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The completely singular dynamical systems of the Liouville type
are studied. The motion paths of these systems are closed graphs if the
Liouville tori are compact. The conditions under which a dynamical system
of the Liouville type is strongly singular are obtained in the paper. These
conditions have a form of the system of integral equations. It is proved that
the obtained system is solvable.
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1. Introduction

It is well known that many fundamental physical phenomena are described in
the terms of the Hamiltonian formalism. The Hamiltonian systems integrable in
the Liouville-Arnold terms [1] are an important class of the Hamiltonian systems.
In the recent years, the interest towards the study of these systems renewed as
new methods for the study of integrable systems [2] had appeared. Introduce the
necessary definitions and recall the well-known facts.

Consider a Hamiltonian system. It is given by an even-dimensional manifold
M?" with nondegenerate exterior closed 2-form w (the symplectic structure) and
differentiable function H (the Hamiltonian) [1, 3].

Definition 1. A differentiable vector field sgrad H given on M?" is said to be
the skew gradient of a function H if it satisfies the equality w (v;sgrad H) = v(H)
for all differentiable vector fields v where v(H) is the derivative of the function
H in the direction of v. The vector field sgradH is called also the Hamiltonian
vector field with Hamiltonian H [1, 3].
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Definition 2. Let F' and H be differentiable functions on symplectic mani-
fold M?™ with symplectic structure w. The differentiable function {F;H} =
w(sgrad F';sgrad H) is said to be the Poisson bracket of the functions F' and H.

Definition 3. A differentiable function F is said to be the integral of the
Hamiltonian system with Hamiltonian H if F' is constant along the integral tra-
jectories of the given Hamiltonian system.

Note that the function F is an integral of the system with Hamiltonian H if
and only if {F; H} = 0. In particular, the Hamiltonian H is an integral.

Definition 4. Two functions Fy and Fs are said to be involutive (or to be in
involution) if {F1; Fy} = 0.

Definition 5. A Hamiltonian system with n degrees of freedom with Hamilto-
nian H is said to be completely integrable in the Liouville—Arnold terms if it has
n functionally independent, pairwise involutive integrals, H = Fy, Fy,..., Fy,
[1, 3. The independence of the integrals signifies that n forms of dF;, i =1,...,n,
are linearly independent.

If the Hamiltonian system H is integrable in the Liouville — Arnold terms, then
it is possible to introduce ” action-angle” variables (I; ¢) so that the corresponding
Hamiltonian differential equations have the form [1]

dl dy 0H

_ = _ = I = —

a0 e =g (1)
I:Ih”'aln; Y =P1y.-,Pn; W=Wi,...,Wn.

The motion described by the equations of (1) is said to be conditionally periodic

and the values w; = 3 e said to be the frequencies of a conditionally periodic
motion. '

Consider the submanifolds F. = {(q,p) : F; = ¢;}, where ¢; are constants. The
submanifolds F, are the level surfaces of the integrals F;, ¢ = 1,...,n. In the
general case, the submanifolds F, are homeomorphic to the product 7" * x EF,
where 7" % is the torus of the dimension n — k, E* is the Euclid space. If F,
are compact, then they are homeomorphic to the torus 7" (the Liouville-Arnold
torus).

Note that in the general case the frequencies w; are rationally independent,
i.e., the equality kywy + --- + kpwn = 0, where k; are rational numbers, yields
ki1 = --- =k, = 0. Besides, if the level surfaces F, are the tori 7", then the
trajectories of the conditionally periodic movement fill 7" everywhere densely.

There often arise special cases when some frequencies are rationally depen-
dent. Besides, the dimensions of the tori filled with conditionally periodic tra-
jectories decrease. If all the frequencies are pairwise rationally dependent, then
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the motion trajectories become closed curves. In this case the movement is com-
pletely singular.

Definition 6. A completely singular Hamiltonian system is called the totally
resonance Hamiltonian system.

Completely singular systems are of interest from different points of view.
First of all, completely singular systems have (2n — 1) of independent integrals
of movement. Of course, not all of them are in the involution. If the Liouville
tori are compact, they are circles, i.e., the trajectories of the Hamiltonian system
are closed [4]. From the geometric point of view, the manifolds, all of whose
geodesics are closed, belong to these systems. In [5], a completely integrable
Hamiltonian system sgrad H with two degrees of freedom is considered and the
following proposition is proved.

Consider the restriction H to a nonsingular leaf Q3 : {x € M™ | H(x) = c}.
Then the following two statements are equivalent:

i) any trajectory on Q? is periodic;

ii) there exist two functionally independent functions fi, fo on Q° that are
Bott integrals of the system v = sgrad H on Q3.

Here are some examples below:

1) The Kepler problem. In the spherical coordinates, the Kepler Hamilto-
nian of the motion has the form

1 P2 p> k
H= Ly |-=, k>0.
2( +T‘2+T’2Sin29> r’

It is well known that the complete integral of the corresponding Hamilton—Jacobi
equation for the given problem allows the separation of variables and has the form

4, 5]
2
w=p,- g0+/ 2h+———d +/ B~ 5.

It is proved in [4] that all frequencies of the given motion are equal and the
trajectories of this system are closed.

2) The manifolds, all of whose geodesics are closed. Consider the
two-dimensional manifolds as an example. As known, all geodesics of the sphere
S? are closed. In [8], the problems on the manifolds with closed geodesics are
studied in detail. In particular, the surfaces of revolution, all of whose geodesics
are closed, are analyzed. With a certain choice of coordinates, one can reduce
the metric of the revolution surface to the form of

ds® = [f(cos 1")]2(17“2 +sin?rdf?, 0<6<2mx, 0<r<m.
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The Hamiltonian of geodesic flow of the given surface is

1 2 2
H=—- P1 ) + p% .
2 \(f(cosr))? = sin’r
The complete integral of the corresponding Hamilton—Jacobi equation allows the
separation of variables and can be written as

w:\/i/f(cosr)\/ ,ﬁi +2hdr+\f2/s/—61d6.
si-r

In this case, the condition for the rational dependence of frequencies is

mT—C

/ sinc- f(cosr) g =P

r=-=m,
2

sinry/sin? r — sin? ¢ q

c

T
for all ¢ € (O; 5), where p, g are coprime integer numbers. The last equality is

known as the Darboux condition for closedness of all geodesics on the revolution
surface [8, 9].

2. Hamiltonian Systems of the Liouville Type

In [10, 11], the geodesic flows of the Liouville type with two degrees of freedom
were studied and the conditions for closedness of all the trajectories, i.e., the
conditions for complete singularity of these systems, were obtained.

The aim of the paper is to find the conditions for complete singularity of the
Liouville type systems with n degrees of freedom.

A dynamical system is said to be of the Liouville type if its kinetic energy T
and potential energy P are given by

TzéstOz(qi)qZZ, PZ? where f =3 fi (4
i=1 i=1

Y= vi(q).

-

—_

1=

Hereinafter we suppose that ¢; > 0. The Hamiltonian of this system is given by

_lyw Y
H_Qf;i+f. (2)

Consider the system with Hamiltonian (2) in the parallelepiped 0 < ¢; < ay,
i=1,...,n. Denote g; = hf; — ;. Let g;(0) = gi(a;) = 0, gio = max gi = gi (i0)

qi o7
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(or gip = Hfin | 9i = gi (¢io)). Note that the functions g; and g0 depend on h.
q:€[05a;

If the functions g; are strictly monotonous on the intervals (0;q¢;0) and (gio; a;),

then for every value of ¢; € (0; gi0) there exist exactly two values of the variable g;

from the interval (0,a;), g1 (¢;), g2 (¢;) € (0;a;) such that g; (¢;1) = gi (gi2) = ¢;.
The following theorem is the main result of the paper.

Theorem. Let there be a dynamical system with Hamiltonian (2). If the func-
tions g; = hfi — 1; satisfy the conditions g;(0) = g; (a;) = 0 and are monotonous
on the intervals (0,qi0) and (gio; a;), then the conditions for total resonance of
this Hamiltonian system are the following: there exists a constant A (h) depending
on energy level h and rational numbers r; such that

gi2(ci)
©i .
dg; = rix(h), =1,....,n—1, 3
o= A, =1 @

qi1(ci)
for all ¢; € (0;g50) (if n > 2, then the constants ¢; satisfy the condition ¢y + - - -+
cn=0).
P r oo f As known, the complete integral w (qi,...,qn;51,---,Bn—1,h) of
a Hamiltonian system of the Liouville type allows the separation of variables and
is given by [7]

w = / V2¢1 (1 + hfi — ¥1)dq

n—1
+ Z / V20i (=Biz1 + Bi + hfi — i)dgi (4)
i—2

+/ \/29071 (_ﬂnfl + hfn - ¢n)dqn

Note that the expressions under radicals must be positive. If the complete integral

0 0
of the Hamilton—Jacobi equation H (ql, ey G, a—w, cee 810) = his found, then
q1 dn
the canonical action variables can be defined by the formulas
1 1 [ 0w(g; )
I = — dgi = — ¢ ——=dg; 5
i o biag; o dq; qi, ( )
Vi i

where the integration is realized by the basic cycles of the Liouville-Arnold
tori [1]. In our case, using (4), (5), we can find action variables
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I = 2171_7{\/2901 (B1 + hfi —1)dgi,

7
I, = % ?{ V20;i (—Bi—1 + Bi + hf; — ¥)dg;, (6)

Vi
1
I, = 271%\/29071 (=Bn-1+hfn—n)dgn, i=2,...,n—1
Tn

If we proceed to canonical ”action—angle” variables, then the frequencies of con-

0 I; .
ditionally periodic motion are given by w; = —. The equation —— = &%, where

oI 0l; 7
5; is the Kronecker symbol, holds true by virtue of independence of canonical
variables I;, I = 1,...,n. In our case, we can put together the equation system
o1 | _oh oh  oh o5
oL,  ~  0oh 0L 0B Ol
of, 0L on 0L 0% oL o
oL,  ~  Oh 0L 0B 0oL 0By 0L
oL, _ 01, oL Iy 0%, oy 0%
oI,  ~  Oh 0l 0By, 0I, 0p3 OI (7)
aIn—l —0= aIn—l . % 8In—l . 8ﬂn—2 + aIn—l . 8/Bn—l
(9[1 o ah 811 aﬁn—Q 611 aﬁn—l 8[1
o, _, o1, on o1, 85,
oL,  ~  0h 0L, 0fn_1 0L
System (7) may be considered as a linear equation system with n unknown BT
1
g?i, i = 1,...,n — 1. The main determinant of this system is the Jacobian
1
oI,...,Ip)
A= 0. By the Cramer rule, find
a(haﬁla"'aﬁn—l) ?é Y
on on o,
% — aﬁl 8&2 o 857171 (8)
ol A ’
Similarly, can be found
(cyyr 0 O Oy Oliny Ol
oh _ 0B1 OBz OBi-1 OB OBn-1 ()
ol; A '
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Consider the case of a completely singular system. This implies that all the
frequencies are pairwise rationally dependent, i.e.,

W1 =Tiwz, W2 =T2W3,...,Wn—1 = T'n—-1Wn, (10)

where 7; are rational numbers.

Since w; = %, then using (8), (9), and (10) find that

o6 01> 01 013 0ly—1 oI,

9 22 O _ 95 = (1
o~ Mag 9 0B ok - " ag, (Y

Equations (6) and (11) yield the conditions for complete singularity of the Hamil-
tonian system of the Liouville type

©Y1 _ w2
B hfy — oy ”7{\/62 "Bt hfs = gp
Y1

j{ \/ i da:
Bi — Bi1 +hfi — i
Vi

— j{ \/ Pit1 dain
Biv1 — Bi +h- fix1 — i1 (12)

Yi+1

jg \/ Pn—1 dq .
/anl - ﬂan + hfnfl - Q;Z)nfl "
Yn—1

=Tn-1 % i dQn-
_anl + hfn - djn
Tn

Consider a movement of the given Hamiltonian system on a surface of the fixed en-
ergy level h. If we introduce the designations ¢c; = —f1, co = —fBo+01,...,Ci+1 =
—Bit1 + Bi, cn = Bn—1, then we get

% Ll dinT’i f qui_ﬂ, i=1,...,n—1. (13)
V 9i — ¢ Ji+1 — Ci+1
Vi

Yi41

\

It should be noted that the constants ¢; satisfy the condition ¢y + -+ + ¢, =0
and cannot have the same sign. Let g;0 = maxg; when ¢; € [0, a;], gio = ¢i (gio),
where g0 € (0,a;)). By the supposition of the theorem, the functions g; are
strictly monotonous on the intervals (0;¢0) and (go;a;). In this case, for every
value of ¢; € (0;g,0) there exist exactly two values of the variable ¢; from the
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interval (0,a;), g1 (¢i), qi2 (¢;) € (0;a;) such that g; (¢i1) = ¢i (¢i2) = ¢i. Now,
Pi
gi — G

transform

dg;. Since the integrand must be nonnegative, g; — ¢; > 0,

Vi
then ¢; € (i1 (¢i) ;2 (¢;)). While going through the basic closed cycle of v;, g;
varies from ¢;1 to ¢;2, and then from ¢;5 to ¢;1. Then

j[\/ 2 inZQ
9i — G
¥i

Represent the integral from the right—hand side of (14) in the form

q7,2 Cz

szv Ci € O gzO) (14)

qi1(c

qi2(ci) qio qi2
\/ P g = / P g+ / 2 dg,. (15)
gi — G i — Ci i — C;
gi1(ci) i1 qio

Since the function g; is monotonous on the intervals (g;1; gi0) and (gio; ¢i2), then
we can change a variable into the intervals mentioned above. Let ;1 be the
inverse function to g; on the interval (¢;1,¢i0). Then ¢; = 6,1 (¢:), dg; = 0,dg; on
(gi1; Gio)- In this case, the first term in the right-hand side of (15) is given by

qi0 gio

/ v/ pi dg; = / a2 ! dg; where @1 = ; (01 (gi)) -
gi — G gi — G

qi1(cq)

If ;2 is the inverse function to g; on (go; gi2), then in a similar way we can find

qi2(ci) gio -
/ qi = / 8012 9i = _/ iz ;2dgz
\/ 9i — G
¢

qi0
Denoting F; (g;) = v/@i10i, — V' @i2bly gives
%2 cz

| 2 % e

Qzl Cz
If ¢; <0, then we can repeat all previous arguments, but in this case

9i0 = Hfln | 9i = 9i (qi0)), Fi(z) < 0, and it is necessary to substitute the expres-
ql al

sion under radical by ¢; — g;. Taking into account equality (16), the conditions
for the resonance can be written as

0
7 Fz

/dm _ L(x)dm’

VT —C VI — Cit1

Ci+1

i=1,...,n—1, (17)
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where ¢; € (0; gi0). When i = 1, the equation of system (18) is

0 g20
Fi() / Fy()
——dr = ——_dx. 18
VI —C ren VI — C2 o ( )
Cc1 Cc2

If the left-hand side of equation (18) put A (h) to some function, then for the
function F(z) one obtains the Abel equation
gi0

Fi(z)

= e

dx. (19)

From equations (18) and (19), it follows that

920 F( )
o(x
———— =nrA(h).
il (h)
c2
Analogously, it follows that

gio
E2108 T =7
c/ iz = (h), (20)

where r; are rational numbers. The solutions of equations (18)—(20) can be found
explicitly in [12]. Thus, system (3) of the integral equations is solvable. From
equations (16), (20) there follows the statement of the theorem.

The theorem is proved.

Note that in terms of [13] the statement of the theorem means that all numbers
of rotation of the given Hamiltonian system are rational.
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