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We counsider the initial-boundary value (IBV) problem for nonlinear equa-
tions related to the integrable model of the stimulated Raman scattering in
the quarter xt-plane with vanishing at infinity initial conditions and single-
frequency periodic boundary data (pe'“!). We propose a matrix Riemann—
Hilbert problem, which provides the existence of the solution of the IBV
problem for all £ and allows us to obtain an explicit formula for the asymp-
totics of the solution, using the steepest descent method for the oscillatory
matrix RH problem introduced by P. Deift and X. Zhou [6].
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1. Introduction

The phenomenon of stimulated Raman scattering (SRS) is described by three
coupled PDEs. In the transient limit these equations are integrable [1, 2], i.e.
they admit a Lax pair formulation. Paper [1] is devoted to the Raman soliton
generation from laser inputs in the SRS model. In [2], the authors studied the
asymptotic behavior of the solution of the initial-boundary-value (IBV) problem
in the semistrip (z € [0,00), t € [0,1]) by using the method [3] based on the
simultaneous spectral analysis of the two parts forming the Lax pair and a ma-
trix Riemann—Hilbert problem on the complex k-plane. This method includes
more boundary values than required for a well-posed IBV problem. This over-
determination of the boundary data implies the so-called global relation [3, 4]
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between the corresponding spectral functions. Fortunately, the initial boundary
value problem for nonlinear SRS equations considered below is a nice model of
PDEs, which can be solved by using the matrix Riemann—-Hilbert problem with-
out restrictions caused by global relation. In this case all spectral functions are
uniquely defined by given initial and boundary data only. For the finite domain
[0, L]x[0, T] the IBV problem for the SRS equations was studied in [5], where the
difficulties on the presence of two essential singularities in the matrix Riemann-
Hilbert problem have been overcome. In the present paper, we consider the IBV
problem for the SRS equations in the quarter xzt-plane with vanishing at infinity
initial function and simple periodic boundary data. In general, one can propose
different matrix RH problems suitable for the given IBV problem. We propose
a matrix Riemann-Hilbert problem, which provides the existence of the solution
for all £ and allows us to obtain an explicit formula for the asymptotics of the
solution, using the steepest descent method for the oscillatory matrix RH problem
introduced by P. Deift and X. Zhou [6]. To make the asymptotic analysis more
transparent we restrict our attention to the special case when boundary data take
the single-frequency periodic form, and the initial function is identically equal
to zero. We show that in the region z > w?t, where w is the frequency of the
boundary data, see (3) below, the asymptotics has a quasi-linear dispersive cha-
racter and is described by Zakharov-Manakov type formula. In other regions the
asymptotic analysis turns to be more complicated and will be presented elsewhere.
The IBV problem under consideration is

2iqr = P = 2ivg, vy = I(QH - qla)v T € (07 00)7 te (Oa OO), (1)

with the initial function

q(z,0) = u(x), z € (0,00), (2)

and the boundary condition
p(0,t) =pet,  p>0, (3)
v(0,t) =1 = const, leR (4)

We suppose that the function u(z) is absolutely continuous, zu(z) and ul,(z) €
LY(0,00):
o0
Jletuta) + u @))dz < . )
0
Let the absolutely continuous in z and t functions ¢(z, t), u(z,t) € C, v(z,t) € R
satisfy the SRS equations (1) on the semi-infinite domain z,¢ € ((0, c0) x (0, 00)),
initial (2) and boundary (3) conditions. Since (1) implies

a%(zﬂ(:v,t) + |H(«T7t)|2) =0,
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in what follows we assume that
V2 (x,t) + |u(z, t)* = 1

and, particularly, p? +[? = 1. All considerations of the paper are valid if the
boundary conditions (3), (4) are replaced by

1(0,1) = pet 4 u(t), v(0,t) =1+ w(t), (6)

where v(t) and w(t) are given functions decreasing fast as ¢ — oco. The IBV
problem of this type was considered in [7]|, where the generation of asymptotic
solitons by boundary data (6) was studied using the Marchenko integral equations.

Notice that, if ¢(z,t) is real and 2¢ = v, g = isinv, v = cosv, then the SRS
equations are reduced to the sine-Gordon equation

vy = sinw. (7)

The asymptotic behavior of the rapidly decreasing (as |z| — oo0) solution was
studied in [8].

2. Basic Solutions of Linear Over-Determined Equations

For studying the initial boundary value problem (1)-(3), we will use
the simultaneous spectral analysis [3] of the linear z-equation

O, + ikos® = Q(x, 1), (8)

i) wa (L )

and the linear t-equation _
1 ~
D, = o 1
t 4kQ(wat) ’ ( 0)

N | vlz,t)  ip(a,t)
Q@“t)"(_uuxj) —y@;n>’ 1

where ®(x,t,k) is a 2 x 2 matrix-valued function and k£ € C is a parameter. Let
us rewrite equations (8), (10) in the equivalent form:

W, =Ulz,t, )W,  Ulz,t,k) = Q(x,t) — ikos, (12)

W= Vit AW, Ve tk) = Q). (13)
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It is easy to verify that the over-determined system of differential equations (12),
(13) is compatible (i.e., g;‘g; = gi(g‘;) if and only if the matrices U(z,t,k) and
V(z,t, k) satisfy the compatibility condition

Ui(w,t, k) = Vy(z, t, k) + Uz, t,k)V (2,1, k) — V(z,t,k)U(2,t,k) =0, keC,
(14)
which is equivalent to the SRS equations (1) on the functions ¢(z,t), p(z,t),
v(z,t).
Below we will use the following lemma.

Lemma 2.1. Let the compatibility condition (14) be fulfilled for all k € C.
Let W (z,t,k) be a matriz satisfying the z-equation (12) for all t (the t-equation
(18) for all x). Assume that W (zo,t,k) satisfies the t-equation (13) for some
x =x9 (W(x,to, k) satisfies the x-equation (12) for some t = ty), including the
case when o = 0o (ty = o00). Then W (x,t,k) satisfies the t-equation (13) for all
x (satisfies the x-equation (12) for all t).

Proof Let W =W(z,t,k) be a solution to (12). Then, due to the com-
patibility condition the matrix W(w, t,k) = Wy —V(x,t,k)W is also the solution
0 (12). Indeed, W, = U(z,t, k)W + (U, — Vo +UV —VU)W = Ul(z,t, k)W. Since
the matrices W and W are the solutions of the same equation (12), it follows that

W(z,t,k) = W(z,t,k)C(t, k) for some C(t, k) independent of z. By assumption,
W (zg,t, k) = 0. Hence C(t,k) = 0 and thus W(z,t,k) = 0, what means that
W (z,t, k) satisfies the t-equation (13) for all z. The proof of the statement with

2 and t interchanged is similar. ]

To introduce the basic solutions of the over-determined equations we have to
find the exact solution of the t-equation for z = 0. It takes the form

i [ ipelwt
q)t - E (_ipe—iwt -1 ) o. (15)

The following matrix

1 1
—— + n(k) —— — x(k)
E(t, k) = %eiwast/Z %gk) %gk) o 12(k)ost (16)
) (k) PO s(k)
is a solution of this equation if
k—FE
»n(k) = ( _ &
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where / )
E=—+-L =B +iE, E=E —iB,
2w 2wl
and ]
w —
Qk) = —74/(k—E)(k—-E).
() = 1 o~ By~ B

Without loss of generality we assume here and in what follows that
w > 0. Indeed, we obtain the case w < 0 if we take the complex conjugated func-
tions q(z,t), u(z,t),v(x,t) instead of ¢(z,t), u(z,t),v(z,t). To fix the branches
of the roots we choose a cut in the complex k-plane along the curve v U %, where
ImQ(k) = 0, and define s(k) and Q(k) as

w(k) =1+0(k 1), mm=§+owﬂ, k — oo.

A simple analysis shows that the set ¥ := {k € C|Im Q(k) = 0} consists of the
real line Im k& = 0 and the circle arc ¥, which is defined by

(- 3) = (53)"

ki + k3 > |E?

(see Fig. 1). If Qi (k), s4 (k) are boundary values of the functions Q(k), (k) on
the cut v U7 from the right (+) and left (-) sides of the cut, then

Qu(k) = —Q_(k), s (k) = ea ().

Then the matrix-valued function E(t,k) is analytic when being away from the
point 0, where it has an essential singularity, and the circle arc 7.
The function Q(k) has the following asymptotics:

w [
- — k2 k
:I:E Fo5f O(k), k—0, sign(lw) = F1.

In the present paper we consider the case [ < 0 and w > 0. The matrix £(t, k)
behaves as follows:
Et,k)=T+0Kk™"), k— oo

and .
Et k) = & () + O(k), k=0,
where B B
) arg i (arg )
En(t) = iwtos /2 COS( 2 ) ISIH( 9 ) 1wlta3/2‘
0( ) € _isin(a,rgE) COS(M%E) €
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Imk

! Re k

Fig. 1: Set %, wl <O.

Now we introduce the basic solutions (eigenfunctions) of equations (8) and
(10). The first eigenfunction has the form:

T
Bt k) = (700 [ Koy, the o0y )0, ), a7)
—T

where the kernel K (z,y,t) is chosen to be so that the first factor satisfies the -
equation (8) for all ¢, and the second factor satisfies the t-equation (10) for z = 0.
By Lemma 2.1, ®,(z,t, k) satisfies both equations (8) and (10). The existence of
the solution represented by the transformation operators with the kernel K (x,y,t)
is proved in |9].

If the functions q(z,t), p(x,t) and v(z,t) are absolutely continuous in x and ¢
and satisfy the initial and boundary conditions (2)-(3) and the differential equa-
tions (1) almost everywhere, then the matrix valued function (17) has the following
properties:

1) ®y(x,t, k) satisfies the - and t-equations (8)—(10) for k € C\ ({0}U{E}U{E});
2) &1 (2, t, k) = ADy (2,6, )AL, k € C\ ({0} U{E}U{E}), where A = ( ’ (1) :
3) det®y(z,t, k) =1, keC

4) for k # 0, E, E the map (z,t) — ®1(z,t,k) is absolutely continuous together
with its partial derivatives;

5) the map k — ®y(x,t, k) is analytic in k € C\ ({0} Uy U %) and it has the
forth root singularities at the points E and E;
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6) @1(z,t, k)eh?os = [ + O(k™1) + O(k~1e2k273) | — oo;
itog

7) &1 (z,t,k)e ® = Dg(x,t) + O(k), k—0,

Oy(z,t) = I—l—/K(:v,y,t)dy Eo(t).

The eigenfunction ®4(z,t, k) normalized by the condition
®5(0,0,k) = I

has the form

x
@ (a, 1, k) = (o705 + / K(e,y.00e 07 dy) £ ET O.F). (18)

It is related to ®y(z,t, k) by
@l(xa ta k) = @2(1157 ta k)g(()? k)

The eigenfunction ®q(x,t,k) satisfies the properties 1)-6) and 7) with
Do (z,t)E 1 (0) instead of Po(z,t).
Finally, we chose the eigenfunction ®3(x,t, k) in the form:

t
sz, t, k) = (e—li‘?f’ o [ Lzt s)e™ R ds) (19)

o0
(e [ Naaye Brordy),
T

where the kernels L(z,y,s) and N(z,y) are such that the first factor satisfies
(10) for any z, and the second factor satisfies (8) for ¢ = 0. Due to Lem. 2.1,
®3(x,t, k) satisfies both equations (8) and (10). The matrix ®3(x,t, k) possesses
the properties 1)—4) for k € R\ {0}. Other important properties ®3(z,t,k) are
as follows:

5) the matrix columns [®3]i(z,t,k) and [®3]a(z,t, k) are analytic in & € Cg,
respectively;

6) at infinity they have the asymptotics:

[@3]1 (x, ¢, ket = (é) +O0(™),  k—oo, Imk<0;

88 Journal of Mathematical Physics, Analysis, Geometry, 2009, vol. 5, No. 1



Simple Periodic Boundary Data and Riemann—Hilbert Problem...

[@3)2(z, 1, k)e = <‘1)> +O0(™),  k—oo, Imk>0;

7) for k — 0 and Imk # 0 they have the following asymptotics:
(@31 (2, ¢, k)et = [Bs]1(z,t) + O(k), k—0, Imk<0,

[@3]s(z, ¢, k)e 3 = [Bs]o(w,t) + O(k), k—0, Imk>0,

where [®3];(z,t) and [®3]s(z, ) are some absolutely continuous vector-functions
depending on the entries of matrices L(z,t,s) and N(z,y). The existence of the
transformation operators with kernels K(z,y,t), L(x,t,s) and N(z,y) can be
proved in the same way as in [9)].

Since all the introduced matrix valued functions ®;(z,t,k), j = 1,2, 3, are the
solutions to the z- and t-equations (8)—(10), they are linear dependent, so there
exist transition matrices S(k), s(k) and R(k) independent of # and ¢ such that

D (z,t, k) = Oo(z,t,k)S(k), Polz,t,k) = P3(z,t,k)s(k), (20)

Oy (., k) = B3z, t, k) R(K). (21)

They can be written as follows:
S(k) = E(0,k), (k) = 57(0,0,k),  R(k) = s(k)S(k).

The transition matrices have the following representations:

- a(k)  b(k)
<= (0 i) @2)
A(k)  B(k)
st1=(“sahy ach) )
where
alk) = 1+ / Noo(0,y)e vy, b(k) = / Nio(0, y)e vy,
2A(K) = (k) + ﬁ _2A(k), 2B(k) = (ﬁ — (k) = ~2B(F).

The functions N12(0,y) and Nao(0,y) are absolutely continuous and their deriva-
tives belong to the space L'(0,00). For R(k) = s(k)S(k) we have
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Further we prove a one-to-one correspondence between the initial function
u(z) and spectral data a(k) and b(k). Namely, let u(xz) be absolutely continu-
ous, zu(z),u),(z) € L'(0,00). Then the vector-function ¥(z,k) := [®3]2(x,0, k)
(the second column of the matrix ®3(x,t,k)), which satisfies the equation
0 u(z)

U, +ikos¥ = ( _

—a(s) 0 ) v, 0 <z < oo, (25)

and the boundary condition

lim W(z,k)e = <(1)> .

T—>00

defines the direct map

S+ {ul)} — {a(k),b(k)} (26)

() -won

The spectral data a(k) and b(k) possess the following properties:
1) a(k) and b(k) are analytic in k¥ € C, and continuous in k € C; functions
represented in the form

by the formula

o0

a(k) =1+ / a(y)evdy, b(k) = / Bly)evdy,
0

0

where a(y), B(y) are absolutely continuous and v (y), 8, (y) € L' (0, 00);
2) (k)P + bR =1, keR
3) a(k) =1+ 0(k™1), b(k) = O(k’l), k — oo.

The inverse map Q is given by

u(z) = 2i lim kM2 (z, k), (27)
k—00

where Ml(‘;) (z, k) is the entry (12) of matrix M ®)(z, k). This matrix is the unique
solution of the following Riemann-Hilbert problem:

o MW (g, k) is a sectionally analytic matrix valued function in k € C\I', where
the oriented contour I' is a union of the real line R and the circle Soo = {k € C :
|k| = |Soc|}, where |Sxo| is a sufficiently large positive number. The orientation
of I' is chosen so that k-plane is a union of the two open domains 4 and their
common boundary I' (Fig. 2).

o M@ (z,k)=I+0(k""), k— oo

o M (z,k) =MD (2, k)T (2, k), keT,
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2 Q_
A - i SOO A -
, < - .
O Q4

Fig. 2: The oriented contour I' for the z-problem.

where Mf) (x,k), M@ (z,k) are the boundary values of matrix M@ (z,k) on

contour I' from domains 2, Q_, and

1 0
( ), EeR k| <|Sool,

k
(b(k) 2ikx “®) 1 ) ) ke Rv |k| > |SOO|7
a(k)® [a(k)?
1 bk) —2ikz
0 “k)l , |kl =S|, argk € (0,m7),
(29)

0
2ik 1) |kl =Sx|, argk € (m,2m).

N
o
~=
[
N N

D [

This RH problem is uniquely solvable [12].

Main Matrix Riemann—Hilbert Problem: Reconstruction

3.
of the SRS Model

Under the assumption that z- and ¢-equations (8) and (10), respectively, are
compatible, the relations (20) between their solutions can be written in the form

of the matrix Riemann—Hilbert problem.
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Let g(z,t), u(z,t),v(x,t) be absolutely continuous functions with respect to
z € [0,00) and ¢ € [0,00) satisfying the SRS equations (1), the initial (2) and
boundary (3) conditions. Then the relations (20) define a map

S {q(x, 1), u(w,t), v(, 1)} — {a(k), b(k), A(k), B(k)}. (30)

In fact the spectral functions {a(k),b(k)} are defined by initial function u(x) =
q(z,0), and the spectral functions {A(k), B(k)} are defined by boundary data.
In our case they take the explicit form

1

2A(K) = slk) + —— = 24(k), 2B(k) = (m - %(k)) — 2B(k).

To describe the map inverse to (30) we additionally use the auxiliary spectral
functions ar(k) = a(k)A(k) + b(k)B(k) and bg(k) = a(k)B(k) — b(k)A(k) which
are the entries of the transition matrix R(k) = s(k)S(k).

The inverse (to (30)) map QF is defined by

q(z,t) = 2im75(z, 1), (31)
I/([L‘,t) = mll(xat)a (32)
p(z, t) = —imqo(z, t), (33)
where
m>(z,t) = lim kM (x,t, k),
k—o0
m(x,t) = _mO(xat)USmal(xut)u

mO(wat) = ]};i_rf(l)M(xvta k)a

and the matrix M (z,t, k) is the solution of the following Riemann-Hilbert prob-
lem RHg;:

e M(x,t, k) is sectionally analytic for £ € C\ I'; the oriented contour I'is
defined as follows: ' = RU S, Uy U ¥ (Fig. 3);
e M(z,t,k) has the fourth-root singularities at the points £ and E;
o M (z,t,k) = Mi(z,t,k)J(z,t,k), k€I, where
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Fig. 3: The contour I for the xt-problem.

aR(k) 0

ar(k)

([1 0
(0 1) , |k] <|Scol, Imk = 0;
J(z,t,k) =
0 _ie—2it6‘(k) _
_{2it0(k) 0 ’ keyUy

1
with 6(k) = - + k%;

o Mz, t,k)=1+O0(™1), k — oo;
o M(z,t k) =mo(z,t) + O(k), k— 0.
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) br(k) sito(r)
Tt k) = ar(k) k] > |Ssols

1), k| = Sso|,  Imk <0

T 7 , Imk = 0;
br(k) sitock) 1 o
ar(k) lag(k)[?
ar(k) br(k)e 40F)
1 o Ik =Sx],  Tmk>0;
\ ar(k)
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Proof To construct the Riemann-Hilbert problem RH,;, we define the
following matrices:

([ [® t.k )
<% [@3]2(:v,t,k))e‘w(k)”3, k| > |Ssl, Imk >0,
a
M(z,t,k) = r
| @1(x, 1, k)07, k| < |Sos|, Imk >0,
(&1 (w, t, k)elt?(K)os, k| < |Su|, Imk <0,
M(x,t k) = o -
i (ot k), 2L oo g 5 (sl Tmk <0,
\ ar(k)

where [®1]12(z,t, k), [®3]1,2(x,t, k), are the vector columns of the matrices

q)l(xvt’ k) = ([@1]1([[),25, k)? [@1]2([1,‘,25, k))a
@3(:1),25, k) = ([@3]1(1‘,25, k), [@3]2(1‘,25, k))

The radius |Swo| of the circle S is sufficiently large so that ax (k) # 0 (ar(k) # 0)
for |k| > |Sco|, Imk < 0, Imk > 0. Then the matrices My (z,t,k) are analytic
functions in the domains Q4. They have the forth root singularities at the points
E and E, because the matrix ®;(,t, k) as well as the matrix £(¢, k) has the same
singularities at these points. The determinants of these matrices are equal to one,
which follows from the vector relations

[@1)1(z,t, k) = ar(k)[@s]i (2, k) — br(k)[®s]a(x, 1, k),
[@1]2(113, t, k) = bR(k)[q)g]l(fL‘, t, k) + aR(k)[(I)g]Q(J}, t, k)

arising from (20). Direct calculation gives the form of the jump matrix J(z,t, k)
on different parts of I'. The asymptotic formulas for M (xz,t,k) as k — oo and
k — 0 follow from the corresponding equations for the eigenfunctions, see Sect. 2,
and from the asymptotic behavior of the spectral function ar(k). In particular,
we have My (z,t, k) = ®o(x,t) + O(k), k — 0. Therefore mq(z,t) = ®o(z,t). m

Using general ideas of |11]| and the results of [12] for contours with self-
intersections, we prove the following theorem.

Theorem 3.1. Let u(x) be an absolutely continuous function satisfying (5).
Letv(0,t) = 1,1 <0, u(0,t) = pe* (w,p >0, 124+p% =1). Let {a(k),b(k), A(k),
B(k)} be the corresponding spectral functions. Then the Riemann—Hilbert problem
RHyy has the unique solution M (x,t, k). The functions q(x,t), p(z,t) and v(z,t),
defined by the equations

q(z,t) = 2i lim kMo (z,t,k), (34)
k—o0
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v(z,t) = my(z,t), p(x,t) = —imig(x,t)

with the matrix
m(x,t) = —M(z,t,0)03M " (z,t,0),

satisfy the SRS equations (1), the initial condition
q(z,0) = u(x), =€ (0,00),
and the boundary conditions

v(0,t) =1, w(0,1) = peiwt’ t € (0,00).

The proof of this theorem is performed in the same way as in [5] and [10].

4. Asymptotic Behaviour of the Solution
in the Zakharov—Manakov Region

In this section we study the asymptotic behavior of the solution to the IBV
problem (1)-(3) as t — oco. To fix the ideas of asymptotic analysis and to make
it more transparent we restrict our attention to a special case when the initial
function is equal to zero identically. We will use the steepest descent method |[6]
by P. Deift and X. Zhou; many technical details of this method become much
more simple in this special case. We describe the asymptotics of the solution in
the sector > w?t, where it has a quasilinear dispersive character. In the adjacent
sector 2 < w?t of the quarter zt-plane the asymptotics is more complicated and
will be studied elsewhere.

For the case u(z) = 0, u(0,t) = pel*! and v(0,t) = [ the corresponding spectral
functions are as follows:

a(k) =1, b(k) =0, (35)

anlh) = A0 = 3 () + =)o onlh) = B8 = (s =),
(36)
where (k) = ¢/ Z : g, E = l;—wip (w,p > 0,1 <0,I2 4+ p* =1). These formulas

show that the spectral data A(k) and B(k) are analytic functions everywhere with
the exception of arc yU#%, and that A(k) # 0. We recall that the complex k-plane
is cut along the contour v Uy. Therefore the main Riemann-Hilbert problem
RH,; can be reduced to the equivalent one:
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e matrix valued function MY (z,#,k) is analytic in the domain C \ v and
C_\% .

o MW(z,t, k) has the fourth-root singularities at the points £ and E;

o MY(z,t,k) =MD (z,t,k)JD (z,t,k), keRUyUS, where

1 —2it0(k)
o(k)e . keR

2

_Q(k)e2it0(k) 1— QQ(k)

1 0
JD (z,t, k) = £ (k)o100) 1) , ke

1 —2it0(k)
Jk)e ) , ke

0 1
o MW(z,t,k)=1+0(k"), k — oo;
o MW (z,t,k) =mg(x,t) + O(k), k — 0;
where p(k) := % and f(k) := o_(k) — o4 (k) = —m.

e The functions ¢(z,t), p(x,t) and v(z,t) are determined by MM (z,t,k) in
the same way as in (34).

Proof Since ar(k) = A(k) # 0 for all k, the RHy problem can be
simplified. Indeed, let us transform the initial matrix M(z,t,k) to the following
one

MW (z,t,k) = M(z,t, k)G (x,t, k),

10

where G (z,t, k) = (0 )

> for |k| > |Soo| and

r (ﬁ —B(k)e_2iw(k)

, R < |Ssl, Imk > 0,
0 A(k)

G (x,t, k) =

A(k) 0
_B(k)edit®) 1| k| <|Swl,  Imk <O0.

A(k)

The transformation eliminates the circle S, where the jump matrix J(z,t,k) =
GW(z,t, k) is unbounded as t — oo. It is easy to see that the matrix valued
function M (z,t, k) is analytic in the domains C, \ v and C_ \ 7 and has the
forth-root singularities at branch points. The new jump matrix coincides with
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the jump matrix J)(z,t, k). Furthermore, since

¢ (ﬁ O(eftlmk/2|k\2)

, k—0, Imk>0,
0 A(k)

G (z,t, k) =

O(etlmk/2|k\2) 0

becomes diagonal in the limit as t — oo, then

A(k) 0
), k>0, Imk<o0

lim M, (x,t,k)o3s M (z,t, k) = lim M (z,t,k)os M~ (z,t, k)
k—0 k—0
and, thus, v(z,t) and p(z,t) given by M (x,t, k) according to (34) are similar to

the ones given by M (z,t, k). Finally, since M;(x,t,k) = M (x,t,k) for |k| > |Sxol,
we have that the same is true for ¢(z,t). ]

_|_

Fig. 4. The signature table of the function Im 6(k).

To study the asymptotic behavior of the Riemann—Hilbert problem RHj; in
the region z > w?t we use the well-known technics from |6, 13, 14]. In what
follows, a significant role is played by the decomposition of the complex k-plane
according to the signature table of the imaginary part of the phase function 6(k) =
% (% + %), where ¢2 = t/4z. The stationary points of the phase function 0(k)
are real and equal to =£. We have

_ kP -¢
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Thus Im (k) > 0 (Imé(k) < 0) for k lying in the lower (upper) half-disk and out
of the upper (lower) half-disk defined by the circle |k| = ¢ (Fig. 4). For &€ < |E| =
1/2w (that is, for z > w?t), the jump matrix J) (z, ¢, k) approaches the identity
matrix as t — oo for k € vy U#¥. Hence the contour v U4 does not contribute to
the main term of asymptotics, which is defined by the stationary points +£ and
has the order O(til/ 2). The contour y U#¥ plays a crucial role in the description
of asymptotics in the region z < w?t. We conjecture that in this region the
asymptotics is of order O(1) and takes the form of an elliptic modulated wave
for |E| < & < & and a plane wave for §y < £ < oo. In this paper we study the
asymptotics in the region = > w?¢ only.

To study the asymptotic behavior of the RH problem for the matrix
MM (z,t, k) let us use the transform

M® (z,t, k) = MY (2,1, k)57 (k),

where the function §(k) is equal to (cf.[6])

d(k) = exp

£ 2
i / IOg(]. — 0 (8))d8 ke C\ [_f,f]’

271 s—k ’

and € = \/t/4x > 0. Then the jump matrix J® (z, ¢ k) has a lower/upper
factorization for |k| < ¢ and an upper/lower factorization for |k| > &

(1 A(k)B(k)82 (k)e=2t0k) 1 0
0 1 —A(K)B (k)62 (k)e?t0tk) 1)

k| <&,

1 0 1 g(k)dZ(k)e*Zita(k)
\<—0(k)52(k)e2”9(’“’ 1) (0 1 k1> ¢,

where we use the identity

J (z,t,k) =

o(k)
1 —0?(k)

The jump matrices on the contours y U7y are

= A(k)B(k).

J (z,t,k) =
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Let us define a decomposition of the complex k-plane into six domains
D,,...,Dg as shown in Fig. 5. The contours Ly and Ly lie in the disk |k| < &;
the contours Ly, Lg (L3, L4) range from the point £ (—¢) to infinity along the
rays arg k = +n/4 (argk = m F w/4). Then the next transformation is

MO (2, t,k) = MP) (2,1, k)G® (k),

where

2

1

0
) , ke D;UDs,
(_Q(k)d—z(k)emw(k) 1) 1 3

10
0 1) . k € Dy U Ds, (37)

1 — 2 —2it0(k)
(0 o(k)d (f)e ke DyUDg

2 (1.1 a2it0(k)
1 A(k)B(k)5%(k)e ) ke Dy

b
(

Fig. 5: The contour T for the M®)(z,t, k)-problem.
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Remark 4.1. The transformation M) (z,t, k) — M®) (z,t,k) has the form
as above due to the fact that o(k), corresponding to the initial and boundary data
considered here, is in fact analytic outside v U7y (see (35), (36)). An analogous
transformation in the case of more general initial and boundary conditions (i.e.
when, for example, the initial function is fast decreasing as © — 00) requires
an analytic approzimation of the corresponding spectral functions (cf. [6]).

The G-transformation leads to the following RH problem
MO (z,t,k) = M (2,4, k) TP (2,1, k)

on the contour depicted in Fig. 5 with the jump matrices J®) (x,t, k) which are
equal to the identity matrix on real axis, they coincide with the matrices G2 (k)
from (37)-(38) chosen for the contours k € Lj, j = 1,2,...,6. Moreover, the
jump matrix J® (z,t, k) is equal to the identity matrix on the arc v U7 because
f(k) = 0_(k) — 04+ (k). Hence, in the region z > w?t (¢ < 1/2w) the jump across
the arc yU% does not contribute to the asymptotics of the solution. Furthermore,
it is easy to see that J®)(z,t,k) = I+ O(e™) as t — oo and k € L; with the
exception of some neighborhoods of the stationary points ££. Since

mg?’) (z,1)

7 +O0(k™2), k — oo,

MO (z,t k) =1+

we have
q(z,t) = 2i[mg3) (z,1)]12 + O(e™ ), e > 0.

Now we have to evaluate the main contributions from neighborhoods of the
stationary points ko = £¢ of the phase function (k) = 1/4k + k/4¢2. To do this
we use the scaling operators

F(k) = [N+ F](2 (2VE3 1 4 ko) |kg=+e,

which for the matrices M) (z,t, 2)* = [NoM®)](21/€3t 1 + ko) imply

mi? ()1 = @[m@ (1)1

The scaling operators act on the product d(k)e **) as follows:

[NLoe 1) = 50 (¢,1) 60 (2, €, 1),

where

Fin(ko)/2
50 (e, 1) = (% ) (/26 (ko)
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6 (2,6,1) = (£z)Flko) (Fi22/8 [1 +0 <%>]

with the functions

1 1

n(k) = 5 -log[l — o’ (k)] = 5, logll + lo(k)"] > 0

and
,é
_ B . 2
x(k) = —%i/logls ko|dlog[1 — 07 (s)].
“¢

The function 6$) (&,t) does not depend on z, but the functions (:I:z)ii"(ko) eFiz?/4
do and lead to the model RH problems

H+(Z) =H_ (z)e*iz2‘73/4jo(ko)eiz203/4,

h
o L- (ko) —olko)
JO(kO) = ( Q(kO) 1 > ) ko = :l:ga
and
+
H(z) = (I st if,t) + 0(2_2)> ko) 2 — 00.

These problems can be solved explicitly in the terms of parabolic cylinder func-
tions [13]. Thus we have

q(z,1)

_ @{(5@ (é,t)>221[mf(£,t)]12 + (6(_0’ (§,t)>2 2i[m1(§,t)]12} +o (%) ,

where
] 27T6i7r/46—7r77(k0)/2

" o(ko) L (—in(ko)))

and I'(z) denotes Euler’s gamma-function. Finally, using the basic identity

[mit(éhat)]m = ko = :|:£7

D (—in)|? = (i) > = ——

"~ psinhny’

we come to the following statement.
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Theorem 4.1. Let q(z,t), p(z,t) and v(z,t) be the solution of the
SRS equations (1) with the initial function satisfying (5) and the boundary con-
ditions (3)-(4). Then in the region x > w?t, the function q(z,t) has a quasilinear
dispersive character, i.e., it is described by the Zakharov—Manakov type formulas

q(z,t) =2 532(5) exp {21\/:7 —in(&) log vzt + igb({)}

+2 '537727_5) exp {—2i\/E+ in(—¢) log V't + z‘¢(—€)} +o(t™1?), £ — oo,

where the functions n(k) and ¢(k) are given by the equations

n(k) = 5-tog (1- (), €=,
#(k) = 7 = 3n(k) log 2 — arg o(k) — arg I (~in(k))

£
1
+ = /log |s — k|dlog[1 — 0?(s)].
s
—£

Here I'(—in(k)) is the Euler gamma-function, and o(k) = itan[arg s(k)].

The asymptotics of functions pu(z,t) and v(z,t) can be found by formulas

p(x,t) = 2igy(x,t), v(z,t) = /1 — |p(z,t)]?

It is easy to find that the residual of this asymptotic solution in the SRS equations
has the order O(logt/t3/?) as t — oo and z > w?t.

Remark 4.2. Qualitatively this result is valid for the case u(z) # 0 and the
general boundary conditions (6). As we have noticed above, in this case the corre-
sponding transformations of the RH problem include the suitable analytic appro-
zimations of spectral functions.

Acknowledgment. The author thanks V.P. Kotlyarov and D.G. Shepelsky
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