « from suppu C X
to GL(V). If w = (ak)ren € XN, we denote gp = a(ag), Sn(w) = gn--- g1,
sp(w) = ap---a1 € X. We want to construct an analogue of the martingale of
Sect. 3.

Definition 5.2. Assume (X,q®u) is a t.M.s, and x — v, is a Markov kernel
from X to P(V). We say that v, is an a-harmonic kernel if:

a) T — vy is continuous in variation;

b) z — vy satisfies the equation vy = [ q(z,a)a(a).vezdu(a).

It follows from this definition that the sequence of measures v,(w,z) =
alay) - a(an).ysn(u}).m is a Q;-martingale for any z € X.

Theorem 5.3. Let (X,q® p) be a t.M.s and a a Borel map from suppp to
GL(V) such that [a(suppu)] satisfies condition i.p.

Then there exists z(w) € P(V') defined Q, — a.e such that ngrfoo g1+ Gnom =
52(&1)'

Furthermore, the Qg-law of z(w) is the unique a-harmonic kernel and
w — z(w) s the unique Borel map which satisfies

Qr —ae, ¢1(w).z(0(w)) = z(w).

This theorem can be applied to the < dual>> function of «(a),i.e(a(a))*
since the semigroup [a*(suppu)] satisfies also condition i.p. It gives, in turn,
information on the product Sy, (w), using Lem. 3.10.

Corollary 5.4. For every x € P(V) and v,v' ¢ Ker z*(w), one has the
Q. — a.e convergences

lim gj---g,r.m= Ozi(w)>

n—-+0o00
. IS (w)oll .
lim <z (w),v >,
A [Sawy] | <F >
!
lim d(Sp (w).v, Sp(w).v) _o
n—+00 d(v,v")

For fized w, the last convergences are wuniform on every compact subset
of P( )\Ker 2*(w). Furthermore, if f € C(P(V)), the sequence fn(z,v) =
[ f(Sn(w).0)dQy(w) is equicontinuous on X x P(V).
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We consider now the situation of example d. We fix s > 0, we assume
that u € M'(GQ) satisfies [ |lg||°du(g) < +oo, we denote if s € [0,c[, k(s) =

lim (/ lgll*du™(g))/™ and we consider the positive operator P$ on C(P(V))

n—-+0o0o

defined by
Pop(a) = / lgz°0(g.0)du(s).

We assume that [suppu] C G = GL(V) satisfies the condition .p, hence there
exists a unique normalized positive and continuous function es on P(V') such that
Pfeg = k(s)es.

Then we write qs(z,g) = % %ﬁ? and we consider the t. M.s (P(V),q®pu).

We denote by Q% the Markov measure on Q = G defined by ¢s; and u. Here we
consider the function a*(g) = ¢* € GL(V') and apply the above corollary to this
situation. In particular, we denote z%(w) the point of P(V') defined by

Qz —ae, Oy = lim gy gym.

Then we can compare @3 and @ in terms of 25 (w), as follows.

Corollary 5.5. For every x,y € P(V) the Markov measures Q5 and Qy on
GN are equivalent and

dQ;
Qs

@ =]

dvy <zy>| es(x)”

s s
In particular, for the laws v, and v, of z;(w) we have dy (2) = ‘<Z’x>‘ es(y)
4) Angles of column vectors: exponential decrease.
Here we give a quantitative version of the contraction property studied in
Sect. 4 and in the above paragraph. We consider the t.M.s (X,q ® u), a Borel

map « from suppu C X into GL(V) and we assume the finiteness of the integrals

[ Loglla(a)[7(a)dp(a) and [ Log|le(a)~" [[g(a)dp(a).
We denote by 7 a stationary measure on X and by @, the corresponding
Markov measure on GN. With the above notations we define

V= lim = / Log|| S, (@) Qs (w),

n—+o0o n

2= Tim * / Logl|Sn (@) A Sa(w)|dQn (w).

n—+o0o n
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Theorem 5.6. Let (X,q®pu) be at.M.s, a a Borel map of X into GL(V) such
that [suppa(p)] satisfies condition i.p. We assume the finiteness of the integrals
J Loglle(a)l[@(a)dp(a) and [ Loglle(a) ' [7(a)du(a).

Then the sequence

w).v, Sp(w).v')
Su Lo dQ,
pxp / g 50.0) Quz(w)

(z, 00" )EX XP(V

converges to ya — 2v{ < 0.

In the special case of a t.M.s associated with a Gibbs measure we have

Corollary 5.7. Assume A is a finite set, © is a Gibbs measure on Q = AN
defined by a Holder potential, o a Borel map from A to GL(V') such that the semi-
group [a(A)] satisfies condition i.p. Then one has the inequality ya < 2v{, where

) 1 . 1
ot = Jim [ LoglSu()ldn(), 8 = tim_ [ LogliSaw) A S (w)ldn(w).

In the situation of example d above, under exponential moment and 7.p con-
ditions (see Subsects. 3 and 4 above), we can develop, following [23], a spectral
analysis of the operators P*(s > 0) on the space H_(P(V)) of e-Holder functions.
For a subset S C G we write y*°(S) = l1ri1 —Log Sup {||gl|,g € S™}. This gives

n—
in particular

Corollary 5.8. With the above hypothesis and notation above, the operator
P on H.(P(V)), defined by

— / lgv||°¢(g.v)du(g),

has spectral radius k(s). It has the unique normalized eigenfunction es and eigen-
measure Vg:

Ple, = k(s)em Pvg = k(S)VSa |es|oo =1, Vs(es) =1,

where eg > 0.
For e small, one has the direct sum decomposition P* = k(s)(vs ® es + Ry),
where Ry commutes with P* and has spectral radius rs(e) < 1. The function k(s)

L
is analytic on [0, c[ and k'(0) =~,. If ¢ = oo, then lim Logh(s) = 7> (suppp).
s—+00 S

Let QQ° be the Markov operator deﬁned by Q%p = mPs(esw) and pp 4(e) =
Sup [ ZEnLn5O) s ().

v’

Then, for e small, we have ET (pn,s(e))l/” = ps(e) < 1.

In particular, if s is fived, the resolvent (A\I —Q*)~" has a simple pole at X = 1
and is holomorphic in the domain {\ € C ; |A| > rs(e), A #1}.
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6. On Some Consequences

1) Lyapunov spectrum.

Let (92,0, 7) be a measured dynamical system where 7 is a f-invariant and er-
godic probability measure, a a Borel function from 2 to G = GL(V'). We assume
that the functions Log||a(w)|| and Log|la~'(w)|| are m-integrable. We write for
i €N, a(f'w) = g;(w) and we consider the product S, (w) = g, (w) - - - g1(w) € G.

In general, if v € V', the asymptotic behaviour of S, (w)v is described by the
multiplicative ergodic theorem of V.I. Oseledets ([33|). For a recent detailed proof
of this result see ([36]). A more elementary approach is to consider the quantities
(1<i<d):

. 1
= dim_ > [ LoglSuew)ldn(w),

n—+
1
= 1 — | L
= tim L / 09| Sn (@) A Sn(w) dr(w),
. 1 i
3= tim L / Log|| Al Sy (w)|ldr(w),

where the limits of the quantities under the integrals exist a.e by the subadditive
ergodic theorem. The following result (see [35]) allows to define the so-called
Lyapunov spectrum of S, (w).

Theorem 6.1. Assume (2,0, 7) and a(w) are as above. Then we have the con-
vergence

. 1 .
T — a.e, ngr—i{loo %Log(SnSn) = A (w),
where AN(w) is a symmetric endomorphism of V.

The spectrum of A(w) is constant m — a.e, and of the form (A1, Aa,...,\p),
where Ay > Ao > -+ > )y, and Aj, 1 < j < p, has multiplicity m; > 0. Each A; is
called a Lyapunov exponent of S, (w), and A; is called the top Lyapunov exponent.
Clearly, A\ = 1. If my = 1, then Ay = 1 + ¥2, hence Ao — A\{ = v — 2y <0
controls the exponential decay of 6 ((Sy(w)v, Sp(w)v'), where v,v" are "typical"
vectors. Conversely, if y9 — 2vy < 0, then m; = 1.

These facts allow to translate Th. 5.6 into

Theorem 6.2. [15]. Assume (X,q®u) is at.M.s and the Borel map o from X
to G is such that the integrals [ Log|la(a)||g(a)du(a) and [ Log|la™!(a)||g(a)du(a)
are finite, and [a(suppp)] satisfies condition i.p. Then the top Lyapunov expo-
nent of

Sn(w) = gn(w) -+~ g1(w)
has multiplicity 1.
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In order to deal more generally with the irreducibility and proximality ques-
tions, it is convenient to recall the

Definition 6.3. Let U be a subset of G, I(U) the set of real polynomials in
the coefficients of g and (detg)™" which vanishes on U. Then

U~? ={g € G;¥P € I(U), P(g) = 0}
15 called the Zariski closure of U.

The Zariski topology on G is defined by its closed sets, i.e sets U with U =
U~7. If U is a semigroup, then U~% is a closed Lie subgroup of G with a finite
number of connected components. An important fact observed in [12] and [34]
is that, if S C G is a subsemigroup, a proximal element exists in S iff such
an element exists in S~%. Taking this into account, Th. 5.2 gives the following
extension of an important result of [12].

Corollary 6.4. Assume (X,q ® p) is a t.M.s and [a(suppp)]™7 contains
SL(V). Then the Lyapunov spectrum of Sp(w) is simple, i.e each Lyapunov
exponent has multiplicity one.

For some applications of geometrical character (see, for example, [17, 18, 8])
it is convenient to have "intrinsic" forms of the above. Then we consider a semi-
simple algebraic group G, defined over R. We denote by Gr the group of its real
points and we use as a tool the Zariski topology on Gr. We assume G to the
Zariski connected. For a Lie subgroup L of Gr we denote its Lie algebra by the
calligraphic letter £. We consider a maximal connected subgroup A C G such that
Ad A is diagonal, a maximal compact subgroup K and the polar decomposition
G = KZ+K, where At is an open Weyl chamber of A and A+ is its closure.
If d € A, write Log d for the unique element of A such that expLogd = d.
We write, if g € G,g = kd(g)k', with d(g) € Z+, k,k' € K, and we fix a norm on
AcCg.

Let (X, q®u) be at.M.s, a a Borel function from X to G such that the integral
[ ILogd(cx(w))||g(w)dp(u) is finite and write Sp(w) as Sp(w) = kpdn(w)k], with
kn,kl, € K, dp(w) € A" Then, using the subadditive ergodic theorem, we can
define the "Lyapunov vector" L(«) € A" by

1
m—a.e, lim —Logd,(w)= L(x).

n—+o0o n

In particular, in the 7.7.d case we write L(u) for L(a).
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__ Theorem 6.5. [12]. Assume (X,q® p) is a t.M.s, a a Borel function from
X to Gg. Assume [a(suppp)]™% = Gg.
Then L(a) € AT.

We observe that the condition L(a) € AT can be satisfied under much weaker
conditions than [a(suppu)] =% = G, in particular, if G has a complex structure.
For a detailed study see [17], and for an extension to local fields see [22].

2) Some limit theorems.

Assume here that u € M'(G) and S, (w) is the product of random matrices
Sp(w) = gn-+-g1. We are interested by refinements of the results in the above
paragraphs, i.e, by refinements of the law of large numbers for S, (w). Hence we
have to consider a possible degeneracy of limiting laws. It turns out that if dim
V > 1, such degeneracies can be avoided if we assume geometric conditions like
Zariski density of [suppu] or condition i.p for [suppu]. We recall that if d = 1, these
degeneracies depend on arithmetic conditions on suppu. We begin by developing
some results of this type and we formulate them for a general semigroup I instead
of a semigroup of the form [suppp].

Definition 6.6. For a prozimal element g € GL(V) = G we denote A(g) =
Logr(g), where r(g) is its spectral radius. For a semi-group I' C G, we denote by
A(T) the set of its prozimal elements.

Then we have the

Proposition 6.7 (|25]). Assume I' C G satisfies condition i.p. Then MA(T"))
generates a dense subgroup of R.

If GRr is as in the above paragraph, and ¢ € G, we need to consider other
notions of proximality related to the actions on the flag spaces of G.

1 _
Definition 6.8. Assume g € Gr and write L(g) = lirf —Logd(g") € A
n——+oo N

We say that g is flag prorimal if L(g) € AT. For a semigroup I' C Gr, we denote
by TP™°% the set of its flag proximal elements.

Then we have [17].

Theorem 6.9. Assume ' is a Zariski-dense subsemigroup of Gr. Then
L(TP™%) generates a dense subgroup of A.

The following is an analogue of the classical renewal theorem, where V is the
factor space of V' by +Id.
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Theorem 6.10. Assume dim V > 1 and pu € M'(G) is such that

[ Logl|\glldu(g) and [ Log|lg~"||du(g) are finite, [suppp] satisfies condition i.p
and

) 1
A = tim = [ Loglgldi (g) > o
n—-+oo n
o0
Then, for every v € V' \{0}, the potential Z,uk * 0y 15 finite and
llllir[l];u * 0y = —A(u)y®e’

where v is the unique p-stationary measure on P(V) and £ = % 15 the radial
Lebesgue measure on RY .

The multidimensional analogues of this result can be applied to dynamical
problems like density of orbits for the groups of automorphism action on tori
([19, 25]).

In the case A(p) < 0 and y*°(suppu) > 0, there exists x > o such that
k(x) = 1, as explained in Sect. 5. In particular, we have the so-called Cramer
estimate as the consequence of Cor. 5.8.

Theorem 6.11. With the above notation, assume [suppp] satisfies condition
i.p, M <0, v (suppp) > 0 and [lgl°du(g) + [llg"lI°du(g) < +oo for some
¢ > 0. Let x €]0,c[ be defined by k(x) = 1. Then, for every v € V \ {0},

the sequence of functions tXm{w € Q;sup ||Sp(w)v|| > t} converges to a positive
neN
function on P(V') proportional to ey (v).

This result allows to study the tail of stationary solutions of affine recursions
on R? of the form X, 11 = Ay 1 X, + Bny1, where (A,, B,) € Aff(R?) are i.i.d
([28, 14]).

Furthermore, the existence of such tails allows to obtain fractional expansions
of Lyapunov exponents near critical points for some classes of products of random
matrices (see [6] for d = 2). Near a point u € M'(G) such that [supppu] satisfies
condition 7.p, the top Lyapunov exponent is in general nondifferentiable, but only
Hoelder (see [30]).

For the Gaussian behaviour of Log||Sy(w)v|| we refer to [3, 16, 20, 27, 38|.
The convergence to the Gaussian law can also be studied in the context of i.i.d
random variables taking values in a semi-simple group of the form Gg, as in
Subsect. 1. In the notations of Th. 5 we have

Theorem 6.12. Assume u € M*(GR) satisfies [exp c|Logd(g)|du(g) < +o0,

for some ¢ > 0, and [suppu]~? = Gg. Then ﬁ(Logd(Sn) —nL(u)) converges in
law to a Gaussian law on A with full dimension.
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R em arks. This theorem extends the result of [11], which was stated
for Gr = SL(d,R). The proof is based on the spectral properties of flag space
analogs of the Fourier operators P"(t € R) from Sect. 4. The fullness of the
Gaussian law is a consequence of Th. 6.9 (see [17]).

A special case of interest for Mathematical Physics is Gr = Sp(2n, R).

We observe that the exponential moment condition is not necessary for the
validity of Th. 6.12. One can expect that a 2-moment condition is sufficient.

The method used for the proof of Th. 6.5, i.e the construction of a suitable
martingale as in Th. 5.3, remains valid in more general settings. For examples of
such results see [4, 2].
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