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In the paper, the necessary and sufficient conditions of null-controllability
and approximate null-controllability are obtained for the control system
Wit (T, 1) = Wae(z,t) — q(x)w(x,t), w(0,t) = u(t), w(d,t) =0, x € (0,d),
d>0,te(0,T),0<T < d, where g(z) € C*0,d], q(z) > 0, ¢.(0) =
¢ (d) = 0, u is a control, |u(t)] <1 on (0,T). The problems for the con-
trol system are considered in the modified Sobolev spaces. The control that
solves these problems is found explicitly. The bang-bang controls solving the
approximate null-controllability problem are constructed as the solutions of
the Markov trigonometric moment problem.
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1. Introduction

In the paper, the wave equation for a non-homogeneous string on a finite
segment is considered. The string is fixed at the right end point. At the left end
point we consider a control that is bounded by a hard constant. We study the
problems of the null- and approximate null-controllability of this system in the
space H%, s < 0 (the modified Sobolev space under the operator (1+D?+q(x))*/?
instead of (1 + D?)%/2, D = —id/dx). First we consider the Sturm-Liouville
problem on a given segment, find its eigenfunctions that form an orthonormal
basis and expand the functions describing the control system in terms of this basis.
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Then we apply the transformation operators for the Sturm-Liouville problem.
This method allows to obtain the necessary and sufficient conditions of the null-
and approximate null-L°°-controllability and an explicit formula for the control.

Note that the controllability problems for a hyperbolic partial differential
equation were studied in a number of papers (see, e.g., the references in [1]).
Gugat and Leugering [2] considered the wave equation for the homogeneous string
C%ytt(x, t)—Yzz(z,t) = 0 on the segment (0, L). The string was fixed at the left end
point. At the right end point there was considered a control that had a minimal
norm in L°°(0,7). The problems of exact and approximate null-controllability
at the time T = 2% were analyzed. A bang-bang control solving both problems
for all initial states from L>°(0,L) x W~1%°(0, L) was constructed.

The boundary LP-controllability (2 < p < oo) for a homogeneous string on a
finite segment is well studied in [3]-[8] and other papers. Gugat et al. [4] and
Fardigola, Khalina [6] considered the boundary L°°-controllability for the wave
equation for a homogeneous string on a finite segment. Moreover, controls were
bounded by a hard constant for practical purposes in [6]. We should note that
some results obtained in [4, 6] can be found in the present paper, exactly when the
potential ¢(z) is equal to zero. But if g(x) # 0 on the considered segment, then
the studying of the null-controllability problems for the wave equation becomes
more complicated. That is why we use the transformation operators for the
Sturm-Liouville problem on a segment. These operators describe the connection
among the initial state of the controlled system, the control and the corresponding
steering state. We introduce and study the transformation operators in HY,,
s < 0.

Most of [9] is devoted to the controllability and observability theories for
the linear hyperbolic systems of the form w, = A(z)w, + B(x)w, w € E™,
t >0, z € (0,1). For these systems, a boundary value control is consid-
ered and the conditions of exact and approximate controllability are obtained
when a control, the initial and steering functions are from L?. The author also
considers a problem of the boundary L2-controllability for the wave equation

p(x)%%” =D i1 % (aé-(w)%) = 0 in the bounded open connected set  in
R™. The problem is considered in the Sobolev spaces H™(2), m = 0, 1,2. There
are also obtained the conditions of approximate controllability for this equa-
tion and the conditions of exact controllability for the equation when p(z) and
aé»(a:) are constants, i,j = 1,n. We should note that the wave equation for the
non-homogeneous string, studied in the present paper, cannot be reduced to the
systems above.

Emanuilov [10] investigated the controllability problems for the linear hyper-
bolic partial differential second-order equation in the bounded domain 2 C R™.

The Dirichlet control is extended on a part of the boundary. The problems
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are considered in L?(Q) x H~1(Q2). A sufficient condition of the exact L?2-
controllability is obtained. Note that the restrictions imposed on the coefficients
of the wave equation in the present paper are weaker than those in [10].

I'in and Moiseev [11] studied the problem of the boundary controllability
for a string on [0,1] in the case of ¢ = const > 0. A control from W(0,T) is
considered at the left end of the string, and the right end is fixed. The problem is
considered in the class W2 (0,1), namely in the class W4 (0,1) with an additional
condition of the functions smoothness on the boundary of the considered domain.
The time T = 2[ is proved to be minimal when the system is controllable under
the described conditions. The control solving this problem is found in terms of
the initial and steering functions. It is also pointed out that additional conditions
should be imposed on the initial functions when 7' < 2. In the present paper, the
potential ¢ is not a constant generally speaking. A boundary control is bounded
by a hard constant. Therefore it is of the class L>°. The problem is considered
in the space Hp), s < 0. In particular, the solution smoothness is smaller than
that in [11]. In the present paper, the condition q(z) # const essentially differs
from that in [11]. That is why we have to apply the transformation operators for
the Sturm-Liouville problem on a segment. We also consider only 7" € (0,] in
contrast to [11]. We prove that at the time 0 < 7" <[ (from not an arbitrary initial
state) the system becomes (approximately) null-controllable. The description of
these initial functions is given in the present paper. The necessary and sufficient
conditions of the null- and approximate null-controllability for the considered
system are also obtained. For the control, an explicit formula is found in terms
of the initial state by using the transformation operator. Note that for ¢ = const
the results of the present paper are not contained in [11].

The structure of the paper is the following.

In Section 3 we formulate the obtained results: the formula that connects
the initial state, the control and the steering state; the necessary and sufficient
conditions of the null-controllability and approximate null-controllability for a
given control system. The control solving these problems is found explicitly.
Moreover, it is proved that the boundedness of the initial state is the necessary
and sufficient condition of the boundedness of the corresponding control. In this
section the explicit representations for the kernels of the transformation operators
are also obtained in the case when the potential of the wave equation is constant.
The example for this case is given.

In Section 4 the proofs of the theorems formulated in Section 3 are given.

In Section 5 we construct the bang-bang controls that solve the approximate
null-controllability problem. We reduce this problem to the Markov trigonometric
moment problem which can be solved by the algorithm given in [12]. We show
that the solutions of the Markov trigonometric moment problem are the solutions
of the approximate null-controllability problem for s < —1/2.
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In Appendix some auxiliary statements are proved. We describe in detail the
spaces introduced in Section 2. We also introduce and study the transformation
operators for the Sturm-Liouville problem on a segment in these spaces.

2. Notation

Consider the wave equation on a finite segment
Wity 1) = wea(,1) — g(@w(a,t), w e (0,d), e (0,7),  (21)
controlled by the boundary conditions
w(0,t) = u(t), w(d,t) =0, t e (0,7), (2.2)

where d >0, 0 < T < d.
Let us introduce the spaces used in this paper. First we consider the Sturm—
Liouville problem on the segment (0, d)

Gv = —v"(z) +g(x)o(z) = Nv(z), v(0) =v(d) =0,  x€(0,d), (23)

where ¢ € €(0,d) = {r € C*[0,d] : r(z) > 0,7 (0) = 7_(d) = 0}.

It is well known that the operator G = (%)2 + ¢(x) has a countable set
of eigenvalues {y, = A2}%, that are real, nonnegative and simple, and \, # 0,
n = 1,00 (see, e.g., [13]). Let {yn(An,2)}>2, be a system of corresponding
eigenfunctions. They are real and form the orthonormal basis in L2[0,d]. We
have Gy, (An, ) = A2y (An, x) for n =1, 0c.

Let § be the Schwartz space ([14])

8 = {cp € 0 (R) : ¥m,l € NUO3Cyy > 0¥z € R ‘go(m)(x) (1+ W)l] < le}

and 8’ be the dual space.

A distribution f € 8’ is said to be odd if (f, o(—x)) = — (f,¢(x)), p € 8. A
distribution f € 8’ is said to be even if (f, o(—z)) = (f,p(x)), ¢ € 8.

Let Q : 8 — & be the odd extension operator, = : 8’ — 8 be the even
extension operator. Thus (2f) (z) = f(z) — f(—x), (Ef) (x) = f(z) + f(—=x)
when f € 8'. Let T}, be the translation operator: T,p(z) = ¢(z + h), ¢ € 8 and
(Thf7 90) = (f7 T,th), f € Slv Y E 3. L

Let us assume that ¢(x) and y,(A\n,x), n = 1,00, are defined on R and
are equal to 0 on R\ [0,d]. Denote by Q(z) the even 2d-periodic extension of
q(z): Q = Y ez ToarZq. It is obvious that @ € C'(R). Denote by Y,(An,z)
the odd 2d-periodic extension of y,(\,,z) with respect to &, n = 1,00. Thus
Yo(An, o) = D kez T2dak2n(An, -). Introduce the operator D% = Q(z)+ D?, where
D = —id/dx. Then DéYn(An,x) =AY, (M, ), n =1, 00.
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Denote
5 = {f €8': fis odd and 2d-periodic, (1 + D3)** f ¢ L%OC(]R)} . seR

o2 1/2
with the norm ||fl5 = (ffld] <1+Dé) f(:(:)]2dw> . We use the norm

9 9 1/2
s = ((hallg)”+ (1)) for £ = (1) e oty x 5™

Notice that, in fact, the space H¢ coincides with the Sobolev space of odd
periodic functions Hg ... It is shown in the proof of Lemma A.2.

[o¢]
It is easy to see that the system {%Yn()\n,x)} forms the orthonormal
e

basis in J{OQ. It is proved in Lemma A.2 (Appendix A) that

400 o
= {f €8 f(2) = 3 fa¥u(An,2) and {fu(1+ A3)5/2}+ e z2}
n=1

n=1

+00 00
— {feS’:f(x)—nZ:lfﬁsinﬁzx and {f$(1+n2)s/2}+ 612}, seR

with the equivalent norms

00 1/2 00
171 = (Z fn<1+Ai>s/2\2> 0705 = (Z

n=1 n=1

) 1/2
f (1+n2)5/2’> .
It follows from the above that J—% C J{SQ/ when s’ < s. Denote for s € R

3o (a,b) = {f € 8 :supp f C [a,b] and (1 —i—D%)S/Qf € LQ(R)}.

One can see that if f € HG(0,d), then F' = 37 7 TogpSlf € HE, for s € R,
Evidently,
1Flg = vV2II£115 -

We also use the following spaces:

HS(*d, d) = {f cs: supp f C [—d,d], f(x) = ane—iknz
n=1

o0

and{fn(uAi)S/?} 612}, seR

n=1

o 1/2
, where \,, are the arithmeti-

with the norm || f|| = <EZO:1 )(1 + /\%)8/2 In

cal roots of eigenvalues of the Sturm-Liouville problem (2.3). For convenience in
further reasoning we will number {A,}5°; in ascending order.
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Note that the series of exponentials in the definition of H§(—d, d) converges
with respect to the norm of the standard Sobolev space H{ that is proved in
Lemma A.4. Note also that H$(—d,d) C Hg (—d,d) when s’ < s. In Lemma A.7
it is proved that if f € Hg(—d,d), then f' € H5 '(—d,d).

The properties of the functions from the space Hf(—d,d) can be found in
Appendix A.

R emark 2.1. The system {ei)‘”x}zo:l is the Riesz basis in the space
L?*(—d,d) (it is proved in Lemma A.1). Hence J{OQ(—d, d) = {f e H}(—d,d) :
f is odd}.

Further, throughout the paper we will assume that s < 0.

3. Main Results

Consider control system (2.1), (2.2) with the initial conditions
w(z,0) = w)(z), wy(z,0) = wl(2), z € (0,d), (3.1)

0
where w’ = <1ng> € H,(0,d) x %22_1(0, d). We assume that ¢ € £(0,d) and the
1

control u satisfies the restriction
u€ B0,T)={ve L>0,T): |v(t)]<1la.e on (0,7)}.

We consider the solutions of system (2.1), (2.2), (3.1) in the space }g,.
Extend w(z,t) and the initial functions from the segment (0, d) on the whole
axis. Consider the odd 2d-periodic extensions (with respect to x)

W(t) =Y ToaxQu(-,t), W= TogQu®, te(0,7).
kEZ keZ

One can see that W9 € H % 3{22_1, W(,t) € 1 (t € (0,T)).
It is easy to prove that control problem (2.1), (2.2), (3.1) is equivalent to the
following problem:

Wit (,t) = Waa(2,1) — Q@)W (2, 1) — 2u(t) > Toqrd'(z), z€R, te(0,7),
keZ
(3.2)
W(z,0)=Wy(z),  Wilw,0)=Wi(z), zeR, (3.3)
where ¢ is the Dirac distribution. Consider (3.2), (3.3) with the steering condition

Wz, T) = W (x), Wiz, T) = Wi (z), zeR. (3.4)
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The solutions of (3.2)-(3.4) are considered in the space 3(3,.

For the given T' > 0, w° € HEH(0,d) x 3{22_1(0, d) denote by Ry(w?) the set
of the states W7 ¢ I x 9{‘51 for which there exists a control u € B(0,T) such
that problem (3.2)—(3.4) has a unique solution in (5.

Definition 3.1. A state w' € H5(0,d) x %g—l(o,d) is called null-controllable

at a given time T > 0 if 0 belongs to Rr(w®) and approzimately null-controllable
at a given time T > 0 if 0 belongs to the closure of Ry(w®) in 3 x 9—(22_1.

Definition 3.2. Denote by Sp : 3} x 3" — HY x HL', p € R, the
operator

= cos AT’ sin A, T 1
srn@ =3 (o 1 ) (1) Yoo

n=1 n

1
where f(x) = <§;Eg) =3, (f?L) Yo (An, @), D(S) = R(St) = Fp) % j{lé—l.

The properties of the operator S are studied in Lemma A.3.

To proceed further, we define the transformation operators for the Sturm-—
Liouville problem on a segment. It is known [15] that the integral operator
K, given by the formula (Kf)(z) = f(z) 4+ [; K(z,t;00)f(t)dt, transfers the
solution of the equation y” + A2y = 0 on a segment [—d,d] with the initial
conditions y(0) = 0, '(0) = 1 to the solution of the equation y"” — q(z)y +
A%y = 0 with the same initial conditions at the point x = 0. Due to [15],
the operator K has an inverse which is denoted by L (see Appendix B for de-
tails). We determine these operators for p € R in the following spaces: K :
H,”(-d,d) — ﬂ{ép(—d,d), L }Cép(—d, d) — H,"(—d,d), where D(K) =
{f € Hy?(—d,d) : f is odd}, D(£) = HgP(~d,d), R(K) = D(L), R(L) = D(K)
(see Lemma B.1). In Lemma B.2 it is proved that these operators are lin-
ear and continuous. In Appendix B we also determine the adjoint operators
Ko %g(—d, d) — Hb(—d,d), £* : Hj(—-d,d) — J—Cg(—d, d), where D(K*) =
D(K*) that are linear and continuous. The properties of the operators K, L,
K*, £* are studied in Appendix B.

The main results of the work are the following theorems on the null- and
approximate null-controllability of the initial state of (2.1), (2.2), (3.1).

Theorem 3.1. Let 0 < T < d, w® € H(0,d) x ¥, (0,d), s <0. Then

= for - o= 37

kEZ

Tu € B(O,T)} , (3.5)
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where U(t) = u(t) on [0,T] and U(t) =0 on R\ [0,T].

Theorem 3.2. Let 0 < T < d, w’ € H,(0,d) x UfsQfl(O,d), s < 0. Then the
following statements are equivalent:

(i)  the state w® is null-controllable at the time T';
(ii)  the state w° is approximately null-controllable at the time T';
(iii)  the following conditions hold:
suppw C [0, 77,
w) € L*(0,d) and ‘(K*ng) (z)| <1 a.e. on[—d,d], (3.7)
Qul = c* (signth*ng)/ on [—d,d]. (3.8)

In addition, the solution of the controllability problem (the controlu) is unique
and given by the formula

T
u(t) = +/K:ctoow0 x)dz, te€]|0,T]. (3.9)
t

We will prove these theorems in Section 4.

Remark 3.1 From (3.9) we have that there exists U > 0 such that
lu(z)| < U on (0,T) iff there exists V > 0 such that |w](z)| <V on (0,d).

Rem ark 3.2 Consider the case when g(z) = ¢ = const > 0 on (0,d).
Obviously, Q(x) = q on (—d,d). Find the kernels L(t, x; 00) and K(¢, z; 00) of the
transformation operators on (—d,d) x (—d,d). We have K(z,t;00) = K(z,t) —
K(z,—t), L(x,t; 00) = L(x,t) — L(z, —t), where K(z, t) and L(z, t) are the solutions
of the following systems (see Appendix B):

Kpo(x,t) — Ky (0, t) = gK(z, 1), Lyo(x,t) — Ly(x,t) = —qL(x, 1),
1 1
K(z,z) = 59%; K(z,—x) =0, L(z,z) = —54%; L(z,—x) = 0.

We reduce these systems to the Gurs problems and solve by the convergence
method (see, e.g., [13]). As a result, for the kernels we obtain the following
formulas:

I ( q(z? — t2))

Kot00) =ity <lels Koo =0, 2 o
J1< q(wQ—t2)>

L(x,t;00) = —qt , |t < |z, L(x,t;00) =0, |t| > |z|;

(1,1:00) =~y <l Lt =0, 2
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where Jp,(z) is the Bessel function, I,(z) =i ™Jpy(iz) is the modified
Bessel function, m € Z. Thus the explicit formula for a control in the case of
2_¢2
q(r) =q > 0isu(t) = wd(t —|—qtf (?(Zﬁ)))wg(x) dz,t € (0,T). The inverse
(22—

T J1< oz 2—t2))
Wu(x) dz, t € (0,T). We remark that

the similar formulas for a control and an initial state were obtained for the semi-

infinite string [16] in the case when ¢ = const and the boundary control was

of the Neumann type. It is easy to prove that if ‘w8(t)| < Cy on (0,d), then

lu(t)] < Cuwlo(\/qT) and if [u(t)| < Cy on (0,T), then |wf(t)| < Cy (1+ /4T).

formula is wl(t) = u(t) — qt [,

Example 31 Setd=20,T =15, g(x) = q > 0, z € (0,20). Set
wi(x) = WM on (0,15), wi(z) = 0 on (15,20), wf(z), z € (0,20) such
that Quf = <£* (signth*ng)/> on (—20,20). Then |w(z)| < #&5@ =
WE’\/@' Therefore, due to Remark 3.2, |K*Qug(z)| < W{,)@IO(IS\/@ =1

Thus, assertion (iii) of Theorem 3.2 holds. Hence the state w® is null-
controllable at the time 7' = 15. The control is determined by the formula
obtained in Remark 3.2. Consequently,

t 15210 (\/a(15% = 7)) — 21/a(152 = )11 (v/a(157 — )| t

2-153¢19(15,/q)

u(t) = € (0,15).
4. Proofs of Theorems 3.1, 3.2

4.1. Proof of Theorem 3.1
Due to Lemma A.2, we have

W(z,t) =Y wat)Yn(An,2), Y Toard (@) = 6nVu(Anyz), (41
n=1 keZ n=1
where wy, (t) = %( (1), Ya(Ans ) = (W, 8),4n(Ans ), 0 = 5 (6, Y (Ans ) =

)
—3Y)(An,0) = =3y, (A, 0). Note that y),(A\n,0) # 0, n = I,00. Substituting
(4. 1) into (3.2), we obtain

Zw” w(An, ) = an Y, (A\n, 1) — an Y (An, x)

Zyn An, )Y, (Ap, ).
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By applying the operator D2, we get

Zw” (A, ) = an DAY, (A, z) + ult Zyn An, 0) Y (Ap, ).
n=1

n=1

From here we obtain the equation for the coefficients of Y, (A, x)

w! () + wn(H)A2 = u(t)y, (A, 0), t€[0,T], n=T,00. (4.2)

Find the initial and steering conditions for this equation. We have W (z) =
Zn L Won Yn(An, ) and W1 (x) = >0 w), Yo (An, ), where for v = 0,T w],
(wg () Yn(An, )5 wi,, = (W] (), yn(An,-)). From (3.3) and (3.4) we have

an Yo(Ap,x) = Zwon (A, ),
Zw Yo(A\n,x) = Zwln (An, ), v=0,T.

Thus we obtain the initial and steering conditions for equation (4.2)

7(0) = wi,’ (1) = wi,

We reduce (4.2) to the linear system (n = 1, 00)

wo wT
V), (t) = Apvn(t) + bu(t), v,(0) = (w[(l))") , op(T) = <w%") , telo,T], (4.3)

 fwy (0 1 B .
where v,, = <w;l>, A, = (_)\% 0>, by, (t) = (%(Am 0) - u(t)> The solution of
this system is (n = 1, 00)

)

0= (i AA) n(0) 4 [ Vw0 fo FKptulr)dr ) )
—Apsin A\t cos A\pt yh (A, 0) fo cos)\nT-u(T)dT

Taking into account the steering condition in (4.3), for n = 1, 0o we have

( cos A, T sm)\n w g y 0) OTsm)\n ( )dt B <wgn>
An sin A, T cos)\ T A n,O fo cos At - u(t) dt wi, )
d

(4.4)
Since u € B(0,T) C LQ(O, ), then U € L?*(—d,d). According to Lemmas A.5,
A6 and A7, U € H(—d,d), QU € HY(~d,d), EU € H3(—d,d), (EU) = QU’ ¢
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Hy'(—d,d). Now we can apply the transformation operators to U(t). Denote
Un(An,x) = DynOn.2) (see Appendix B)

y'/n.(/\nvo)
T . / d o
0 2 —d Mn
; An,O ~ , Anvo * vy 1 * *
= y(g) (QU, L(yn)) = yn(g) (L*QU, yn) = 2 (L£°QU, Qyn) = (L*QU, yn) ,

T / d
An, -
yh(An,0) / cos Aptu(t) dt = M / cos \pt2U (t) dit
0 —d

= ) (g, (0)) 0o 2y, (5

2
/
= _yn()‘;’ 0) (E*QU/’gn) = _% (E*QU/v Qyn) == (E*QU/’yn) :

Denote u, = (L*QU, y,,), ul, = (L*QU’, y,). According to Lemma A.2, we have

> Toka (L7QU) ( Zun Ay ), Y Togg (£7QU7) Zu Y (An, ).

kEZ keZ

For n =1, 00, (4.4) is equivalent to the following equation:

cos A, T’ % wgn —Up\ _ wépn (4.5)
“Ansin AT cos A T) \wl, —ul, ) — \wl, /)" '

From the coefficient equality (4.5) we get the function equality

o[- e e (35)

kEZ

=wT. (4.6)

Hence (3.5) is true. The theorem is proved.

4.2. Proof of Theorem 3.2

Let assertion (iii) of Theorem 3.2 holds. Put U(t) = (K*Qul) (t). Tt follows
from (3.7) and Definition B.1 (see Appendix B) that U € L(—d,d) and U is
odd. By using (3.6) and Lemma B.5, we have that supp UcC [T, T]. Denote by
u(t) the restriction of U(t) on [0,T]. From (3.7) we get that u € B(0,T). Put
U(t) =wu(t) on [0,T] and U(t) =0 on R\ [0,7]. We have

QU = K*Quf), (QU') = (ZU)' = (signtQU)’ = (signth*ng),, on [—d,d].

Due to (3.8), from (4.6) we may conclude that the state w® is null-controllable
at the time 7. In addition, due to Lemma B.5, (3.9) holds.
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Let the state w" be approximately null-controllable at the time 7. This
implies that there exists (W7)™ such that (W)™ € Ry (w?) and ||| (WT)mm; <
L m € N. Thus there exists u™ € B(0,T) such that

St 1Y ToraQuw® = Torg (E*Q (g%,))] =whH™,  m=T0x,

kEZ keZ

where U™ (t) = u™(t) on [0, 7] and U™(t) =0 on R\ [0, 7.

Obviously, S_pSpf = SpS_rf = ffor f € J{axﬂ-(zg_l. Therefore, S;l =S_p
is inverse to Sp. Hence S;' is continuous, and we have £*QU™ — Qu in
Hy(—d,d) and QU™ — Quf in %éﬁl(—d, d) as m — oo. According to
Lemma B.4, supp Qui € [T, T, i.e., (3.6) holds. Since £* is continuous, we
have

QU™ K Qud — -
<Q(Um)’> — (K*Qw?) as m — oo in Hj(—d,d) x Hj " (—=d,d). (4.7)

Put ﬁ(t) = (K*ng) (t). According to Lemma B.5 and Definition B.1, supp Ue

[—T,T] and U is odd.

Since Hy *(—d, d) is dense in Hj(—d,d), s < 0 ( Lemma A.8), then QU™ —
K*Qui as m — oo in (H)(—d, d))/. According to the Riesz theorem, U €
HY(—d, d). Therefore, due to Lemma A.5, U € L2(—d,d). Since u™ € B(0,T),
m € N, then we have ‘ﬁ(t)’ <1ae. on[—d,d). Thus U € L®(—d,d). Since K*
is continuous, then (3.7) holds.

Put U(t) = U(t) on [0,d] and U(t) = 0 on R\ [0,d]. Taking into account
(4.7), we have

QUm QU IC*Q’LUO . S S—
<Q(Um)’> - (QU’) = (K*Qw%) as m — oo in Hj(—d,d) x H Y(—d, d).

From the above we obtain (3.8). Thereby, if the state w%(¢) is approximately
null-controllable at the time 7, then assertion (iii) of Theorem 3.2 holds. Denote
by w(t) the restriction of U(t) on [0,7]. It is easy to see that u(t) € B(0,T).
According to Lemma B.5, formula (3.9) holds. The theorem is proved.

5. The Moment Problem

The control obtained in Theorem 3.2 for the null-controllability problem may
be too complicated for practical use. In this section we consider the Markov
trigonometric moment problem on (0,7") and prove that there are bang-bang
functions among its solutions. We show that they are the solutions of the ap-
proximate null-controllability problem for s < —1/2.
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Consider control system (2.1), (2.2), (3.1). Set 0 < T' < d and w° € H5(0,d) x

fJ-CSQ_l(O, d), s < 0. Assume that assertion (iii) of Theorem 3.2 holds. According to
Theorem 3.2, there exists u € B(0,7") which is a solution of the null-controllability

problem. Let us denote U(t) = u(t), t € [0,T], U(t) = 0, t € R\ [0,7]. Then

L[ QU
WO = Yren Towal™ | (5
te[0,7),U(t)=0,teR\[0,T]. By using (3.5), we get

L (U-U
wT = ST§ TokaL* <ﬁ,_ U,> ,
kEZ

Consider v € B(0,7) and denote U(t) = u(t),

where W is the solution of (3.2)—(3.4). Applying Lemmas A.3, A.6, A.7 and B.3,
we conclude that
(v-v)

S

W7l < 2v2CsCe

. (5.1)

Put

Wi = /eiwl'lw (K*ng) (x) dx, m = —00, 00. (5.2)
0
The problem of determination of a function u € B(0,7") such that

T
/eim;zu(x) dr = wp, m = —00, 00 (5.3)
0

for the given {wm }oo

problem on (0,7) for the infinite sequence {w, }

and T' > 0 is called the Markov trigonometric moment
o0
m=—o0"

Theorem 5.1. Assume that 0 < T < d, w° € Hy(0,d) x SHSQ_I(O,CZ), s <0.
Assume that assertion (i) of Theorem 3.2 holds. Assume also that {wm}or__
is defined by (5.2). Then the state w° is null-controllable at the time T iff the
Markov trigonometric moment problem (5.3) has a unique solution on (0,T).

Moreover, this solution is of the form (3.9).

P roof Let the state w® be null-controllable at the time 7. Then due to
Theorem 3.2, the control u(t) = (K*Quw]) (t) on (0,T) is the unique solution of
controllability problem of system (2.1), (2.2), (3.1). Consequently, the Markov
trigonometric moment problem (5.3) has a unique solution on (0,7") of the form
(3.9). Let the Markov trigonometric moment problem (5.3) has a unique solution
on (0,T). Hence u(t) = (K*Quw]) (t) on (0,T). Since assertion (iii) of Theorem
3.2 holds, then the state w® is null-controllable at the time 7. The theorem is
proved.
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Remark 5.1. Theorem 5.1 is close to Theorem 3.2. The system {e™""d }2°__
is an orthonormal basis in L?(—T,T) when T = d. Hence the moment problem
(5.3) has a unique solution in L?(—d, d). If T < d, then the system {e~"" @ }2o_
is complete and the solution is unique if it exists. Therefore the solution of (5.3)
is in B(0,T). Moreover, it is unique if it exists and coincides with K*Quwy.

Consider (5.3) for a finite set of m

T
/eiﬂdwu(a:) dx = wp, m=—M,M, M e N. (5.4)
0

The problem of determination of a function u € B(0,7") such that (5.4) holds
for the given {wm}%:_ > and 7' > 0 is called the Markov trigonometric moment
problem on (0,7") for the finite sequence {wm}n]\f:_ M-

Obviously, u of the form (3.9) is a solution of this problem for {wy,}
given by (5.2), but it is not unique.

o0
m=—00

Theorem 5.2. Assume that 0 < T < d, w° € Hy(0,d) x J{SQ_l(O,d), s <
—1/2. Assume that assertion (iii) of Theorem 3.2 holds. Assume also that
{wm oo is defined by (5.2). If upr € B(0,T) is a solution of the Markov
trigonometric moment problem (5.4) for some M € N, then the corresponding
solution W of control system (3.2) — (3.4) satisfies the estimate

875CsClrx PTM+3
dstly/—2s — 1

W llg <

— 0 as M — oo,

where P > 0.

Proof. Letwu € B(0,T) be a solution of the controllability problem of system
(2.1), (2.2), (3.1) and u € B(0,T) be a solution of the Markov trigonometric
moment problem (5.4) on (0,T) for the finite sequence {wy, }M__,,. Set U(t)

(t) on [0, 7], T(£) = 0 on R\ [0,T], U(t) = u(t) on [0,T], U(t) = 0 on R\ [0, TI

Consider the following series expansions: U(z) = 137w, e7"d | U(z) =

d

s TMT

5223?00 Ume ' d on (—d,d), where

S TMT o7

e d U(x)de =

S TMT

ed (K*Qup) (x) dr,

Wm =

etd U(z)dx = O

e d u(x)d.

VUm =

/
/

St — 5 T
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Consequently,

o0

U(@) - U) == 3 (wm = ) e 5 (5.5)

m=—0o0

According to Remark A.1 (see Appendix A), we have
where P > 0.
Since vy, = wi, m = —M, M, then from (5.5) and (5.6) we have

00 s 1/2
o<V (5 (4 () )

Since u € B(0,T) and u € B(0,T), then |wy,, — vy,| < 2T. Tt is easy to see that
(1 + (T)2> < ( ) for s < 0. Using these two inequalities and the estimate
S p M < [y a*¥da, for s < —1/2 we get

=0 @-v)] < Pla+ ) (@-0)],,

L2

o 215 PTM5+3
07 dstl/—2s—1

By continuing estimate (5.1), we have

HU—U

875CsClps PTM*+3
dstly/—2s — 1

Wil <

The theorem is proved.
Denote
Bm(0,T) = {ueB(0,7)3T% € (0,T) : (Ju(t)| =1 a.e. on (0,T%)) ,
(u(t) =0 a.e. on (T, 7)),
and (u(t) has no more than M discontinuities on (0,7%))} .

Theorem 5.3. Assume that 0 < T < d, w® € Hy(0,d) x %aﬁl(O,d), s <
—1/2. Assume that assertion (iii) of Theorem 3.2 holds. Assume also that
{wm o o is defined by (5.2). Then for all € > 0 there exists M € N such
that for this M there is a solution upr € Bps(0,T) of the Markov trigonometric
moment problem (5.4). Moreover, for this ups the corresponding solution W of
control system (3.2)—(3.4) satisfies the estimate |HWT‘HZ < e. The number M
is defined from the condition

875CsClrx PTM+3
dstly/—2s — 1

<e. (5.7)
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P roof It is well known [12, 17] that if the Markov trigonometric moment
problem (5.4) is solvable, then there exists its bang-bang solution u € B/ (0,T).
By given ¢ > 0 determine M € N from (5.7). Since the conditions of The-
orems 3.2 and 5.2 hold, then one can find a solution ups € Bp(0,7) of the
Markov trigonometric moment problem (5.4) for the obtained M. For all M,
these solutions {uas}3;_, give us the bang-bang controls solving the approximate
null-controllability problem. The theorem is proved.

A. The Spaces 3 and Hj(—d,d), s € R
Lemma A.1. The system {ei’\"z}zo:l is the Riesz basis in L*(—d,d).

P r o of. To prove the lemma we use Levin-Golovin’s theorem ([18]):

Theorem (Levin—Golovin). If the set {\,}32, such that inf,zp | Ay —
An| > 0 is the set of simple zeros of the sine-type function of an exponential type
d, then {ei)‘”x}zozl is the Riesz basis in L*(—d,d).

As noted in Section 2, \,, are real, positive, simple and numbered in ascending
order, n = 1,00. We also use the asymptotic expression ), = nyg + O (%),
n = 1, 00 obtained in [19, chap. V]. Thus,

T 1 i 1 T
1)=4+0|——= ) —n=-0(—=)|=->0.
(n+ )d+(n+1> " <n>' d”
To find a sine-type function in question we use the corollary to Theorem 1 in [20].

Corollary to Theorem 1. Let S(z) = [[™ (1 - m>, where {pn 122

n=1

inf |\, — Ap| = inf
n#m n

is the set of zeros of the sine-type function S(z) of an ewponential type o. If
{Yn}2, € 1P, p> 1, then S(z) is the sine-type function of an exponential type o.

It is well known that S(z) = sindz is a sine-type function of an exponential
type d and {u, = "3} is a set of its zeros. Put ¢, = =" + A\, n = 1, 00.

Then . .
™ ™
|wn|_‘_d+d+0<n>‘—‘o(n)|, n—l,oo.

Hence, {9}, € [P, where p > 1. Therefore

§<z>=ﬁ<1—w)=ﬁ(1—m>:,ﬁ<l‘i>

n=1 n=1 =1

is the sine-type function of an exponential type d. The lemma is proved.
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Lemma A.2. The equivalent definitions of the space 5{22, s € R are the
following:

K = {fes’ an (An,z) and {fn(1+A,%)S/2}+i c 12}
= {fES’ : f(x) :;f%sinm;x and {fi(l—l—nQ)s/Q}:: 612}, s €R.

o
P roof Since {%} is the orthonormal basis in U—C%, then for any

n=1

fe Hp), s € R we have (1+D%)S/2f(a:) _ fn (A, ) < 00, where fn c 2.
Use (1 + D2 )5/2Y Anys) = (1 + )\?L)S/2Yn()\n,~), n = 1,00 for the coefficient

mtoytm-Dw201+D@ﬂ%n@umo)=§(ﬁ<r+D@W%aum»):

2 (1 + )‘31) (f7 n( ) )) = (1 + )‘31)5/2 fn Here f’n = % (fa Yn()‘nv )) on (_d7 d)
Thus,

an +DQ)2Y )\na$ an )\n,CL'

n=1

1/2

Since for f € J{% the norm can be calculated as HfHOQ = (Zzozl |fn|2) , then
o\ 1/2
)

It is well known that a function from the space iHOQ can be represented as the

the equivalent norm in the space 3, is || fllg, = <Zf1 ‘(1 + )\%)8/2

convergent series f(z) = > "  fisin T2E,

Notice that since @ € Cl( ) and it is even and 2d-periodic, then (1 +
D2)*2f € 3 iff (14 D*)*/2f € 3 when f € Hg). In other words, f € I,
iff f € {p € Ho,per : ¢ is odd}, where Hg ., is the Sobolev space of periodic
functions. Reasoning in the same way as above, with (1 + D?)%/2f we find that

400
_ 1. 1 2\5/2 2
f@) =Y fisn == and  {fiQ+n)?) "€l seR,

2) 1/2

Lemma A.3. The operator Sp : H X 3{22_1 — HE X 9{;5_1, s € R (see
Definition 3.2) is linear and continuous.

where f; = 3 (f,sin%3%) on (—d,d), and [ f[lg = (Zi‘;l ‘(1 +n2)"? f}

is the equivalent norm in the space U-CSQ. The lemma is proved.
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Proof Set f— (g) € 33, x 35 Then f(x) = 222, (ﬁ) Yo (An, ),

{fi1+x2 8/2} € 12 and {f3(1+A2)=D /2} € [2. By the definition of
Sr, we have

_ = f}b cos A\, T+ fQSm)‘"
(9rf)(z) = Z <—)\an sin \, T + f2 cos)\ T ¥(An, 7).

n=1

%‘ < V2T and the trivial inequality

V1+AZ
(Ja| 4 |b)? < 2(a® + b%), we obtain {(1 + A2)s/2 (f,% cos A\, T + f%m)‘" )}nzl

2, {1+ A2)(s=1)/2 (=Anfpsin AT + f2cos A T)} | € I2. Therefore, R(S7) =
I x fHZ)_l. We also get

Taking into account the estimate
+oo

m

s i 2\s 9sin A, T'
157 1lllgy = (;u“n) facos AT + fi— \

() 1/2
+ Z(l + AT\, frsin A, T + f2 cos Aan) <CsIfllg

where C% = 2max{2,27? + 1}. The linearity of the operator Sr is obvious. The
lemma is proved.

Lemma A.4. f € H(—d,d), s € R iff (1+ D?)** f € H)(—d, d).

Proof Letse&Rand f € Hj(—d,d). Hence f(z) = > o0 fne” % and
{(14+A2)2£,1°° €12 Then (1+ D2)S/2 F(@) = 5200, fu(l + D?)3/2e= Mt —
Yool +)\2)S/2f e*”‘":” =3, Foe~nT where f,, = (14+X2)52f,, n=T, 0.
Thus {fn} € [?. Therefore, (1 +D2)S/2f € HY(—d,d).

The converse part of the lemma is proved similarly. The lemma is proved.

Lemma A.5. f € HY(—d,d) iff f € L*(—d,d).

Proof Let f € Hg(—d, d). As it is shown in [19, chap. V], A, =
nZ + e,, where g, = O (%), n = 1,00. Therefore, f(z) = Y 02, fne *n®
Zn L foe T e where {£,100, € 2. As it is known 3.2 | fue @ =
f(z), where J? is a certain function from L?(—d,d). Thus f € L?(—d,d) i

(f — ]?) € L*(—d,d). We have

=

oo oo
)= fae EE (T =) = 3 foem S (—izna + (@),
n=1 n=1
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where v, (z) = 0(epz). Hence |y, (z)| < Clepz| as n — oo, where C' > 0.
2

Consider e We have
2
|7 - ﬂL2 o * (—igna + ()| da
< S Ifl- Ifm!/ | = izn@ + (@) - | = i + ()| da
n,m=1 N N ,
<A+ OPZE S Ul 1l -lenl - lewl = (1+ 0225 (Zm rm)
n,m=1

Since {fn}oo, € I and g, ~ % as n — oo, then the last series converges.

i

Therefore, < 00. The lemma is proved.
L?(—d,d)

Remark Al From Lemma A.4 it follows that ||f]|) = H(l + D2)5/2fH8
for f € Hj(—d,d), s € R. From Lemma A.5 it follows that there exist P, P, > 0
such that [|f[|g < P || f]l ;2 and || f] 2 < Py || f]lg for f € HY(~d, d).

Lemma A.6. Let g € Hj(—d,d), s € R. Then we have Qg € H§(—d,d),
2g € H(—d, d) and [|Qgll§ = [12gll§ = 21lll5-

Proof Since g € Hi(—d,d), then g(z) = > 2, gne~ T and
{(1+>\2)S/29n} € [2. Therefore,

0
T) = ZgnQe_”\"m = Zgn (e_”\"x — el)‘”x) Z gim sin A\,
n=1 n=1
oo oo
— Zgnae—z)\nx — Zgn <e—2)\nw + ez)\nz) chos COS )\nx7
n=1 n=1

where g5 = —Zign, 9% = 2g,. Since {(1+)\2)s/29n}001 € 1?2, then

{(1+22)5/2gsint™ €12 and {(1+ A2)*/2gees} " | € 2. Hence Qg € H§(—d, d)
and =g € Hj(—d, d) Finally we obtain

) 1/2 oo 1/2
s i 2 s 2 s
l2gl; = (Z((HA&) 2 gyim ) =2 (Z\(wxi) " ga) ) = 2lgli,
n=1

n=1
00 ) 1/2 00 ) 1/2
uagm:(Z\(lﬂi)S”gzM) :2(2\(1“%)8/2%) = 2]lg5.-
n=1 n=1

The lemma is proved.
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Lemma A.7. If g € Hi(—d,d), then ¢’ € HS Y (—d,d) and ||¢'|57" < |lgllé,
s €R.

Proof Letg € Hj(—d,d), s € R. Hence g(x) = >0, ghne % and
{gn(l —1—)\721)%} € 12, s € R. Taking into account that |\,| < /1 + A2, we get

1/2
||g'H8_1 = (22021 (14 )\%)(5*1)/%')\”9”‘2) < |lg|l5- The lemma is proved.

Lemma A.8. Hf(—d,d) is dense in H)(—d,d), s > 0.

Proof. Let f € H}(—d,d). Then f(z) =%, fne ™% and {f,}>2, € [
Consider a sequence of the functions { f™(z)}%_, such that f™(z) = Y00 | fme=Ane,
where 7 = bmné/%m fn, nym =T, 00. One can see that { (1 + \2)%/2fm }n L€
m = 1,00. Therefore f™ € Hi(—d,d), m = 1,00, s > 0. Since fJ" — f, as

1/2
m — oo, we have ||f — f"||0 = (fozl | fn —f;”]2> — 0 as m — oo. The

lemma is proved.

B. The Transformation Operators for the Sturm—Liouville
Problem on a Segment

We would like to recall some definitions of transformation operators used in
[15] as well as the statements proved there. Denote yn(A,, ) = W,
1, 00. Obviously, ¥, (An, z) satisfies the following Cauchy problem for n = 1, oo:

7' Ans ) + Q@) Jn(Ans ) = NUn(Mn, 1),  z € (—d, d),
gn()\nao) = 07 %(An,O) =1.

According to [15], we have

ToO ) = K (Sm;”t> (z) = BT /K(m,t; ooy B G T,

sin A\,

An

=L (Gn(M, 1)) () = Yn(An, ) —l—/L:c t;00)Yn(An, t) dt, n =1, 00,
0

where K(z,t;00) = K(z,t) — K(x, —t), L(z,t;00) = L(z,t) — L(z, —t). Under the
condition Q € C*[—d,d] the continuous functions K(x,t) and L(z,t) are the solu-
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tions of the following systems on [—d, d] x [—d, d]:

Kpo(x,t) — Kz, t) = Q(2)K(z, 1), Lyz(z,t) — Ly(x,t) = —Q(x)L(z, 1),
/Q )de, (2,2) —/Q )de,
K(z,—x) = L(z,—x) =

It is also known [15] that the kernels K(z,
with respect to the both arguments on [—d
when [t| > |z|.

Let us determine the transformation operators in the spaces Hy*(—d, d) and
Hg’(—d, d) via series.

t) and L(x,t) are bounded functions
,d] x [—d,d] and K(x,t) = L(z,t) =0

Lemma B.1. The operators K and L act in the spaces

K:Hy*(—d,d) — ﬂ{és(—d, d), L: .’J'Cés(—d, d) — H,*(—d,d), seR,
where D(K) = {f € Hy*(—d,d) : f is odd }, D(L) = Ho'(=d.d), R(K) = D(L),
R(L) = D(K).

Proof SetseR. Consider ¢ € Hy*(—d,d), ¢ € Hy*(—d,d) (¢ is odd).
Then we have ¢(z) = Zzo 1¢nQyn()‘n7x) {( +)‘2) Q;Z)n} et € l2, pz) =

o0 i 2 * 2 T O ))
Applying the transformatlon operators, we get

ZM%<m?gw=iM%MM@

n=1
Q n( Am
(LY an (Qyn(An,s 1)) Z¢n3/n Any 0)L (Yn(Any t)) (2)

sin )\nx

= any;()\n,o Zcpnsm)\nx = ¢(x).
n=1

The following asymptotic expressions for the solutions of (2.3) and for their
derivatives are obtained in [19, chap. V]: y,(t) = \/%sin nZt+ 0 (), y,(t) =

n%\/gcosngt + 0 (1), n=1,00. We also use the expression A, = n% + O (%)
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Therefore, y/,(An,0) ~ n and A, ~ n as n — oo. Thus, Jn ~ 2 — p, and Qp ~
me = gy Hense, {(14+22) 776, e 2 and {(14+22)7 5,

c 2
=1

Therefore, ¢ € H,*(—d,d) and ¢ € H,*(—d,d). The lemma is proved.

Lemma B.2. The operators K and L are linear and continuous on their
domains.

P r oo f. The linearity of the operators is obvious. Let us prove that the oper-
ators IC and L are continuous. Let s € R, ¢ € H;*(—d,d) (¢ is odd). Then Ky €

Hg*(—d.d). We have p(z) = Yoo L ensin Az, (Ko) () = 307 hnQun(An, ),

—s\2 00 2\—s/2 2 —s 2 00 2\—s/2 2
(ellg®)® = o fon (14 22) 7], (IKlg") = S [m (14 22) ™).
Since ¥, = y:&i’,‘o) (see Lemma B.1), then

N2 [e'e) A © s 2 0 A 2 —s 2
K S) = R (140232 = —— | o (1+A2)7
(Weela) = 3 |5ty 0+ 7| =2 | gragy | [P (1)
™ 1
It is evident that there exists C' > 0 such that the estimate | /E\” 0 ‘ = ‘ndto( x|
Y (O 0) [nz\/2+00)|

n=1

. . —s 2 00 —5/2 2 2 —s\2
< C'is valid. Therefore, <HICcpHQ ) <C?y on (1+A2) ‘ =C?%(llello )"

Thus the operator K is continuous from Hy*(—d, d) to H*(—d,d). Its inverse

operator £ is also continuous from H,"(—d,d) to Hy*(—d,d). The lemma is
proved.

Definition B.1. Define by K* and L* the adjoint operators for K and L:
(K*f.0) = (f,Kp), (L g,¥) = (9, L), where f € D(K*) = Hg(—d,d), ¢ €
D(K), g€ D(L*) ={f e H3(—d,d) : f is odd}, » € D(L), s € R.

Thus, K* : Hg)(—d,d) — H§(—d,d), L : Hj(—d,d) — H(—d,d) and they
are linear and continuous. Moreover, (K*f) (z) = Y o7 | Kpsin \yz, (L£*g) (z) =
> Lnyn(An, ). Evidently, R(K*) = D(L*), R(L*) = D(K*). It is obvious
that *f and L*g are odd when f and g are odd.

Lemma B.3. Let f € Hi(—d,d) x Hi"'(—d,d), f be odd, s € R. Then there
exists Cg« > 0 such that [|L* f|[lgy < Cr= [ £l

P r oo f. Since £* is continuous, then there exist B; > 0, By > 0 such that

m¢m@—@wm%f+@ﬁmgﬂﬁms(mmwNQZ

1/2

2\ /2 2
w (@2 1a0)°) < e (Ua+ (12157)°) T = ce i,
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where Cr» = max {Bj, Ba}, f = (?) The lemma is proved.
2

Lemma B.4. Let f € L?(—d, d) be odd, supp f C [~T,T]. Thensupp (L*f) C
(=T, T] and (L*f) (t) = f(t) + [iy L(w,t; 00) f () da,

Proof. Let € L?(—d,d) be odd. Then

d T
(1) = (f, L) = / F() () + / Lz, t; 00)(t) dt b de
—d 0
d dsignt
— [v@ s+ [ Lt doy d

Taking into account that y,(\,,x) and W are odd on z, n = 1,00, and
L(z,t;00) is odd on t, it is easy to get L(—x,t;00) = L(x,t;00). Therefore, due
to the oddness of f, for ¢ < 0 we have

dsignt —d d
/ L(z,t;00) f(z) dx = /L(:L‘,t; o0) f(x)dx = /L(—x,t;oo)f(z) dz
d

Obviously, the support of the last function is contained in [—7',T]. Consequently,

(L*f)(t) = f(t) + f\tT| L(z,t;00) f(x) dx and we get the assertion of the lemma.
The lemma is proved.

Lemma B.5. Let f € L?(—d, d) be odd, supp f C [T, T]. Then supp (K*f) C
(=T, 7] and (K*f) (t) = f(t) + [y K(@,t;00) f (x) da

The proof of this lemma is similar to the proof of the previous lemma.
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