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1. Introduction

The quantum plane [11] is known to be a starting point in studying modules
over quantum universal enveloping algebras [3]. The structures existing on the
quantum plane are widely used as a background to produce associated structures
for more sophisticated quantum algebras [5, 4, 10]. There is one distinguished
structure of U,(slz)-module algebra on the quantum plane which was widely
considered before (see, e.g., [8]). In addition, one could certainly mention the
structure h(v) = e(h)v, where h € Uy(slz), € is the counit, v is a polynomial on
the quantum plane. Normally it is disregarded because of its triviality.
Nevertheless, it turns out that there exist more (in fact, an uncountable family
of nonisomorphic) Uy (slz)-module algebra structures which are nontrivial and can
be used in further development of the quantum group theory.

© S. Duplij and S. Sinel'shchikov, 2010



vlassiiication or Uq(slg)—Moclule Algepra structures on vne Juantumm ff-lane

In this paper we suggest a complete description and classification of U,(slz)-
module algebra structures existing on the quantum plane. Specifically, in Sec-
tion 3 we use a general form of the automorphism of quantum plane to render the
notion of weight for Uy (sls)-actions considered here. In Section 4 we present our
classification in terms of a pair of symbolic matrices, which relies upon consider-
ing the low dimensional (0-th and 1-st) homogeneous components of an action.
In Section 5 we describe the composition series for the above structures viewed
as representations in vector spaces.

2. Preliminaries

Let H be a Hopf algebra whose comultiplication is A, counit is €, and antipode
is S [1]. Also let A be a unital algebra with unit 1. We will also use the Sweedler
notation A (k) =Y, h, ® h! [13].

Definition 2.1. By a structure of H-module algebra on A we mean a homo-
morphism w : H — End¢c A such that:

(1) w(h)(ab) = >, w(h})(a) - w(h))(b) for all h € H, a,b € A;

(ii) w(h)(1) = e(h)1 for all h € H.

The structures w1, mo are said to be isomorphic if there exists an automorphism
U of the algebra A such that Umy(h)¥ 1 = 7y(h) for all h € H.

Throughout the paper we assume that ¢ € C\ {0} is not a root of the unit
(¢™ # 1 for all nonzero integers n). Consider the quantum plane which is a unital
algebra C,[z,y] with two generators z,y and a single relation

yr = qxy. (2.1)

The quantum universal enveloping algebra Uy, (sl2) is a unital associative al-
gebra determined by its (Chevalley) generators k, k=1, e, f, and the relations

klk=1, kkl=1, (2.2)
ke = g2ek, (2.3)
kf = ¢~ *fk, (2.4)
-1
ef —fe= % (2.5)
The standard Hopf algebra structure on Uy(slz) is determined by
A(k) = k®Kk, (2.6)
Ale) =1Re+e®k,
A(f)—f®1+k '®f,
S(k) = S(e) = —ek ™1, S(f) = —kf,
e(k) = e(e) =¢(f) =
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3. Automorphisms of the Quantum Plane

Denote by Cg[z,y]; the i-th homogeneous component of C,[x,y], which is a
linear span of the monomials z"y" with m +n = 4. Also, given a polynomial
p € Cylz,y], denote by (p); the i-th homogeneous component of p, that is the
projection of p onto Cgy[z,y]; parallel to the direct sum of all other homogeneous
components of Cgz, y].

We rely upon a result by J. Alev and M. Chamarie which gives, in particular,
a description of automorphisms of the algebra Cg4[z,y] [2, Prop. 1.4.4(i)]. In fact,
their claim is much more general, so in the special case we need here we present
a quite elementary proof for the reader’s convenience.

Proposition 3.1. Let VU be an automorphism of Cylx,y|, then there exist
nonzero constants o, 3 such that

Uz — oz, y — By. (3.1)

First note that an automorphism as in (3.1) is well defined on the entire
algebra, because the ideal of relations generated by (2.1) is W-invariant. We split
the proof into a series of lemmas.

Lemma 3.2. One has (¥(x))o = (¥(y))o = 0.

Proof Westart with proving (¥(z))o = 0. Suppose the contrary, that is
(U(x))o #0. As U(y) # 0, we choose the lowest ¢ with (U(y)); # 0. Apply ¥ to
the relation yx = gqry and then project it to the i-th homogeneous component of
Cylz,y] (parallel to the direct sum of all other homogeneous components) to get
(P (y)¥(x))i = q(¥(x)¥(y));. Clearly, (¥(y)¥(x)); is the lowest homogeneous
component of ¥(y)¥(z), and (V(y)¥(x)); = (Y(y))i(¥(x))o. In a similar way
q(U(2)¥(y))i = q¢(¥(x))o(¥(y));- Because (¥(x))y is a constant, it commutes
with (¥(y));, then ((y)i(¥(x))o = a(¥(y)i(¥(x))o, and since (¥(z)) # 0,
we also have (¥(y)); = ¢(¥(y));- Recall that ¢ # 1, hence (¥(y)); = 0 which
contradicts to our choice of 7. Thus our claim is proved. The proof of another
claim goes in a similar way:. ]

Lemma 3.3. One has (¥(x)); # 0, (¥(y))1 # 0.

Proof Let us prove that (¥(x)); # 0. Suppose the contrary, which by
virtue of Lemma 3.2 means that ¥(z) = Y a;z™y"™ with m; +n; > 1. The
subsequent application of the inverse automorphism gives W~!(W(z)) which is
certainly z. On the other hand,
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By Lemma 3.2 every nonzero monomial in ¥~1(z) and ¥~!(y) has degree at least
one, which implies that ¥~1(¥(z)) is a sum of monomials of degree at least 2.
In particular, ¥~1(¥(z)) can not be 2. This contradiction proves the claim. The
rest of the statements can be proved in a similar way. ]

Lemma 3.4. There exist nonzero constants «, 3,7, such that (¥(x)); = ax,

(Y(y) = By.

Proof Letusapply ¥ to (2.1), then project it to Cylz,yl2 to get
(U(y)¥(x))2 = q(¥(x)¥(y))2. It follows from Lemmas 3.2, 3.3 that (U (y)¥(z))e =
(¥ (y)1(¥(2))1 and (¥(2)¥(y))2 = (¥(2))1(¥(y))1- Let (¥(2))1 = azx + py and
(¥(y) = By + va, which leads to (By + vz)(az + py) = q(az + py)(By + vo).
This, together with (2.1) and Lemma 3.3, implies that 4 = v = 0, a # 0, and
8 #0. [ |

Denote by Clz] and C[y] the linear spans of {z"| n > 0} and {y"|n > 0},
respectively. Obviously, one has the direct sum decompositions

Cqylz,y] = Clz] ® yCylz,y] = Cly] ® 2Cy[z, y].

Given any polynomial P € Cylx,y], let (P), be its projection to C[z] parallel
to yCylz,y], and in a similar way define (P),. Obviously, C[z] and C[y] are
commutative subalgebras.

y*

Lemma 3.5. One has (¥(z)), = (Y(y))s = 0.

Proof First we prove that (¥(z)), = 0. Project yz = qzy to C[y] to
obtain (¥(y)), ((x))y = g (), (¥(y)),. On the other hand, (¥ (y)), (¥(z)), =
(¥(z))y(¥(y))y, so that (1 —q)(V(x)),(¥(y)), = 0. Since ¢ # 1, we deduce that
(¥(2))y(¥(y))y = 0. It follows from Lemma 3.4 that (¥(y)), # 0, and since
Cqylz,y] is a domain [7], we finally obtain (¥(z)), = 0. The proof of another
claim goes in a similar way. ]

Proof of Proposition 3.1. It follows from Lemma 3.5 that ¥(x) = P
for some P € Cyfz,y]. An application of U1 gives x = ¥~ 1(2)¥~}(P). Since
deg x = 1, one should have either deg ¥ ~!(z) = 0 or deg ¥~ (P) = 0. Lemma 3.2
implies that deg ¥ ~1(z) # 0, hence deg W~1(P) = 0, that is ¥~!(P) is a nonzero
constant, and so P = ¥W~1(P) is the same constant (we denote it by «).
The second claim can be proved in a similar way. [
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4. The Structures of U,(slz)-Module Algebra on the Quantum
Plane

We describe here the Uy (slz)-module algebra structures on C,[z,y] and then
classify them up to isomorphism.

For the sake of brevity, given a U, (slz)-module algebra structure on C,[z,y],
we can associate a 2 X 3 matrix with entries from Cy[z, y]

o () k()
M e |yl = || e@) elw) |, (4.1)
f ) f(y)

where k, e, f are the generators of U,(slz) and z, y are the generators of Cylx, y].
We call M a full action matriz. Conversely, suppose we have a matrix M with
entries from Cg[z,y] as in (4.1). To derive the associated U, (slz)-module algebra
structure on Cgy[z,y] we set (using the Sweedler notation)

@byu @ a(bu),  abeUy(sh), ueCyla,y, (4.2)
aw)  Si@lw) - (),  aeUysh), wveCyryl,  (4.3)

which determines a well-defined action of Ugy(sly) on Cylz,y| iff the following
properties hold. Firstly, an application (defined by (4.2)) of an element from
the relation ideal of Uy(slz) (2.2)—(2.5) to any u € Cy[x,y] should produce zero.
Secondly, a result of application (defined by (4.3)) of any a € U,(slz) to an
element of the relation ideal of Cylx,y| (2.1) vanishes. These conditions are to
be verified in the specific cases considered below.

Note that, given a U, (slz)-module algebra structure on the quantum plane,
the action of the generator k determines an automorphism of Cy[x,y|, which is a
consequence of invertibility of k and A (k) = k ® k. In particular, it follows from
(3.1) that k is determined completely by its action ¥ on the generators presented
by a 1 x 2-matrix My as follows

M <k (2) , k ()] = [|o, Byl| (4.4)

for some a, 8 € C\ {0}(which is certainly a minor of M (4.1)). Therefore every
monomial z"y™ € Cylx,y| is an eigenvector for k, and the associated eigenvalue
a™ (™ will be referred to as a weight of this monomial, which will be written as
wt (z"y™) = " ™.

We will also need another minor of M as follows

e(r) e(y)
fz) f(y)

and we call My and M¢s an action k-matriz and an action ef-matriz, respectively.

def

Mes < , (4.5)
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It follows from (2.3)—(2.4) that each entry of M is a weight vector, in particu-
lar, all the nonzero monomials which constitute a specific entry should be of the
same weight. Specifically, by some abuse of notation we can write

wt(k(z)) wt(k(y))

wt(M) 2 | wt(e(z)) wi(e(y))
wt(f(z))  wt(f(y))
wt(x) wt(y) ¢! p
< | Pwt(z)  FPwt(y) | = PFo #6 |,
g *wt(z) ¢ *wt(y) g %a q2B

where the relation > between the two matrices A = (a;;) and B = (b;;) is defined
as follows:

Notation. A >a B if for every pair of indices 7, j such that both a;; and b;;

10 1 3
are nonzero, one has a;; = b;;, e.g., 0 2 > 0 o)

As an immediate consequence, we also have

Proposition 4.1. Suppose that o/ is not a root of the unit. Then every
homogeneous component (e(x))n, (€(¥))n, (f(x))n, (f(¥))n, n > 0, if nonzero,
reduces to a monomial.

P r o o f. Under our assumptions on «, (3, the weights of the monomials
xly"=" 0 < i < n, of degree n are pairwise different. Since e(z), e(y), f(z), f(y)
are weight vectors, our claim follows. ]

Our basic observation is that the U, (sly)-actions in question are actually de-
termined to a large extent by the projections of M to the lower homogeneous
components of Cg[z,y].

Next, we denote by (M); the i-th homogeneous component of M, whose
elements are just the i-th homogeneous components of the corresponding entries
of M. Thus every matrix element of M, if nonzero, admits a well-defined weight.

Let us introduce the constants ag, by, cg, dy € C such that zero degree compo-
nent of the full action matrix is

0 O
M)o=1{ a0 bo | - (4.6)
Co do

0

Here we keep the subscript 0 to the matrix in the r.h.s. to emphasize the origin of
this matrix as the 0-th homogeneous component of M. Note that the weights of
nonzero projections of (weight) entries of M should have the same weight. Hence

0 0
wt (M)g) > Pa @B . (4.7)
P g8/,
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On the other hand, as all the entries of (M) are constants (4.6), one also deduces

0 0
wt(M)sa [ 1 1], (4.8)
1 1 0

where the relation < is understood as a set of elementwise equalities iff they are
applicable, that is, when the corresponding entry of the projected matrix (M)
is nonzero. Therefore, it is not possible to have all nonzero entries in the 0-th
homogeneous component of M simultaneously.

The classification of Uy (slz)-module algebra structures on the quantum plane
we are about to suggest will be done in terms of a pair of symbolic matrices

derived from the minor M only. Now we use (Mef); to construct a symbolic
*
matrix Mef> whose entries are symbols 0 or x as follows: a nonzero entry of

(2
(Mef); is replaced by %, while a zero entry is replaced by the symbol 0.

In the case of 0-th components the specific elementwise relations involved in
*

(4.7) imply that each column of (Mef> should contain at least one 0, and so
0

*
<Mef> can be either of the following 9 matrices:
0

(00)
000’

(60),(06) (20) (02) (1.9
(50), (20, (o2 (%),

An application of e and f to (2.1) by using (4.4) gives

ye(r) — gfe(z)y = qre(y) — ae(y)z, (4.10)
f(a)y —q '8 yf(x) = ¢ H(y)z — o af(y). (4.11)

After projecting (4.10)—(4.11) to C4lx,y]; we obtain

ao(1 —qB)y = bo(q — a)z,
do(1—ga ) z=cy(qg—p")y,

which certainly implies

ag(1 —gB) =bolg—a) =do (1 —qa™ ') = ¢y (¢— 57") = 0.
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This determines the weight constants a and (§ as follows:
1

a0 #£0= =g, (4.12)
bp #0 = a =g, (4.13)
A 0= =g, (4.14)
do #0 = a =gq. (4.15)

The deduction compared to (4.7), (4.8) implies that the symbolic matrices
from (4.9) containing two *’s should be excluded. Also, using (4.7) and (4.12)—
(4.15) we conclude that the position of x in the remaining symbolic matrices
completely determines the associated weight constants by

~ 0 -2 |
0 * = a=q f=q? (4.17)
O O 0 Y ) *
0 0 9 o

(50) = e s
00 B 9

<0 *>O = a=q, 8=q". (4.19)

As for the matrix ( g 3 ) , it does not determine the weight constants at all.
0

Next, for the 1-st homogeneous component, one has wt(e(z)) = ¢?*wt(z) #
wt(z) (because ¢®> # 1), which implies (e(x)); = a1y, and in a similar way we

have
a1y bz
(Mef)1 = ( oy dyx )1

*
with aq,b1,c1,d; € C. This allows us to introduce a symbolic matrix (Mef as

above. Using the relations between the weights similar to (4.7), we obtain

o ¢?p B a
wt((Mef)1) > < 2o 28 )1 D ( 3 a >1, (4.20)

here < is implicit for a set of the elementwise equalities applicable iff the respec-
tive entry of the projected matrix (M); is nonvanishing.

*
This means that every row and every column of Mef> may contain at least

1
one 0. Now project (4.10)—(4.11) to C,[z,y]2 to obtain

ar(1 —¢B)y* = bi(q — a)z?,
di (1—ga ) a?=c1(q— 871y
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whence a1(1 — ¢B8) = bi(g—a) = di(1—ga!) = ¢ (¢—p7") =0. Asa

consequence we have

ai #0 — B=q !, (4.21)
b1 #0 = a=gq, (4.22)
c1#0 — B=q !, (4.23)
di #0 == a=q. (4.24)
A comparison of (4.20) with (4.21)—(4.24) allows one to discard the symbolic
matrix < 3 from the list of symbolic matrices with at least one 0 at every
row or column. As for other symbolic matrices with the above property, we get
* 0 _ -3 _ 1
(0 0>1:»a—q C B=q, (4.25)
0 - o
(0 0>1=>a—q, B=q, (4.26)
0 0 3 o
(* 0>1:»a—q, B=q, (4.27)
00 _ 3
(0 *)1:»a—q, 6=d". (4.28)
0 % . 1
<* O)I:a—q, B=q . (4.29)

The matrix ( g g ) does not determine the weight constants in the way
described above. '

In view of the above observations we see that in most cases a pair of symbolic
matrices corresponding to 0-th and 1-st homogeneous components determines
completely the weight constants of the conjectured associated actions. It will
be clear from the subsequent arguments that the higher homogeneous compo-
nents are redundant within the presented classification. Therefore, we intro-

duce the table of families of Uj(sly)-module algebra structures, each family is
* *
labelled by two symbolic matrices <Mef> , <Mef> , and we call such a family
0 1

* *
a |:<Mef> ; <Mef> }—series. Note that the series labelled with pairs of nonzero
0 1

symbolic matrices at both positions are empty, because each of the matrices de-
termines a pair of specific weight constants o and 3 (4.16)—(4.19) which fails to
coincide to any pair of such constants associated to the set of nonzero symbolic
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matrices at the second position (4.25)—(4.29). Also, the series with zero symbolic
matrix at the first position and symbolic matrices containing only one % at the
second position are empty.

0o 00
pose the contrary, then it follows from (2.5) that within this series we have

e(f(z)) = fle(@) = —(1+ ¢ + ¢ %)z

We claim that the projection of the Lh.s. to C,[z, y|; is zero. Start with observing
that, if the first symbolic matrix consists of 0’s only, one cannot reduce a degree
of any monomial by applying e or f. On the other hand, within this series f(z)
is a sum of the monomials whose degree is at least 2. Therefore, the term e(f(x))
has zero projection to Cg4[z,y]i. Similarly, f(e(x)) has also zero projection to
Cqylz,yl1. The contradiction we get proves our claim.

In a similar way, one can prove that all other series with zero symbolic matrix
at the first position and symbolic matrices containing only one x at the second
position are empty.

* *
In the framework of our classification we obtained 24 “empty” [<Mef> ; (Mef> ]-
0 1

For instance, show that K 00 > ; ( x 0 > ]—series is empty. If we sup-
0 1

series. Next turn to “nonempty” series. We start with the simplest case in which
the action ef-matrix is zero, while the full action matrix is

ar By
M= 0O O
0O O

Theorem 4.2. The 00 ; 00 -series consists of 4 U,(sla)-
00/, 0 0/,

module algebra structures on the quantum plane given by

which are pairwise nonisomorphic.

Proof Itis evident that (4.30)—(4.31) determine a well-defined U,(slz)-
action consistent with the multiplication in U,(slz) and in the quantum plane, as
well as with comultiplication in U,(slz). Prove that there are no other Uy,(slp)-
actions here. Note that an application of the L.h.s. of (2.5) to = or y has zero

projection to Cy[z, y]1, because in this series e and f send any monomial to a sum
of the monomials of higher degree. Therefore, (k — k™) (z) = (k—k™!) (y) =0,
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and hence a—a~! = f— 37! = 0, which leads to o, 8 € {1, —1}. To prove (4.31),
note that wt(e(z)) = ¢*wt(z) = £¢*> # £1. On the other hand, the weight of
any nonzero weight vector in this series is +1. This and similar arguments which
involve e, f, z, y imply (4.31).

To see that the U, (slz)-module algebra structures are pairwise nonisomorphic,
observe that all the automorphisms of the quantum plane commute with the
action of k (see Sect. 3). ]

The action we reproduce in the next theorem is well known [9, 12|, and here
is the place for it in our classification.

Theorem 4.3. The 00 ; 0 x -series consists of a one-para-
00/, * 0/,

meter (T € C\ {0}) family of Uy(sla)-module algebra structures on the quantum
plane

k(z) = gz, k(y) = q 'y, (4.32)
e(x) =0, e(y) =Tz, (4.33)
f(z) =711y, fly) =0 (4.34)

All these structures are isomorphic, in particular, to the action as above with
T=1.

The full action matrix related to (4.32)—(4.34) is

gr ¢ 'y
M= 0 T
Y 0

Proof Itis easy to check that (4.32)—(4.34) are compatible to all the
relations in Uy(slz) and Cgylx,y], hence determine a well-defined Uy (slz)-module
algebra structure on the quantum plane [12].

Prove that the 00 ; 0 x -series contains no other actions ex-
00/, x* 0/,

cept those given by (4.32)—(4.34). Let us first prove that the matrix elements of
M (4.5) contain no terms of degree higher than one, i.e. (M¢f),, = 0 for n > 2.
A general form for e(x) and e(y) here is

e@)= > pma™y",  e(y) =Tex+ Y Fwmz™y", (4.35)
m+n>2 m+n>2

where Te, prmn, 0mn € C, 7e # 0. Note that in this series

3
wt (Mef) = ( LA )
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In particular, wt(e(x)) = ¢> and wt(e(y)) = ¢, which reduces the general
form (4.35) to a sum of terms with each one having the same fixed weight

e(x) = Y pma™ Py, (4.36)
m>0
e(y) =Ter + Y oma™ Pyt (4.37)
m>0

Substitute (4.36)—(4.37) to (4.10) and then project it to the one-dimensional

subspace Cx™3y™*! (for every m > 0) to obtain

Pm 1- qm+1

Om 1 — gqmt3’

In a similar way, the relations wt(f(z)) = ¢~ and wt(f(y)) = ¢~ imply that

fz) =Tpy+ Y pha™ iy t?, (4.38)
n>0
fy)=>_ ona™y", (4.39)
n>0

where 7 € C\ {0}. An application of (4.38)—(4.39) and (4.11) with subsequent

projection to Cz"*1y"*3 (for every n > 0) allows one to get
i 4 1— qn+3
0-;7, =9 1— qn+1 :

Thus we have

Moo — 0 ToX _an(l _ qn-l—l)xn-l—?)yn Mn(l _ qn+3)xn+2yn+1

“=\ 7y 0 +r§] un(1 — @)y 2y g(1 — gn )yt )
where py,,v, € C. We intend to prove that the second matrix in this sum is
zero. Assume the contrary. In the case there exist both nonzero u,’s and v,’s,
and since the sums here are finite, for the first row choose the largest index n.
with pp, # 0 and for second row, the largest index ny with vy, # 0. Then using
(2.7)-(2.8), we deduce that the highest degree of the monomials in (ef — fe)(x) is
2n. + 2ny + 5. This monomial appears to be unique, and its precise computation
gives 'uneynfqnenffl(l _ qn2+nf+4)(1 _ q2ne+2nf+6)xne+nf+3yne+nf+2‘ Therefore,
(ef — fe)(x) has a nonzero projection onto the one dimensional subspace spanned
by the monomial "¢t T3yt +2 the latter being of degree higher than 1. This
contradicts to (2.5) whose r.h.s. applied to x has degree 1.
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In the case when all 1,,’s are zero and some p,’s are nonvanishing we have
that the highest degree monomial of (ef — fe)(z) is of the form

T ,LL (1 - qne+3)(1 - q2ne+4) ne+2yne+1
(1 ) ’

which is nonzero under our assumptions on ¢q. This again produces the same con-
tradiction as above. In the opposite case when all u,’s are zero and some v,,’s are
nonvanishing, a similar computation works, which also leads to a contradiction.
Therefore, all u,’s and v,,’s are zero.

Finally, an application of (2.5) to x yields 7.7y = 1 so that 7. = 7 and
Tp =71 for some 7 € C\ {0}.

We claim that all the actions corresponding to nonzero 7 are isomorphic to the
specific action with 7 = 1. The desired isomorphism is given by the automorphism
@,z — z, y — 7y. In particular, (®,e;07!) (y) = 771@; (12) = = = e (y),
where e; (y) denotes the action from (4.33) with an arbitrary 7 # 0. ]

*
Now we consider the actions whose symbolic matrix <Mef> contains one .
0

Seemingly, the corresponding actions described below never appeared in the
literature before, so we present more detailed computations.

0 x 00 . .
Theorem 4.4. The [( 0 0 >O, < 0 0 >J -series consists of a one-para-

meter (bg € C\ {0}) family of Uy(slz)-module algebra structures on the quantum
plane

k(z) = qz, k(y) = a2, (4.40)
e(x) =0, e(y) = bo, (4.41)
f(z) = by 'zy, f(y) = —qby 'y (4.42)

All these structures are isomorphic, in particular to the action as above with
bp = 1.

The full action matrix of an action within this isomorphism class is of the
form

gr ¢ %y
M=1| o 1
vy —qy?

P r oo f. First we demonstrate that an extension of (4.40)—(4.42) to the
entire action of Uy(sly) on C,lz,y] passes through all the relations. It is clear
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that (4.40) is compatible with the relation kk™! = k='k = 1. Then we apply the
relations (2.3)—(2.5) to the quantum plane generators

(ke — g*ek)(z) = k(0) — ¢’e(x) =0,
(ke — g*ek)(y) = k(bo) —e(y) = bp — bo = 0,
(kf — q_2fk)(a:) =k (balxy) — q_lf(:c)
=by'q ey —q by ley =0,
(kf — q72fk) (y) = k (—qby 'v°) — ¢ *f(y)
= —qby a2+ (abg ') =0,

-l
<ef—fe—k K 1)(a:):e(balfcy)—f(O)—x:bale(:cy)—x

q—q
= b we(y) + by "e(2)k(y) — z =0,
—2

k—k1> _ q?—¢
ef —fe — — —gbte (y?) — f(by) — L—4
< o (y) = —qby e (y°) — f(bo) — P

= —qbgle (y2) + (q +4q 1) Y
= —qby 'ye(y) — aby e(y)k(y) + (q+q_1)y

k
=—qy—q 'y+(g+q)y=

Now apply the generators of Us (sl2) to (2.1) and get

k(yz — quy) = ¢y - qv — qqz - ¢y =0,

e(yz — qry) = ye (z) + e (y) k (z) — qze (y) — qe (z) k (y)
=0+ byqxr — qrby — 0 =0,

flyz —quy) =f(y)z+ k" () f(x) —qf (2)y — gk (2)f ()
= —qby v’z + Cyby ey — aby tay Yy +aq!
= by ey + Py Lay? — by ley? + qby ey = 0.

- gby 'y

00 00
(4.40)—(4.42). Show that the matrix elements of Ms (4.5) have no terms of degree
higher than two, viz. (Mef)n, = 0 for n > 3. Now a general form for e(z), e(y),

f(x), f(y) is

0 x 0 o0 . . .
Next prove that [( ) ; < ) }—serles contains no actions except

> Pmna™y", e)= > Gmnz™y", (4.43)
m~+n>0 m~+n>0
= > D™ fy)= > Ghna™y" (4.44)
m~+n>0 m~+n>0
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where o, Grmns Prns O, € C. Within this series one has the matrix of weights
3
q 1
wt M f) = ( _ _ > .
( e ) q 1 q 4

In view of this, the general form (4.43)—(4.44) should be a sum of terms of
the same weight

= pma™ By, (4.45)
m>0
e(y) =0+ ) opa® 2yt (4.46)
m>0

f(z) = b2y + Z p;x2”+3y”+2, (4.47)
n>0

f(y) _ b///y2 + Z U;x2n+2yn+3‘ (4.48)
n>0

Now we combine (4.45)—(4.46), (4.47)—(4.48)) with (4.10), (4.11), respectively,

then project the resulting relation to the one-dimensional subspace Ca2™+3ym+2
(resp. Cx?"+3yn+3) (for every m > 0, resp. n > 0) to obtain
Pm g l—gmt!
om L1 pmrn
P;z _ 1= qn+3
Er R T
Thus we get

0 b’
Mef == < b”:cy b/// ) )

L q 1 _ qn+1)x2n+3yn - (1 _ q2n+4)x2n+2yn+l
+ ;0 < " o n+3)x2n+3yn+2 I/n(;(l o q2n+4)x2n+2yn+3 ) (449)

n
where py,, v, € C. To prove that the second matrix vanishes, assume the contrary.
First consider the case when there exist both nonzero p,,’s and v,,’s. As the sums
here are finite, for the first row choose the largest index n with pu,_  # 0 and for
the second row, the largest index ny with v, # 0. After applying (2.7)-(2.8) one
concludes that the highest degree of monomials in (ef — fe)(x) is 3n. + 3ny + 7.
This monomial is unique, and its computation gives

'unel/nqunenf—I—Qne(l _ qne+nf+4)(1 o q2ne+2nf+6)x2ne+2nf+5yne+nf+2‘ (4'50)
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Under our assumptions on g, since ne > 0, ng > 0, pin, Vn, # 0, it becomes
clear that (4.50) is a nonzero monomial of degree higher than 1. This breaks
(2.5) whose r.h.s. applied to x has degree 1. An application of (2.5) to = and y
together with (4.49) leads to (up to terms of degree higher than 1)

k—kt
<ef —fe — ) (x) =0=Vb"2 —z,

q—qt

-1
<ef —fe— : - ';_1> (y)=0=b0"1+q)y+(¢+q ")y,
which yields

y = bO, p = b617 " — —qbal
for some by # 0.

A similar, but simpler computation also shows that in the case when all v,,’s
are zero and some p,’s are nonzero we have the highest degree monomial of
(ef — fe)(zx) of the form
(1= g"F)(g> < = 1) 2ne+3

1—¢? v
This monomial is nonzero due to our assumption on ¢, which gives the same
contradiction as above. The opposite case, when all u,’s are zero and some
vy, ’s are nonvanishing, can be treated similarly and also leads to a contradiction.
Therefore, all p,,’s and vy, ’s are zero. This gives the desired relations (4.40)—(4.42).

Finally we show that the actions (4.40)—(4.42) with nonzero by are isomorphic
to the specific action with by = 1. The desired isomorphism is as follows ®y, :
x— x, y — byy. In fact,

(‘I)boeboq)biol) (y) = (pboebo (baly) = bal(pbo(bo) = (I)bo(l) =1= el(y)7

(‘I’bofboq’b}l) (z) = @y, () = by 'Ry (wy) = by ' bozy = wy = f1(2),

((I)bofboq)ljol) (y) = (pbofbo (551?/) = balq)bo (—qbal?/Q) = _quZbng =
= —qy* = fi(y).

The theorem is proved. [

ne+1

by fin. y

Theorem 4.5. The 00 ; 00 -series consists of a one-para-
* 0/, 00/,

meter (co € C\ {0}) family of Uy(sla)-module algebra structures on the quantum
plane

k(z) = ¢*a, k(y) =aq 'y, (4.51)
N e(y) = 'y, (452)
f(x) = co, f(y) = 0. (4.53)
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All these structures are isomorphic, in particular to the action as above with
Co = 1.

The full action matrix for this isomorphism class (with ¢y = 1) is

¢r gy
M=| —qgz? =z
1 0
P roof. Quite literally repeats that of the previous theorem. [

Theorem 4.6. The [( x 0 > ; ( 00 ) ]—series consists of a three-para-
0 1

00 00
meter (ag € C\ {0}, s,t € C) family of Uy(slz)-actions on the quantum plane
k(z) = ¢z, k(y) =q" 'y, (4.54)
e(z) = ao, e(y) =0, (4.55)
f(x) = —qag 'z* + ty?, f(y) = —qag 'y + sy (4.56)

The generic domain {(ag,s,t)| s # 0, t # 0} with respect to the parameters
splits into uncountably many disjoint subsets {(ag, s,t)| s # 0, t # 0, ¢ = const},

where ¢ = —. Each of those subsets corresponds to an isomorphism class of
ag$

Uq(sla)-module algebra structures. Additionally, there exist three more isomor-

phism classes corresponding to the subsets

{(ap,s,t)| s #0,t =0}, {(ag,s,t)|s=0,t#0}, {(ao,s,t)|s=0,t=0}.

Proof A routine verification demonstrates that (4.54)—(4.56) pass through
all the relations as before, hence admit an extension to a well-defined series of
U,(slz)-actions on the quantum plane.

Now check that x 0 ; 00 -series contains no other actions
00/, 0 0),

except (4.54)—(4.56). First consider the polynomial e(x). Since its weight is
¢*wt(z) = 1, and the weight of any monomial other than constant is a negative
degree of ¢ (within the series under consideration), hence not 1, one gets e(x) =
ag. In a similar way, the only possibility for e(y) is zero, because if not, wt(e(y)) =
¢*wt(y) = q, which is impossible in view of the above observations.

Turn to f (z) and observe that wt (f (x)) = ¢~*. It is easy to see that all the
monomials with this weight are z2, zy?, y*, that is f () = ua?® + voy? + wy?. In
a similar way wt (f (y)) = ¢~3 and so f (y) = zzy + sy®. A substitution to (2.5)
yields (1 =+ q*2) uag = — (q + qil), v =0, zapg~ ' = —1. Note that (4.11) gives
no new relations for u, v, z and provides no restriction on w and s at all. This
leads to (4.56).
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To distinguish the isomorphism classes of the structures within this series, we
use Theorem 3.1 in writing down the general form of an automorphism of C[z, y]
as g, : x — Oz, y — wy. Certainly, this commutes with the action of k. For
other generators we get

(@9,wea0,sﬁtq>g_i}) () = Ppweaq,s.t (g—lx) — 9—1@0’
<q>0 weao,s,tq)

) = Py w€ag,s,t (wily) = wilq)e,weao,s,t(y) =0,
((I)gw 0,5, t@&}u) (I)gw a0,8,t (9 :C) =0 1(1)9w ( qaalg;Q + ty4)
= —qa 1022 + 0wty
((1)9 wlag,s, tq) ) = (I)G wfao,st (w y) =w 1@0 w ( qaalgjy + 53/3)
= —qH(JL0 zy + swy.
That is, the automorphism ®g, transforms the parameters of actions (4.55)—
(4.56) as follows:

ap — H_Iao, S w28, t— 07 Wit

In particular, this means that within the domain {s # 0, ¢ # 0} one obtains an
t

invariant ¢ = — of the isomorphism class. Obviously, the complement to this
ap$s

domain further splits into three distinct subsets {s # 0, t = 0}, {s =0, t # 0},
{s =0, t = 0} corresponding to the isomorphism classes listed in the formulation,
and our result follows. ]

Note that up to isomorphism of U, (slz)-module algebra structure, the full
action matrix corresponding to (4.54)—(4.56) is of the form

q gy
M = 1 0

—qx2 + ty4 —qxy + sy3

0 «* 00
(dy € C\ {0}, s,t € C) family of Uy(slz)-actions on the quantum plane

Theorem 4.7. The [( 00 ) ; ( 00 ) ]—series consists of three-parameter
0 1

k(z) = gz, k(y) = ¢*v, (4.57)
e(r) = —qdy 'wy + sa®, e(y) = —qdy'y? + ta?, (4.58)
f(z) =0, f(y) = do. (4.59)
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Here we have the domain {(do,s,t)| s # 0, t # 0} which splits into the

t
disjoint subsets {(do,s,t)] s # 0, t # 0, ¢ = const} with ¢ = 2 This
0S

uncountable family of subsets is in one-to-one correspondence to the isomor-
phism classes of Uq(sla)-module algebra structures. Aside of those, one also has
three more isomorphism classes labelled by the subsets {(dp,s,t)|s # 0, t = 0},

{(do, s,t)| s =0, t # 0}, {(do,s,t)]s=0, t=0}.
P roof. Isthe same as that of the previous theorem. [

Here, also up to isomorphism of Ug(slz)-module algebra structures, the full
action matrix is

qr ¢y
M=| —qay+ s> —qy®+tz?
0 1

Remark 4.8. There could be no isomorphisms between the Uy (slz)-module
algebra structures on C,[z,y| picked from different series. This is because every
automorphism of the quantum plane commutes with the action of k, hence, the
restrictions of isomorphic actions to k are always the same. On the other hand,
the actions of k in different series are different.

Remark 4.9. The list of U (slz)-module algebra structures on C,[z,y]
presented in the theorems of this section is complete. This is because the assump-
tions of those theorems exhaust all admissible forms for the components (Mef),,
(M¢f), of the action ef-matrix.

Remark 4.10. In all series of Uj(slz)-module algebra structures listed in

Theorems 4.2-4.7, except the series K 00 ) ; ( 00 > }, the weight con-

00/, 00/,

stants « and [ satisfy the assumptions of Proposition 4.1. So the claim of this

proposition is well visible in a rather simple structure of nonzero homogeneous
components of e(x), e(y), f(x), f(y), which everywhere reduce to monomials.

5. Composition Series

Let us view the Uy (slz)-module algebra structures on Cgylx,y| listed in the
theorems of the previous section merely as representations of Uy (slz) in the vector
space Cylz,y]. Our immediate intention is to describe the composition series for
these representations.

s . . 00 00

Proposition 5.1. The representations corresponding to [(0 0); <0 0) ] -
series described in (4.30)—(4.31) split into the direct sum Cylx,y] Zo@f,f:o @210:0
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Cx™y™ of (irreducible) one-dimensional subrepresentations. These subrepresen-
tations may belong to two isomorphism classes, depending on the weight of a
specific monomial £™y™ which can be +£1 (see Th. 4.2).

Proof. Since e and f are represented by zero operators and the monomials
x™y" are eigenvectors for k, then every direct summand is Ugy(slp)-invariant. m

Now turn to nontrivial Uy (slz)-module algebra structures and start with the
well-known case [8, 12].

. . 00 0
Proposition 5.2. The representations corresponding to ; ) |-
0 0);\* 0/

series described in (4.32)—(4.34) split into the direct sum Cylz,y] = &2 (Cylz, yln
of irreducible finite-dimensional subrepresentations, where Cylz,y], is the n-th
homogeneous component (introduced in Sect. 3) with dimCylz,yl, = n + 1 and
the isomorphism class of this subrepresentation is Vi, [8, Ch. VI].

Proof. Isthat of Theorem VIL.3.3 (b) from [§]. ]

In the subsequent observations we encounter a split picture which does not
reduce to a collection of purely finite-dimensional sub- or quotient modules. We
recall the definition of the Verma modules in our specific case of Uy, (slz).

Definition 5.3. A Verma module V() (A € C\ {0}) is a vector space with
a basis {v;, i > 0}, where the Uy(slz) action is given by
kv; = Ag™ %y, k~tv; = A 1g%;,
)\q—i o /\—lqi
q—q!

i+1 —i—1
for — qz-l— —q )
(%R Vi = ——— 75 Uit1-

evg = 0, eV = p—

Note that the Verma module V () is generated by the highest weight vector
vo whose weight is A (for details see, e.g., [8]).

Proposition 5.4. The representations corresponding to KO *>; (O 0) ] -
0 0);\0 0/,

series described in (2.2)—(4.42) split into the direct sum of subrepresentations
Cylz,y] = &Ly Vn, where V,, = 2"Cly|. Each V,, admits a composition series of
the form 0 C J, C V. The simple submodule T, of dimension n+1 is the linear
span of x™, "y, ..., "y 2™y", whose isomorphism class is Vi and Jp, is not
a direct summand in the category of Uy(sla)-modules (there exist no submodule
W such that V,, = T, ®@W). The quotient module V,, /T, = Z, is isomorphic to

the (simple) Verma module V (¢~"~2).

P roof Due to the isomorphism statement of Theorem 4.4, it suffices to
set the parameter of the series by = 1 in (2.2)—(4.42). An application of e and f
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to the basis elements of Cy[x,y] gives

n, P\ _ l—pqp B qu n, p—1
e(z"y’) = q mx Yy #£0, Vp >0, (5.1)
e(z™) =0, (5.2)
q2n o q2p
flz"y") = q_ni_lfﬁnyp+1> Vp > 0, (5.3)
q—4q

which already implies that each V), is Ug(slz)-invariant. Also 7, is a submodule
of V,, generated by the highest weight vector x™, as the sequence of weight vectors
f(z"yP) terminates because f(z"y"™) = 0. The highest weight of 7, is ¢", hence
by Theorem VI.3.5 of [8], the submodule 7, is simple and its isomorphism class
is Vl,n'

Now assume the contrary to our claim, that is V,, = 7, ® W for some submod-
ule W of V,,, and V,, 3 2"y" ! = u+w, u € J,, w € W is the associated decom-
position. In view of (5.1)—(5.2), an application of e"! gives A(q)z" = e"*1(w)
for some nonzero constant A(q), because e"*1|7 = 0. This is a contradiction,
because J, N W = {0}, thus there exist no submodule W as above.

The quotient module Z,, is spanned by its basis vectors 2,11 2,+2,... which
are the projections of a™y"t!, a"y"*+2 ..., respectively, to V,/Tn. It follows
from (5.1), that z,,1 is the highest weight vector whose weight is ¢~ "2, and it
generates Z, by (5.3). Now the universality property of the Verma modules (see,
e.g., [8, Prop. VI.3.7]) implies that there exists a surjective morphism of modules
I1:V(¢7"?) — Z,. It follows from Proposition 2.5 of [7] that ker IT = 0, hence
IT is an isomorphism. [

The next series, unlike the previous one, involves the lowest weight Verma
modules. In all other respects the proof of the following proposition is the same
(we also set here dy = 1).

. . 00 00
Proposition 5.5. The representations corresponding to K* 0); <0 O> ] -
1

series described in (4.51)—(4.53) split into the direct sum of subre]())resentations
Cylz,y] = B2y Vn, where V,, = Clz]y". Each V, admits a composition series of
the form 0 C J, C V,. The simple submodule J,, of dimension n+1 is the linear
span of Yy, xy™, ...,z Yy x"y". This is a finite-dimensional Uy (sl2)-module
whose lowest weight vector is y™ with weight ¢~ ", and its isomorphism class s
Vin. Now the submodule J,, is not a direct summand in the category of Ug(slz)-
modules (there exists no submodule W such that V,, = J, ® W). The quotient
module V,,/Jn = Z, is isomorphic to the (simple) Verma module with lowest

weight ¢" 2.

Now turn to considering the three parameter series as in Theorems 4.6, 4.7.
Despite we have now three parameters, the entire series has the same split picture.
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Proposition 5.6. The representations corresponding to x 0 ; 0001
0 0);\0 0/,

series described in (4.54)—(4.56) split into the direct sum of subrepresentations
Cylz,y] = B2\ Vn, where Vy, is a submodule generated by its highest weight vector
y™. FEach V, withn > 1 is isomorphic to a simple highest weight Verma module
V(¢7"). The submodule Vy admits a composition series of the form 0 C Jy C Vy,
where Jy = C1. The submodule Jy is not a direct summand in the category of
Uy(slz)-modules (there exists no submodule W such that Vo = Jo ®W). The
quotient module Vo /' Jo is isomorphic to the (simple) Verma module V (q*2).

P roof First, let us consider the special case of (4.55), (4.56) in which
s=t=0and ag = 1. Then V,, = Clz]y" are Uy(slp)-invariant, and we calculate

p_ gD
e(zPy") = q_n_pﬂ%ﬂ_lyn # 0, Vp >0,

D, M\ __ n+pqp+n_qu7n p+1, n
f(2Py") = ¢"P————=—aP " yY", Vp > 0. (5.4)

Note that f(2Py™) = 0 only when p = n = 0. Therefore V,, admits a generating
highest weight vector y™ whose weight is ¢~". As in the proof of Proposition 5.4
we deduce that each V,, with n > 1 is isomorphic to the (highest weight simple)
Verma module V (¢7"). In the case n = 0, it is clear that )V} contains an obvious
submodule C1 which is not a direct summand by an argument in the proof of
Proposition 5.4.

Turn to the general case when the three parameters are unrestricted. The
formulas (4.54)—(4.56) imply the existence of a descending sequence of submod-
ules

o CFp1 CFCFpo1 C ... CF CFL C Fo=Cylz, vy,

where F,, = zinC[:c]yk, because operators of the action, being applied to a
monomial, can only increase its degree in y. Note that the quotient module
Fn,/ Fnt1 with unrestricted parameters is isomorphic to the module Clz|y™ =
V(¢™™), just as in the case s =t = 0.

Now we claim that F,; is a direct summand in F,,, namely F,, =V, ® Fp 41,
n >0, with V,, = U, (slp) y" for n > 1 and Vy = U, (sl2) z.

First consider the case n > 1. By virtue of (4.54)—(4.56), y™ is a generating
highest weight vector of the submodule V,, = U,(sl2)y", whose weight is ¢~".
Another application of the argument in the proof of Proposition 5.4 establishes
an isomorphism V,, 2V (¢~"); in particular, V, is a simple module by Proposition
2.5 of [7]. Hence V,, N F,,+1 can not be a proper submodule of V,,. Since V), is not
contained in F,41 (as y" ¢ F,41), the latter intersection is zero, and the sum
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Vi + Fny1 is direct. On the other hand, a comparison of (4.56) and (5.4) allows
one to deduce that V, + F,4+1 contains all the monomials zPy™, m > n, p > 0.
This already proves F,, =V, ® Fr11-

Turn to the case n = 0. The composition series 0 C C1 C Vy = U,(slp)z
is treated in the same way as that for Vj in Proposition 5.4; in particular, the
quotient module V/C1 is isomorphic to the simple Verma module V (q*2). Let
7 : Vo — Vo/C1 be the natural projection map. Obviously, F; does not contain
C1, hence the restriction of w to Vy N F7 is one-to-one. Thus, to prove that
the latter intersection is zero, it suffices to verify that m(Vy N Fy) is zero. As
the module Vy/C1 is simple, the only alternative to 7(Vp N Fi) = {0} could
be m(Vo N F1) = Vy/C1. Under the latter assumption, there should exist some
element of Vy N Fi, which is certainly of the form Py for some P € C,[z,y], and
such that 7(z) = w(Py). This relation is equivalent to x — Py = v for some
constant -y, which is impossible, because the monomials that form Py, together
with x and 1, are linearly independent. The contradiction we get this way proves
that Vo N F1 = {0}, hence the sum Vy + F; is direct. On the other hand, a
comparison of (4.56) and (5.4) allows one to deduce that Vy + F; contains all
the monomials zPy™, with m,p > 0. Thus the relation F, = V,, & F,4+1 is now
proved for all n > 0. This, together with N F; = {0}, implies that

Cyley] = (@72, Uy(s10)y™) @ Uy(sla)a,

which was to be proved. [

In a similar way we obtain the following

Proposition 5.7. The representations corresponding to 00 ; 00} 1
0 x),”\0 0/,

series described in (4.57)—(4.59) split into the direct sum of subrepresentations
Cylz,y] = B9 Vn, where V,, is a submodule generated by its lowest weight vector
x™. Fach V, with n > 1 is isomorphic to a simple lowest weight Verma module
whose lowest weight is q". The submodule Vo admits a composition series of the
form 0 C Jy C Vy, where Jy = C1. The submodule Jy is not a direct sum-
mand in the category of Uy(sla)-modules (there exists no submodule W such that
Vo =Jo@®W). The quotient module Vo, Ty is isomorphic to the (simple) lowest
weight Verma module whose lowest weight is ¢>.

The associated classical limit actions of the Lie algebra sly (here it is the Lie
algebra generated by e, f, h subject to the relations [h,e] = 2e, [h, f] = —2f,
le, f] = h) on Clz,y| by differentiations is derived from the quantum action via
substituting k& = ¢" with subsequent formal passage to the limit as ¢ — 1.

In this way we present all quantum and classical actions in Table 1. It should
be noted that there exist more sly-actions on C[z,y| by differentiations (see, e.g.,
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[6]) than one can see in Table 1. It follows from our results that the rest of the
classical actions admit no quantum counterparts. On the other hand, among the
quantum actions listed in the first row of Table 1, the only one to which the above
classical limit procedure is applicable, is the action with k(z) = x, k(y) = y.
The rest three actions of this series admit no classical limit in the above sense.

Table 1.
Classical limit
Symbolic matrices | Ug(slz) — symmetries sly — actions
by differentiations
0 o 0 o k(z) = £, k(y) = +y, | h(z)=0, h(y)=0,
[(0 O) ; (0 0) ] e(z) =e(y) =0, e(z) =e(y) =0,
° Y @) =fw) =0, f(z) = f(y) =0,
k(z) = qzx, h(z) =z,
0 N /o0 o k(y) = q %y, h(y) = —2y,
(0 3) 56 o) ]| cw=o cr=m | =0 cw-m
° | f@) =0y tay, f(x) = by ay,
fly) = —gby 'y’ fy)=—bg'y’
k(z) = ¢°, h(z) = 2z,
k() =q 'y, h(y) = v,
0 0 00 -1.2 —1,2
(2 0) (0 o) || etor=—agan elw) = —cy'a?.
° Yew) =y, e(y) = ¢y 'y,
flx)=co, fly)=0 f(x)=co, fly)=0
k(z) = q °x, h(z) = —2z,
k(y) =a 'y, hy) = -y,
~ 0 00
(5 o) 5o o) ]| c@=a =0 | c@=an -0
° U f@) = et + 1yt | fe) = —agta?
fy) = —aag'ay +sy® | f(y) = —ag'ay + sy’
k(x) = qz, k(y) = ¢y, | h(x) ==, hly) =2y,
0 0y (0O e(r) = —qdy'wy + sa®, e(r) = —dy oy + sa3,
KO *>o’ (0 0> 1] e(y) = —qdy 'y +txt, | ely) = —dy'y? + ta,
k(z) = qzx, h(z) =z,
[(0 0) .<0 *) ] ky) =q 'y, h(y) = -y,
00 0’ *x 0 1 6(.1‘) =0, e(y) =TI, e(l’) =0, e(y) =T,
f@)=7""y, fly) =0 | flx)=7""1y, fy) =0
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