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A number of problems in mathematical physics and mechanics can be reduced
to the boundary value problems for the differential equations with operators in
boundary conditions. In T. Kato’s book [1, Ch. 7] one can find the statements
of such problems. In particular, the non-local problem is one of them. We note
that in works of many mathematicians similar problems for differential equations
of the second order are studied in details. Among these works it is possible to
specify, for example, the works by M.G. Gasymov and S.S. Mirzoev [2], V.A. Ilin
and A.F. Filippov [3], M.L. Gorbachuk [4], F.S. Rofe-Beketov [5], S.Y. Yakubov
and B.A. Aliev [6], S.S. Mirzoev and Kh.V. Yagubova [7], A.R. Aliev [8]. But we
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think that there are few works devoted to the equations of the third order which
model the currents of a liquid in viscoelastic deformable tubes. In this paper,
we try to fill this gap. Moreover, in comparison with the differential equations
of even order, there are few works in which the equations of odd order with the
scalar boundary conditions on semi-axis are studied (see, for example, [9-13]).

In this paper, we study a boundary value problem for the operator-differential
equation of the third order on semi-axis, where the equation and one of the
boundary conditions are perturbed.

1. Let A be a self-adjoint positive defined operator in a separable Hilbert
space H, and H, be a scale of Hilbert spaces generated by the operator A, i.e.,
D(AY) = Hy, (x,y)y = (A2, Ay),x,y € Hy,(y > 0). If v = 0, we assume that
Hy = H. We denote by Ly ((a;b);H), —o0 < a < b < +o00, a Hilbert space of
the vector functions f(t), defined in (a;b) almost everywhere, with values in H,
measurable, quadratically integrable in the sense of Bochner:

b , 14
liaiurn = (| WO ar)

For R = (—o00;+00) and Ry = (0;+00), we assume that
Ly((—00;+00); H) = Ly(R; H), La((0;+00); H) = La(Ry; H).

Further, for the vector functions u(¢) that almost everywhere belong to D (A?)
and have the derivative u" (t), we determine the Hilbert space [14, Ch. 1]

W3 (RysHy A) = {u: u"” € Ly ((a;b); H) , A*u € Ly ((asb); H)}
with the norm

2 )
||uHW23(R+;H;A) = (Hu/”Hiz((a;b);H) + HA3UHL2((G§b)§H))
We assume that

W3 ((—00;+00); Hy A) = W3 (R, H; A), W3((0,+00); H; A) = W3 (Ry; H; A).

Here all derivatives ul) = %, (j = 1,3) are understood in the sense of the

theory of distributions [14, Ch. 1].
Let us consider the trace operators

Tou = u(0),Tyu = v/ (0),u € Wy (Ry; H; A).

From the theorem of traces [14, Ch. 1], it follows that T'g : W3 (Ry; H; A) — H5/27
Iy W3 (Ry; Hy A) — Hg/2 are continuous operators. We denote

W3 (RyyHy A) = {u:ue W3 (Ry; Hy A),Tou = u(0) = 0,T1u = /(0) = 0} .
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Let L(X,Y) be a space of the bounded operators acting from space X to
space Y.

We also assume that an operator K € L (VVQ3 (Ry; H; A) ,Hg/z), and we
denote

Wik (RysHy A) = {u:u € W3 (Ry; Hy A) ,Tou = u(0) = 0,T1u = v/(0) = Ku} .

o o
Obviously, W3 (Ry; H; A) and V[/23 x (Ry;H; A) are complete subspaces of
W3 (Ry; H; A).
Now in space H we consider the boundary value problem

3
W() - Au(t) + 3 Au® () = (1), te R, (1)
j=1

u(0) =0, ' (0)— Ku=0, (2)
where f(t) € La(Ry; H), u(t) € W5(Ry; H; A), Aj, j = 1,3, are linear, in general,
unbounded operators. Moreover, A is a self-adjoint positive defined operator, and
the operator K € L (WQ3 (Ry: H; A) ,H3/2), e | Kully, < llulwgin,ma

Directly from equation (1) and boundary conditions (2) we can see that the
main part of equation (1)

Py (d/dt)u (t) = u" (t) — A3u (t)

is perturbed,
3

P/t u(t) = Y A (1),

j=1
and the second boundary condition from (2)
w'(0) =0
is perturbed by some operator

W(0) — Ku=0,K €L (WQ?’(R+; H; A), H3/2) .

Definition 1. If the vector function u(t) € W3 (Ry; H; A) satisfies equa-
tion (1) almost everywhere in Ry, then we say that u(t) is a regular solution
of equation (1).

Definition 2. If for any f(t) € Lo (Ry; H) there is a regular solution of
equation (1) which satisfies boundary conditions (2) in sense

fn (1) 7, =0, Jimy |u' () — 1!(@L\}Hg/2 =0,
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and the inequality

lullws sy < constfllymy
is fulfilled, then we say that the boundary value problem (1), (2) is reqularly
solvable.

In this paper we study conditions on the coefficients A, A;,j = 1,3, of the
operator-differential equation (1) and on the operator K, participating in bound-
ary conditions (2), which provide regular resolvability of the problem (1), (2).
The boundary value problem (1), (2) for K = 0 is studied in various aspects in
[9, 11].

2. First of all, we consider the main part of the boundary value problem (1),
(2)in H
u" () = A%u(t) = f(t),t € Ry, (3)

uw(0) =0, u (0)— Ku=0, (4)
where f (t) € Lo (Ry; H), u(t) € Wi (Ry; H; A).
Denoting by

o
Pou = Py (d/dt)u, u € WgK (Ry;H; A),
and using a technique from [15], we will be able to prove some auxiliary state-
ments.

Lemma 1. Let a > 0,8 € R. Then for x € H5/2 the inequality

3 —adt 2 1 o 2

takes place.
Proof. Lety= ARy € H. Then,

| %4t sin g AL mHQLQ(m.H) — HAI/QQ*OZAt sin AAt y‘ 2

La(Ry;H)
+o0 +oo
= / (A"Rem0At Gin BAt y, ARe=Asin BAL y)dt = / (Ae=204%gin2 BAL y, y)dt.
0 0
(5)
Using a spectral decomposition of the operator A in equality (5), we have

+oo +oo / 400

/ (Ae*MAt sin’ BAt y, y) dt = / / e 2% gin? Bot (dEyy,y) | dt
0 0 w
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400 +00
— / g / 6_20at sin2 60’tdt (danv y)
o 0

Applying the formula of integration by parts, we get

+oo 1 1 —+00
/ e 27 sin? Botdt = yp— / e27%% cos 2Batdt. (6)
foge!
0 0
+oo
Taking into consideration that [ e~20% cos2fBatdt = m, from (6) we
0
obtain
+o0o
1 o
—200at ;2
tdt = - . 7
/6 sin” fo doa  4do(a® + (?) @

0

Substituting the value of integral (7) into expression (5), we have

+o0o
HAse—aAt sin BAt xHiQ(R+'H) — / (Ae*2ozAt sin® BAt vy, y)dt
0

1 «

N 700 <4aa " do(a2 52)> (dEsy,y) = <41a - M) Iyl

I

_(LX_ > e 2 (1 )
B <4a 4o +52)) HA 2xHH - <4a 4(a? +ﬁ2)> ‘|x||H5/2’

3 _—aAt 2 1 @ 2
| A%e= > sin BAt w||L2(R+;H) < (404 - ‘W) ‘|33”H5/2

The lemma is proved.

ie.,

Corollary 1. Taking o = %, 6= @ in Lemma 1, we obtain the estimation

2
3 3
A2 gin £At x < el
2 8 5p
Lo(Ry;H)
Lemma 2. Let k = ”K“WS’(R_;,_'H'A)HH:g < 1. Then the equation Pou = 0
b b /2

o
has a unique trivial solution in the space W23;K (Ry;H;A) .
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Proof Letw = —% + @z and wy = —% — @z The general solution of
the equation Py (d/dt)u (t) = 0 from the space W3 (R ; H; A) has the form [9,
15]:

up(t) = 1Ay ey g, 1o € H5/2.
From the condition u(0) = 0 we obtain that 21 = —z3. From the second boundary

condition it follows that (w1 —ws)Az; = K (e“’lAt — e“’2‘4t) x1. From here we find

1 _
1= ——A"'K (e““At - e“’QAt) 1 = Py,

iv3

and also we have

1
A5/2ﬁ (A—IK (ewlAt _ eszt) $1)

21l = |
/2 H

1 w1 At wo At
< 7 ||K||W§(R+;H;A)—>H3/2 He r1—€ $1HW23(R+;H;A) : (8)

Applying Corollary 1, we get

W1Atm1 _ eUJQAt _ HA3 (€w1Atx1 _ €UJ2Atm1)

2
xl“wg(R+;H;A) =

2
He HLQ(R+;H)

HltaPe oy — e g,y = 240 @ =) [

5 HA3 (e(—;HVf)Atm B e(—;—i?)Athl) 2

La(R4;H)

_1 V3, V3, 2
_ 2”‘436 1At (e Fidty =% zAtx1>‘

Ly(Ry;H)

3 3
=8|l A3e 24 sin £At 1 <8 Szl3. =3zl
2 8 5p 5p
Ly(Ry;H)
From here we have
At At
Hem T — ev? :CIHWS(RJF;H;A) < \/5”{61“1;[5/2 . (9)

Considering inequality (9) from equality (8), we get
K

dx < —

|20l < 2

As k < 1, then the operator E— ® is invertible in H5/2, and it follows that 1 = 0,

i.e. ug (t) =0. The lemma is proved.
Now we pass to the basic results of the problem (3), (4).

VBllellg, = # ol g
/2 2
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o
Theorem 1. Ifu € W23;K (Ry; H; A) and k = ||KHW23(R+;H;A)
the inequality

—H, < 1, then

||POUH%Z(R+;H) > (1—-k) Hu||l2/V§(R+;H;A) (10)

takes place.

o
Proof. Letu(t)e W23;K (R4;H; A). Then we have

d3u 2
P 2 — 7_143
|| OUHLQ(R+;H) H dt3 u Lo(RyH)
d3u 2 2 d3u
=== + [| A% o — 2Re (,A3u> . (11)
[ I X e o G

Applying the formula of integration by parts, we obtain

3
(ilig | A3u> = — (A" (0), A%u(0)) + (A% (0), A%/ (0))
t La(R1;H)

3
— (4%u(0), A% (0)) - (A3u, d;‘,‘) ,
dt Lao(Ry;H)
i.e.,
d3u 2
2Re <dt3,A3u>L o Hu'(())HH%. (12)
2+

So, for kK = HKHWS(RJF-HA)HH;; < 1 in view of (12) from equality (11), we have
) bl /2
2 2 2
IPoullZy iy = lullwgmysma) — HUI(O>HH3/2

= ||U”%/V23(R+;H;A) - HKUH%{% > (1-k) ||UH%/V23(R+;H;A) :
The theorem is proved.
Theorem 2. Let A be the positive defined self-adjoint operator in H (A =
A* > uoE), k = HKHWQS(RJF;H;A)HH% < 1. Then the operator Py : W;?’;K (Ry;H; A)
— Lo(Ry; H) isomorphically represents W;%K (Ry;H; A) on Loy(Ry; H).
Proof. From Lemma 2 it follows that K oerPo = {0} . We will prove that for

any f (t) € Lao(R4; H) there exists u (t) € W23;K (R4; H; A) such that Pou = f,
i.e. imPO = LQ(R+; H)
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f(@),t >0,
0,¢ <0,
mation of the vector function fi(t) € Lo(R; H). Then the vector function

Let us denote by fi(t) = and ?1(5) — the Fourier transfor-

+oo
un(t) = ¢127T / (—ie%E — A%) "V Fy(e)e e, te R,

satisfies the equation Py(d/dt)u(t) = f(t) in R4 almost everywhere. We will also
prove that ug(t) € W3(R; H; A). From the Plansharel theorem it follows that it
is sufficient to prove that A3ug(€), E3ug(¢) € Lao(R; H), where

+oo
Go(€) = —— [ wo(t)e—iet
() = m/ o(t)eEtde.

It is obvious that

+00 o
L 2
A4%50(©) [}, = [ 4%50( 5 de = [ |4 (mietE - %) Fugo) e

§supHA3 z§3E A3 /Hfl

§ER
- g4 5+ )7 110
= sup 4% 6°F + 4% Pl = s | 4° 6 + 4% U1 -

{eER

Further, from a spectral decomposition of the operator A it follows that for any
e R,
3 (:¢3 | _ 3 (:e8 3\ 1 —1h
A% (i€E+ A°) || = sup |p? (i€ +p°) | < sup <
pneo(A) W2 pio

1 (&8 + 1)

and A3 (&) € La(R; H). In a similar way, one can prove that £3ug(€) € Lo(R; H).
Hence ug(t) € W3(R; H; A).

Let us denote by ¢(t) a narrowing of the vector function ug(t) on [0;+00),
Le. q(t) = uo(t)|jp,400) - It is obvious that g(t) € W3 (Ry; H; A). Therefore from
the theorem of traces [14, Ch. 1], ¢(0) € H5/2, q(0) e Hzy, q q"(0) € Hy,. The
solution of the equation Pou = f is searched in the form

u(t) = q(t) + e Ay + 24 py,
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where w; = —% +i§, Wy = —% —i@, and x1, 2o € H5/2 are unknown vectors to

be determined. From the condition u (¢) € W237 x (Ry; H; A) it follows that

q(O) + x4+ 22 =0,
¢ (0) +wiAxy + woAzg — K (q(t) +ewr Aty 4 e‘”QAtatz) =0.

From here (E — ®)zy = 1, where ¢ = % [waq(0) — A™1¢/(0) + A1 K (q(t)—

q(0)e241)] € Hs,. From the condition of the theorem we get H<I>||H5 —my <1,
/2 2

sox; = (E—®) ¢ Hs),. Now we can find 23 = —¢ (0)—(E—-®) 1y € Hs),.

Consequently, u € WQB’;K (Ry;H; A) and Pou = f. And on the other hand,

|

Therefore, by the Banach theorem, there is an inverse operator Py 1 and it
is bounded. From here it follows that ||u||W23(R+;H;A) < const || fll o, (g, .m)-
The theorem is proved.

HPOUH%2(R+;H) = ||y (d/dt) UH%2(R+;H)

d3u 3 2
ﬁfAu

2
<2 ||u||W23(R+;H;A) :
Ly(Ry;H)

3. Asit is clear from Theorem 2, the norms |]u\|W§(R+;H;A) and [[Poul| 1, g, .
o
are equivalent in the space W .- (R ; H; A) . Therefore, it is possible to estimate

. o
the norms of the operators of intermediate derivatives A3~ % : VV23 x (Ry; H; A)
— Ly (Ry; H), j = 0,2, concerning \|P0uHL2(R+;H). We note that the methods
of solving the equations without perturbed boundary conditions in the problems
with perturbed boundary conditions are actually inapplicable. For example, in
[9], for the estimation of the norms of operators of the intermediate derivatives,
having great value for obtaining the conditions of resolvability of boundary value
problems, the method of factorization is offered, which is inapplicable for study-
ing boundary value problems with nonlocal boundary conditions or with the
perturbed boundary conditions. Here, for our estimations we will follow [10] and
use the inequalities known from analysis in combination with inequality (10).
The following theorem is true.

< 1. Then for anyu € WQS;K (Ry; H; A)

Theorem 3. Letxk = ||KHW§(R+;H;A)—>H3/2

the following estimations take place:
}|A3u||L2(R+;H) < Co(k) [Poull pyry .1y » (13)

HAQUIHLQ(R+;H) < Ci(w) ||POUHL2(R+;H)’ (14)
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146" ey < Col) Poul oy .

where

. o1 AN »
wa—ﬂ—n)@,cwﬂ—3%<k%) -,

Proof. The validity of estimation (13) explicitly follows from inequality
(10).

o
Asu € W23;K (R4; H; A), then by the formula of integration by parts we get

HAQu/HiQ(RJr;H) _ / Azu/ A2y / / u Au”
0 0
— (A%, Au//)Lz(R+;H) < HA3UHL2(R+;H) HAU,/HL2(1~2+;H) : (16)
Similarly, we obtain
4 sy = [ (At = = (40 20)
0
3 1
- [ e < [aa )] 40O+ 1420 gy I
0
1
= I1Kullyy A% ), +14% gy iy 1 ey
1
< lullwg i, e AP0 O+ 142 iy [0 |y Q0
On the other hand,
HAl/Qu"(O)HZ = 2Re/ (Au”, u")dt = 2Re (Au", u”')LQ(R+,H) ,
0
i.e.,
1
%), < 2% a2 g Iy (1)
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Considering inequalities (16) and (18) in (17), we have

1 1
< mllullwscry a2 A9 | 2 ]2

2
HA“” Lo(RyH) Lo(RyH)

HLQ(R+ JH)

T

Lo(Ry;H) H "

+ | Au” m [[4%]

HLQ (Ry; HLQ(R+;H)’

ie.,

" ‘ } Ly

1
HAu”HL2 Ryt =2 Pr lellws (rysma) v [ Lo(RysH)

1
/
1A% L 10" W gy

Taking into consideration that ||[u"|, g, ) < Hu|’W213(R+;H;A) , we obtain

1 2
HAUHHLQ (Ry;H) =2 i H“”W3 (Ry:H;A) T HABUHL/j (Ry;H) H IHHL/z (Ry:H) (19)
Thus,
1 2 4
(HAU//HLQ(R+;H) ~ 2B lullwg (ry ;) > HAguHLz(R+, H) H“/NHLE(R+;H) ’

Then for any € > 0, applying the Young inequality, we get

1 2
(149 |y sy = 257 Ny,

3, 112 s m 23
< (14 smn) (5 1 e

2

(RysH) T s [

1 2
= 3¢ HA3“HL2 HL2 (Ry:H) "

Supposing %8 = %5_1/2, we obtain ¢ = 278 Thus,
2

273

1 2 2
=2 g m) < 5 Nl

(HA“//HLQ(R+;H)

Hence,
A < 21/ 21/3 2/3
H u HLQ(R+;H) — / + K ||u||W23(R+;H;A)
1

ol ol 14 3%

1p 2
= 317/2 <1 +3 /2/{ /3) ‘|uHW§(R+,H,A) S % W ” OUHL2 R+ H)
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Finally, the estimation (15) is true. Now we will prove (14). Considering inequa-
lity (19) from (16), by the same reasoning as before, we get

| A%/ 2 < 987

HL2(R+;H) = ||“”W23(R+;H;A) HASUHLQ(R+;H)

2
+ HA?)UHLQ (Ry;H) I ,//HL/Z) (Ry;H)

e 571 2 2/3
< 20 gy + (2 1) <%MM@%M>

< 21/3 52/3 | |2

HLg(R+;H) 1/2 HAS HLQ

2
’UHWg(R+;H;A) + 3¢ [ u (Ry3H) '

Also supposing here that ¢ = 22/3, we have

PRE

1pn 2 2 2
<2 BB ||U||W23(R+;H;A) + 3 HUHWS(R+;H;A)

HAQU/HLQ (Ry;H)

2 2 2 2
273 373 ) 273 373 . )
3 (1 ! 21/3> lullws(rysmay < 5 {1+ S5 (1= &) IPoullL, () -

So, estimation (14) is also proved. The theorem is proved.

The estimations of the norms of operators of intermediate derivatives in The-
orem 3 are of separate mathematical interest. Similar problems for numerical
functions can be found, for example, in [16] and references therein.

4. Before passing to the setting of conditions of regular resolvability for the
boundary value problem (1), (2), we will prove the following statement.

Lemma 3. Let B; = A;A™7, j = 1,3, be bounded operators in H. Then an
operator P = Py + P1, where Py is the operator acting in the following way:

Plu = P1 (d/dt) u, uE W23,K (R—HH;A);

is the bounded operator from WQ?”K (Ry;H; A) to La(Ry; H).
Proof. In fact, for any u(t) € WgK (Ry;H; A),

||PUHL2(R+;H) < ||P0u||L2(R+;H) + ”P1U||L2(R+;H) < HPOU||L2(R+;H)

A; C ])H B HA] (3- J)‘
+;H“ P LT P +ZHHEH .
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Then from this inequality, taking into consideration Theorem 2 and the theorem
of intermediate derivatives [14, ch.1], we get

IPull L,y m) < constullws gz, ma) -
The lemma, is proved.
And now we formulate the basic theorem of regular solvability of the problem
(1), (2).
Theorem 4. Let the conditions of Theorem 2 be satisfied, and the operators
Bj = AjA77, j =1,3, be bounded in H, and the inequality

a(k) =) Ci(w)|Bs—jlly_g <1

M-

I
=)

J

take place, where Cj (k), j = 0,2, are defined in Theorem 3. Then the problem
(1), (2) is regularly solvable.

o
Proof By Theorem 2, the operator Py : WQS;K (Ry; H;A) — Lo (R4 H)

is isomorphism. Then there is a bounded inverse operator P 1 We rewrite the
problem (1), (2) in the form of the operator equation Pu = Pou+Piu = f, where

o
f € La(Ry; H), u € WQ?’;K (R4; H; A) . After replacement Pou = v, we obtain
the equation v + Pnglv = f from Lo(R4; H). But for any v € Lo(R4; H),
considering Theorem 3,

2
HPlPSIUHLz(R+;H) = ||P1UHL2(R+;H) = ZASij(j)
7= Lo(RysH)

2
< Ba_ HA?)—qu)‘
_;)II 3] La(RosH

2
= > G (W) IBs—jll g gy Pl 1o, 1
j=0

= a(k) HU”LQ(RJr;H) :
Thus, the operator E—i—Pngl is invertible in Lo(Ry; H). Then v = (E + PlPal)_l f
and u = Pal (E + PlPal)_1 f- From the above, it follows that
lullws(rymsay < constl|fll Ly -
The theorem is proved.
Corollary 2. Let K = 0. If the inequality
olB

a(0)

takes place, the problem (1), (2) is regularly solvable.

= 315 UBla—n + 1Ball ) + 1 Bsll g < 1

Journal of Mathematical Physics, Analysis, Geometry, 2010, v. 6, No. 4 359



A.R. Aliev and S.F. Babayeva

We must note that for K = 0 from Theorem 4 we obtain the results similar

to those of works [9] and [10] if we take coefficient p (t) of the constant term in
an equation as a unit.

[1]

2]

360

References

T. Kato, Perturbation Theory for Linear Operators. Springer—Verlag, Berlin,
Heidelberg, New York, 1966; Mir, Moscow, 1972.

M.G. Gasymov and S.S. Mirzoev, On the Solvability of the Boundary-Value Prob-
lems for the Operator-Differential Equations of Elliptic Type of the Second Order.
— Differents. Uravn. 28 (1992), No. 4, 651-661. (Transl.: Diff. Fq. 28 (1992), No.
4, 528-536.)

V.A. Ilyin and A.F. Filippov, The Nature of the Spectrum of a Self-Adjoint Ex-
tension of the Laplace Operator in a Bounded Region. — Dokl. Akad. Nauk SSSR.
191 (1970), No. 2, 267-269. (Transl.: Soviet Math. Dokl. 11 (1970), 339-342.)

M.L. Gorbachuk, Completeness of the System of Eigenfunctions and Associated
Functions of a Nonself-Adjoint Boundary Value Problem for a Differential-Operator
Equation of Second Order. — Funkts. Anal. Prilozhen. 7 (1973), No. 1, 68-69.
(Transl.: Funct. Anal. Appl. 7 (1973), No. 1, 58-59.)

F.S. Rofe-Beketov, Expansion in Eigenfunctions of Infinite Systems of Differential
Equations in the Nonself-Adjoint and Self-Adjoint Cases. — Mat. Sb. 51(93) (1960),
No. 3, 293-342. (Russian)

S.Y. Yakubov and B.A. Aliev, Fredholm Property of a Boundary Value Problem
with an Operator in Boundary Conditions for an Elliptic Type Operator-Differential
Equation of the Second Order. — Dokl. Akad. Nauk SSSR 257 (1981), No. 5, 1071
1074.

S.S. Mirzoyev and Kh.V. Yaqubova, On the Solvability of Boundary Value Prob-
lems with Operators in Boundary Conditions for one Class of Operator-Differential
Equations of the Second Order. — Reports of NAS of Azerbaijan 57 (2001), No.
1-3, 12-17.

A.R. Aliyev, To the Theory of Solvability of the Second Order Operator-Differential
Equations with Discontinuous Coefficients. — Transactions of NAS of Azerb., ser.
of phys.-tech. and math. sciences 24 (2004), No. 1, 37-44.

S.S8. Mirzoev, Conditions for the Well-Defined Solvability of Boundary-Value Prob-
lems for Operator Differential Equations. — Dokl. Akad. Nauk SSSR 273 (1983),
No. 2, 292-295. (Russian) (Transl.: Soviet Math. Dokl. 28 (1983), 629-632.)

A.R. Aliyev, On the Solvability of the Boundary-Value Problem for the Operator-
Differential Equations of the Third Order with Discontinuous Coefficient. — Proc.
Inst. Math. Mechanics AS Azerbaijan 7(15) (1997), 18-25.

Journal of Mathematical Physics, Analysis, Geometry, 2010, v. 6, No. 4



On the Boundary Value Problem with the Operator in Boundary Conditions

[11] A.R. Aliev, Solubility of the Boundary-Value Problem for a Class of Third-Order
Operator-Differential Equations in a Weighted Space. — Uspekhi Matematicheskikh
Nauk 60 (2005), No. 4(364), 215-216. (Russian) (Transl.: Russian Mathematical
Surveys 60 (2005), No. 4, 791-793.)

[12] S.S. Mirzoyev and A.R. Aliyev, Initial Boundary Value Rroblems for a Class of Third
Order Operator-Differential Equations with Variable Coefficients. — Transactions
of NAS of Azerb., ser. of phys.-tech. and math. sciences 26 (2006), No. 4, 153-164.

[13] A.R. Aliev, On the Boundary Value Problem for a Class of Operator-Differential
Equations of Odd Order with Variable Coefficients. — Doklady Akad. Nauk 421
(2008), No. 2, 151-153. (Russian) (Transl.: Doklady Mathematics 78 (2008), No. 1,
497-499.)

[14] J.L. Lions and E. Magenes, Non-Homogeneous Boundary Value Problems and
Applications. Dunod, Paris, 1968; Mir, Moscow, 1971; Springer—Verlag, Berlin,
1972.

[15] V.I. Gorbachuk and M.L. Gorbachuk, Boundary Value Problems for Operator Dif-
ferential Equations. Naukova dumka, Kiyev, 1984; Springer, 1990.

[16] G.A. Kalyabin, Some Problems for Sobolev Spaces on the Half-Line. — Tr. Mat.
In-ta V.A. Steklova 255 (2006), 161-169. (Russian) (Transl.: Proc. Steklov Inst.
Math. 255 (2006), No. 4, 150-158.)

Journal of Mathematical Physics, Analysis, Geometry, 2010, v. 6, No. 4 361



