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In the paper, the equation of a vibrating non-homogeneous string, whose
potential is not equal to a constant, is considered on a half-axis. The Neu-
mann control of the class L* is considered at a point x = 0. The control
problem is studied in the Sobolev spaces. The sufficient conditions for null-
controllability and approximate null-controllability at a free time 7" > 0 are
obtained for the given system. The controls solving these problems are found
explicitly.
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1. Introduction

In the paper, the controllability problems for a vibrating non-homogeneous
string on a half-axis are studied. The control system under consideration is

wit (2, 1) = Wee (2, t) — q(x)w (2, t), x € (0,4+00), t € (0,7), (1.1)
wz(0,t) = u(t), te(0,7), (1.2)

where T' > 0, u € L*°(0,T) is a control, ¢ is a potential under the conditions

o

q € C[0,00) N L[0, 00), /x|q(:r:)| dx < oo. (1.3)
0

This control system is considered in the Sobolev spaces Hj. A time 7" > 0 is not
fixed.
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Controllability problems for hyperbolic partial differential equations were stud-
ied in a number of papers (see, e.g., [L-20]). The boundary controllability of the
wave equation on bounded domains in the context of LP-controls (2 < p < 00) is
well studied. Some results for a homogeneous string were obtained in [1-8] and
other papers. The results for a non-homogeneous string were obtained in [9-14].
It should be noted that only L®-controls can be implemented practically.

The controllability problems for the wave equation on unbounded domains
have not been studied as extensively as on bounded domains. The boundary
controllability of the wave equation on a half-axis in the context of L°°-controls
was studied in [15-20]. In particular, the controllability for a homogeneous string
with the Dirichlet control was investigated in [15, 16|, and with the Neumann
control in [17]. In [18] and [19], the controllability for a non-homogeneous string
was studied for the case when ¢ = const > 0. In [18], a time 7" > 0 was fixed.
In [19], both cases with fixed and free time were studied. The Neumann control
was considered in [18], and the Dirichlet control was considered in [19]. In [20],
the controllability for a non-homogeneous string was studied for the case when
the potential ¢ was not generally speaking a constant. A control system was
considered in the class of functions with bounded supports, and a time 7" > 0 was
fixed in [20]. The case of the Dirichlet control and the case of the Neumann control
were studied there. In papers [15-20], the control systems were considered in the
Sobolev spaces H. The necessary and sufficient conditions for null-controllability
and approximate null-controllability were obtained. The controls solving these
problems were found explicitly.

In the present paper, unlike in [15-19], the potential ¢ is not a constant, which
makes the studying of controllability problems more complicated. To solve these
problems, we apply the transformation operators for the Sturm-Liouville equation
that do not change a solution asymptotic at infinity. We extend these operators
to the Sobolev spaces and prove their continuity under conditions (1.3). Notice
that in contrast to [20], in the present paper a time 7" > 0 is free and there are no
restrictions on the functions supports, but stronger restrictions on the potential
q are required. We prove that the application of the transformation operator to
the control system with ¢ # const reduces it to the similar control system studied
in [17] with ¢ = 0. The converse is also correct: the application of the inverse
transformation operator to the control system with ¢ = 0 reduces it to the control
system with ¢ # const. A one-to-one correspondence between the solutions of
these systems is proved. Moreover, the control u of the system is transformed to
the control p of the system with ¢ = 0. We also prove that if a state of the control
system with ¢ = 0 is approximately null-controllable, then a state of the control
system with ¢ # const is approximately null-controllable. All the above makes
it possible to study the control system under consideration by using the results
obtained in [17].
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Thus, in the paper, the sufficient conditions for null-controllability and ap-
proximate null-controllability are obtained for the given control system at a free
time. There is obtained the explicit formula for the control depending on the
initial state of the given system and on the control p of the system with ¢ = 0.
It should be noticed that the sufficient conditions obtained for null-controllability
and approximate null-controllability of the system are also necessary when a time
T > 0 is fixed and a control system is considered in the class of functions with
bounded supports.

2. Notation and the Problem Definition
Consider control system (1.1), (1.2) with the initial conditions
w(z,0) = V3(x), wi(z,0)=Vi(z), z € (0,400). (2.1)

The aim of the paper is to study the null-controllability and approximate null-
controllability problems for system (1.1), (1.2), (2.1), namely, to find the control of
the class L>°(0,T") which transfers a semi-infinite string from the given initial state
to the origin and to a given neighborhood of the origin at time 7'. In addition,
time T is free and may depend on the neighborhood.

Introduce the spaces used in the paper. Let § be the Schwartz space [21],

8§ ={pec C®R):V¥m,l € NU{0}3C,,y >0:Vz €R ’(p(m)(x)(l + \$|2)l‘ < Coit}s

and let 8 be the dual space. Denote by H} (s, € R) the Sobolev spaces |22,
Chap. 1]
Hi = {f €8 : (1+a)2(1+ D)/ f € I*(R)},

1/2

+oo
191 = | [ Jasayeas oyt d)

o\ 1/2
where D = —id/dz. The norm ||f||; = ((”foy;)? + (”lef_l) > is used for

f= <§O> € H} x Hls_l. A distribution f € §8' is said to be odd if (f,p(z)) =
1

—(f,o(=x)), ¢ € 8. A distribution f € 8’ is said to be even if (f,p(x)) =

(fsp(=2)), ¢ €8.
We also use the following subspaces of the Sobolev spaces (s,l € R):

Hj,={f€H]:fisodd}, Hj. ={f€H]:fiseven},
Hy, = Hj, X Hf;l, p=o,e.
Obviously, if f € Hf,, then f' € H,' and if f € H,, then f’ € H},".
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Vo

We assume that VO = <V0> € Hj,. The solutions of system (1.1), (1.2),
1

(2.1) are considered in Hy .

Denote by Q : 8/ — 8 and 2 : 8 — &, D(Q) = D(E) = § the operators
(Qf)(x) = f(z) — f(—z) and (Ef)(x) = f(z) + f(—=x), f € 8. Notice that these
operators coincide with the odd and the even extension operators, respectively,
for functions f € 8’ such that supp f C (0,00). Assume that ¢ is defined on R
and ¢ = 0 on (—00,0). Denote Q = Eq, V(-,t) = Ew(-,t), t € (0,T). Evidently,
V(,t) € Hy,, t € (0,T).

Let w be the solution of control problem (1.1), (1.2), (2.1). It is easy to see
that V is the solution of the problem

Vie(z,t) = Vo (z,t) — Q(z)V(x,t) — 2u(t)d(x), reR, te(0,T), (22
V(z,0) = Vi(x), Vi(z,0) = Vi(x), z € R. (2.3)
Consider some steering conditions for (2.2), (2.3):

V(z,T)=Vl(z), Viz,T)=Vi(z), zcR, (2.4)
\i
vt
a set of the states VI € H(l)’e for which there exists a control v € L*(0,T) such
that problem (2.2)-(2.4) has a unique solution in H&e.

where VI = ( ) € Hg .. Let T > 0. For a given V¥ € Hj ., denote by R%(V?)

Definition 2.1. A state V° € H(l]ye 15 called null-controllable with respect to
system (2.2), (2.3) if 0 belongs to UpsoR5(VY), and it is called approzimately
null-controllable with respect to system (2.2), (2.3) if 0 belongs to the closure of
UT>0 ReT(VO) in H(l),e'

To study the controllability problems for system (2.2), (2.3), we use the trans-
formation operators for the Sturm-Liouville equation that do not change a so-
lution asymptotic at infinity. These operators were studied, e.g., in |23, Chap.
3]. In the present paper, the operators are extended to Hg ., s =1,0 and proved
to be continuous (see Sec. 5). Determine the operators M, M~! : HJ  — H{,,
DM) =DM ) = H(()),e by the formulas

Mf)(z) = f(z) + /M(ﬂfl,t)f(t)dt z € R, (2.5)
|z
(M™g)(x) = g(x) + /N(!wht)g(t)dta z € R, (2.6)

||
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where f,g € H&e, M(&,m) and N(&,7n) are the kernels of the operators, (§,7n) €
(0,00) x (0,00). The properties of the kernels as well as the method used to
find them are described at the beginning of Sec 5. In Lemma 5.2, we prove
that the operators are continuous from HY, to H{., and R(M) = RIM™') =
Hg,e. Consider the restrictions of the operators M and M~! to H&e, DM) =
DM = H(},e. In Lemma 5.3, we prove that they are continuous from H&e to
Hj,, and ROM) = R(M™') = Hg .. In Lemma 5.4, the formulas for the adjoint
operators M*, (M~1)*, D(M*) = D((M~1)*) = H(()),e are obtained and they are
proved to be continuous from H, to Hf,, and R(M*) = R(M™1)*) = HY_.
Consider the restrictions of M*, (M™1)* to Hj,, D(M*) = D((M™1)*) = Hj.
In Lemma 5.5, M*, (M~!)* are proved to be continuous from Hj, to Hy,, and
R(M*) = R(M~H*) = H&e. Therefore, we can extend the operators M, M~! to
H(;el by the rule

Mf, ) = (f, M), (2.7)
(Mg, 0) = (9, (M) ), (2.8)
where f,g € H&el, v, € H&e, DM) = DIM™!) = H(;; In Lemma 5.5, we

establish that these operators are continuous from ngl to H(Iel, and R(M) =
R(M™Y) = Hy ..

3. Null- and Approximate Null-Controllability Conditions

Consider the auxiliary control system with @ = 0,

Vi(z,t) = Ve (2, t) — 2p()d (), xeR, te (0,7), (3.1)
V(z,0) = V(x), Vi(z,0) = V(x), z €R, (3.2)

with some steering conditions

V(x,T) =VI(z), Vi(z,T)=V{(z), zcR, (3.3)

0 T
where V(-,t) € Hj,, V° = (5%) € Hg,, V' = <]]j%> € Hj,, p € L>(0,T) is
1 1
a control. Let T' > 0. For a given V? € Hf, denote by Z5(1°) a set of the
states VT € H(l],e for which there exists a control p € L°°(0,T) such that problem

(3.1)-(3.3) has a unique solution in H&e.

Definition 3.1. A state V° € H(l),e is called null-controllable with respect to
system (3.1), (3.2) if 0 belongs to Upso Z%(V°), and it is called approzimately
null-controllable with respect to system (3.1), (3.2) if 0 belongs to the closure of

Urso Ze(V%) in H&e.
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The controllability problems for system (3.1), (3.2) were well studied in [17].
The following assertions are special cases of the results obtained in [17]:

Statement 3.1 (Fardigola, [17]). A solution of system (3.1), (3.2) is described
by the formula

(o) =ecospr=-(Pp0)]. e e
where P'(x) = p(x)[H(z) — H(z — t)], 9 'QP!(z) = [*_QP'(¢)de,

E(w,t) = 1 <5(x +t)+6(x—t) I(sign(z +1t) —sign(z —t))

2\(@+1t) = —t) S(z+1t)+6(x —t) ) ztER.

Theorem 3.1 (Fardigola, [17]). A state V° € Hj, is approzimately null-
controllable with respect to system (3.1), (3.2) iff the conditions below hold

VW e L®(R), (3.5)
W = signz (V). (3.6)

Under these conditions there exists a sequence {T,,}°°, such that T,|VJ(T,)|*> — 0
as n — oo. For this sequence the controls p,(t) = V)(t) a.e. on (0,T,), n € N,
solve the approzimate null-controllability problem for system (3.1), (3.2).

Theorem 3.2 (Fardigola, [17]). A state VO € Hf, is null-controllable with
respect to system (3.1), (3.2) iff conditions (3.5), (3.6) hold and there exists T > 0
such that supp V? C (=T,T). Under these conditions the control solving the null-
controllability problem for system (3.1), (3.2) is of the form p = VY a.e. on (0,T).

We first prove an auxiliary lemma for system (3.1), (3.2).

Lemma 3.1. Let V(x,t) be the solution of (3.1), (3.2). Then V,(+0,t) = p(t),
t e (0,7).

Proof From (3.4) it follows that
V(z,t) = % {vg(x + )+ V(@ —t) + Wz +t) = VW (x—t) — (07'QP) (2 + 1)
— (07'QP) (z —t) — (07 'EP) (z +t) + (07 'EPY) (z — 1)}, (3.7)

where z € R, t € (0,T), V) € Hg , such that (WY = VY. Differentiating (3.7)
with respect to x, we obtain

Ve(x,t) = % [V @+t + V) (x—t) + WV (z+t) =V (z —t) — 2P (z + 1)
+ 2P (—z+t)}, reR, te(0,T). (3.8)
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Therefore,

Vo (40,t) = = Jlim {VO (x+t)+ OV (@ —t) + W (x+t) = V)(x —t)
—2Pz 4+ t) + 2P (—z + )}, r€R, te(0,7T).

For any f € L*(R) we may set lim, .o f(z) = lim,_o f(|z|). Hence, taking into
account the supports of P!(z +t) and P!(—x +t), we obtain

V. (+0,1) f{ V) (t) + (V9) (—t) + V(1) = V(1) + 2p(t) } t € (0,7).

We remark that the values (V3)'(t), V{(t), (VJ)'(—t), and V?(—t) exist a.e. on
(0,T), whereas (V)', V{ are locally integrable. Taking into account that (V)" is
odd and W is even, we obtain the assertion of the lemma. The lemma is proved.

Theorem 3.3. Let V(x,t) be the solution of (3.1), (3.2). Let V(-,t) = MV(-, ),
€ (0,7), V? = MV]Q, j =0,1. Determine the function u by the formula

u®) =p(0) + [ mO.OVENE - V0.0 [a@d  te D), (9)
0 0

where V(&,t) is defined by (3.7), p is the control of system (3.1), (3.2). Then
V(z,t) is the solution of system (2.2), (2.3) with the control u determined by
(3.9).

Pr oo f. Apply the operator M to system (3.1), (3.2). Thus, conditions (2.3)
hold immediately, and equation (3.1) takes the form

MV (-, ) = MVqa (-, t) — 2p(t) M6, t € (0,7). (3.10)

Using (5.29), it is easy to get (Mo, ¢) = (M*)(0) = 1(0) = (4,) for any even
1 € 8. Hence, Md = 4. Due to Lemma 5.6, equation (3.10) takes the form

o0

MV(-, ) — QMV(-, 1) — 25/Mx(0,§))}(£,t)d§

0

2 2
a2 T g2

+5V0t/q £)d¢ — 2p(t)d, t e (0,7).
0

Taking into account (3.9), we can see that the equation above is reduced to (2.2).
The theorem is proved.
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Theorem 3.4. Let V(xz,t) be the solution of system (2.2), (2.3). Let also
V(- t) =M1V(.,t), t € (0,T), V;) = Mflvg, j =0,1. Suppose that the function
p is connected with the control u of system (2.2), (2.3) by the following formula:

p(t) = u(t) —i—/]Vx(O,E)V({, )d€ + V 0,t) /q )dE, te(0,7). (3.11)
0 0

Then V(x,t) is the solution of system (3.1), (3.2) with the control p determined
by (3.11).

Pr o of. Apply the operator M~! to system (2.2), (2.3). Evidently, (2.3) is
reduced to (3.2). Equation (2.2) takes the form

MV (o, t) = M7 Vi () =MH(QV) (1) —2u(t)M ™15, t€(0,T). (3.12)
Since M6 = 6, we have M~1§ = 4. Using Lemma 5.7, from (3.12) we get

&2 2 r
0

—6V(0,1) / g(€)de — 26u(t),  te (0,T). (3.13)
0

Taking into account (3.11), it is easy to see that (3.13) is reduced to (2.2). The
theorem is proved.

Remark 3.1. Theorems 3.3 and 3.4 establish a one-to-one correspondence
between the solutions of systems (2.2), (2.3) and (3.1), (3.2) under the condition
that the controls are connected by the corresponding relations.

Lemma 3.2. Let V(x,t) be the solution of system (2.2), (2.3). Let also
V(t) = MTIV(, 1), t € (0,T), V) = M'VY, j = 0,1, and (3.11) holds. Then
VL (+0,6) = u(t), t € (0,T).

Proof. Applying the operator M~! to equation (2.2), we get (3.13). Taking
into account expression (2.6) after differentiation and (5.17), we obtain

o0 oo oo

[ 0.0V 0d+ V0.0 [ a€ds = | signs [ wa(lal, V(e e
0 0 ||
sVl 03 [a0dt || = | ZOCVE Vi)
a 2=10 o
=V, (+0,t) — V. (+0,1), te (0,7). (3.14)
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Substituting (3.14) in (3.13), we get

Vie(,t) = Vag(x,t) — 20[Vp(40,t) — Vi (+0,¢)] — 26u(t), = eR,te(0,T).
(3.15)
Since the conditions of Theorem 3.4 hold, V(z,t) is the solution of system (3.1),
(3.2). Hence, due to Lemma 3.1, V,(40,t) = p(t), t € (0,7). Thus equation
(3.15) takes the form

Vir(2,t) = Voo (2, 1) —26(2)p(t) +20(2) V4 (+0,t) — 26 (z)u(t), zeR, te (0,T).
From the above, it is seen that V(x,t) is the solution of system (3.1), (3.2) when-
ever Vz(40,t) = u(t), t € (0,7). The lemma is proved.

Remark 3.2 LetV be the solution of system (2.2), (2.3). By Lemma 3.2,
it follows that the restriction of V(-,t) to [0,00), t € (0,T), is the solution of
system (1.1), (1.2), (2.1). Thus we prove that control systems (1.1), (1.2), (2.1)
and (2.2), (2.3) are equivalent.

Lemma 3.3. Formulas (3.9) and (3.11) are equivalent.

Proof. Let V(-,t) = MV(-,t), t € (0,T), and (3.11) be valid. We prove
that (3.9) is also valid. From (3.11), we have
o 1 o
u(t) =p(0) ~ [ W0.OVE D~ V0.0 [a©)ds,  teO.T).
0 0
Using (2.5), (2.6), (5.10) and (5.17), we obtain

u(t) = p(t) — signx/Nx(lx,f)V(é,t)dé—signxV(lx!,t)N(lele)
|z =40

= p(t) — [d/de(MV)(,t) = Va(z,0)]|,_,

=p(t) — Va(z,t) — d/dx(MV)(2,1)]] . 1o

=p(t) — —signx/Mx(!w\,f)Wf,t)df+signxV(|x!,t)M(!w\y\x!)

|| =40
:p(t)+/Mx(O,£) 1) dg”v (0,4) /q Ve, te (0,7).
0 0

Analogously, it can be proved that (3.11) is valid whenever (3.9) holds. The
lemma is proved.
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Lemma 3.4. Let (3.9) hold for the controls u and p of systems (2.2), (2.3)
and (3.1), (3.2), respectively. Let p € L>(0,T). Let also a state VO of control

system (3.1), (3.2) be approzimately null-controllable with respect to (3.1), (3.2).
Then uw € L>=(0,T).

Proof Letpe L>*(0,T). Taking into account (3.9), we have to prove
that V(£,-) € L®(0,T), £ € R. Due to (3.7), it remains to show that VJ(x & 1),
V(z £ 1), (071QPY) (z £ 1), (0 'EP")(x £ t) € L(0,T) when z is fixed. Since
p € L>®(0,T), then P* € L>°(R). Therefore, QP! € L*(R) and EP' € L®(R).
Hence, (071QPY)(x +t) € L>®(0,T), (0~ 'ZP")(z £t) € L>=(0,T).

Since the control p solves the approximate null-controllability problem for
system (3.1), (3.2), then conditions (3.5) and (3.6) hold. Thus, VY € L®(R).

Hence, W(z £t) = (07 W))(z £¢) € L>°(0,T). Tt follows from (3.6) that V) =
0~ Y(sign 2VY). Therefore, VJ(x +t) € L>°(0,T). The lemma is proved.

Theorem 3.5. Let (3.9) hold and V(-,t) = MV(-,t), t € (0,T), Vi = MV},
j = 0,1. Let a state V° of control system (3.1), (3.2) be approzimately null-
controllable with respect to (3.1), (3.2). Then a state VO of control system (2.2),
(2.3) is approzimately null-controllable with respect to (2.2), (2.3).

Proof Leta state V0 be approximately null-controllable with respect to
(3.1), (3.2). Therefore, for each m € N there exist T, > 0 and p™ € L*(0,T,,)
such that |HV(,Tm)H|(1) — 0 as m — oo. Here V is the solution of (3.1), (3.2) with
the control p™. Since MV(-,T},,) = V(-,Ty), m = 1,00, and the operator M is
continuous in the spaces Hg ., s = 1,0, we obtain IVC, T)llg — 0 as m — oo,
Thus, for each m € N there exist T, > 0 and u™ = p™ + [ Mz (0,)V™(&, )dE —
FV™(0,4) [57° q(€)dE such that u™ € L>(0,T,,) (due to Lemma 3.4), moreover,
|||V(,Tm)|||(1) — 0 as m — oo. This implies that a state V° is approximately
null-controllable with respect to (2.2), (2.3). The theorem is proved.

Due to Theorems 3.3, 3.5, Lemma 5.8 and Theorems 3.1, 3.2, we obtain the
controllability conditions for system (2.2), (2.3) and, consequently, for system
(1.1), (1.2), (2.1).

Theorem 3.6. Suppose the conditions below hold:

V) e L™(R), (3.16)
V9 = Msign (M) (3.17)

Then a state VO € H(l),e is approzimately null-controllable with respect to (2.2),
(2.3). Under conditions (3.16), (3.17) there exists a sequence {T),}°2 such that
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T M=IVY(T,)|? — 0 as n — oo, and for this sequence the controls

y +O/Mx ‘ gtdg—vmo/q OO
= (MVO) (¢ —i—O/Mx gtdg—— O/q (3.18)

a.e. on (0,T,), n € N, solve the approximate null-controllability problem for
system (2.2), (2.3), where V(,t) is defined by (3.7).

Theorem 3.7. Suppose conditions (3.16), (3.17) hold and there exists T > 0
such that suppM~VY C (=T, T). Then a state V° € H(l),e s null-controllable
with respect to (2.2), (2.3). In addition, the control solving the null-controllability
problem for system (2.2), (2.3) is of the form (3.18) a.e. on (0,T).

Rem ark 3.3. Unfortunately, we can not prove the necessity of conditions
(3.16), (3.17) for approximate null-controllability of the state VO € Hj, as it
is not proved that V(z,-) € L*(0,T) in general. Nevertheless, in the following
theorem we will prove the necessity of these conditions under some restrictions.

Theorem 3.8. Let conditions (1.3) hold. Let a time T > 0 be fized and
suppV? C (=T,T7), j = 0,1. Then conditions (3.16), (3.17) are not only suffi-
cient, but also necessary for approrimate null-controllability and null-controllability
of a state VO € H(l),e at a fived time.

Proof In |20], the controllability problems at a fixed time for system
(1.1), (1.2), (2.1) were considered in the class of functions with bounded supports.
Let u € L*(0,7) and a state VO be approximately null-controllable at a time
T with respect to (2.2), (2.3). One can conclude from [20, Lemma 4.1] that
supp V(-,t) C (=2T7,2T) and V(z,-) € L*(0,T) in this case. Due to these facts,
the proof of the following statement is trivial.

A) Let (3.11) hold for the controls w and p of systems (2.2), (2.3) and (3.1),
(3.2), respectively. Let u € L>®(0,T). Let also a state VO of control system
(2.2), (2.3) be approzimately null-controllable with respect to (2.2), (2.3). Then
p e L>(0,T).

It is obvious that supp M~V (-,t) C (=2T,2T), t € (0,T), and supp M_IV? C
(=T,T), 7 =0,1. The following statement is proved in a similar way as that to
Theorem 3.5 but for each m € N the fixed time T is taken instead of T},.

B) Let (3.11) hold and V(-,t) = M~V (-,t), t € (0,T), V) = M~'V9, j =0,1.
Let a state VO of control system (2.2), (2.3) be approzimately null-controllable at
a time T with respect to (2.2), (2.3). Then a state VO of control system (3.1),
(3.2) is approzimately null-controllable at a time T with respect to (3.1), (3.2).
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Thus, using statements A), B) and Theorems 3.1, 3.2, we may conclude that
conditions (3.16), (3.17) hold. The theorem is proved.

R em ark 3.4. In practice, to find the controls u,, n € N, solving the
approximate null-controllability problem for system (2.2), (2.3), another formula
is more convenient than (3.18). Let us transform (3.18) using (5.10) and (2.5).
Let t € (0,7T,), n € N. Then

[e.o]

un(t) = pn(t) + signx/Mx(x|,§)V(§,t)d§ — sign zM(|z|, |z|)V(|z|, t)

||

- z=+0
d oo
—palt)+ | 4 [ Mlal VL6 D)
] =40
d
o)+ | Lo ,t] SV (40, 1),
plt) + | OV 0]| vt
Using Lemma 3.1, we get
n (t) = [d(MV)(:c,t)] . te(0,Th), neN. (3.19)
dx z=-+0

Remark 3.5. Let conditions (1.3) hold, a time T" > 0 be fixed, and supp V? C
(=T.,T), j = 0,1. We have proved that conditions (3.16) and (3.17) are neces-
sary and sufficient for null-controllability and approximate null-controllability of
system (1.1), (1.2), (2.1) at a fixed time. On the other hand, in [20] it is proved
that the conditions

VY € L™ (R), (3.20)

V9 = K sign (K V) (3.21)

are necessary and sufficient for null-controllability and approximate null-control-

lability of the system at a fixed time. Here K, and K_! are other transformation
operators with other kernels.

One can see that conditions (3.16) and (3.20) coincide. Since under consid-

eration are necessary and sufficient conditions, we obtain that conditions (3.17)
and (3.21) are different forms of the same relation between the initial functions.

4. Examples

Let q(z) = e™®, > 0. It is obvious that conditions (1.3) are valid. In this
section, the kernels of the transformation operators will be found explicitly for the
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given ¢, and thus relation (3.17) will be rewritten in a simpler form. The controls
solving the approximate null-controllability problem for system (1.1), (1.2), (2.1)
with given initial functions will also be found.

Example 4.1. Find the kernel M(z,t) of the operator M. System (5.9)—
(5.11) takes the form

Myo(x,t) — My (2, t) = e “M(z, 1), 0<z<t, (4.1)
1
M(z,z) = 5671, x>0, (4.2)
xl%riloo My (x,t) = ml%riloo M¢(z,t) = 0. (4.3)
ott t=

Put E =e 2 ,p=e2 —1 and denote A(E,n) = M(x,t). Tt is easy to see that
system (4.1)—(4.3) is equivalent to the system

Aey(&m) =A(Em), O0<np<& -1,

A(§7 O) = g’

Ay(0,m) =0, n > 0.

0<¢E<,

Then A(¢,n) = gh(%@) is the unique solution of this system. Here I;(z) is the

modified Bessel function of order one, I1(z) = $.J1(iz), where Ji(y) is the Bessel
function of order one. Thus the kernel of the operator M is

_zFt
_ett I1 [ 2V e —e 2
(& 2

2 x+t ’

M(x,t) = 0<z<t. (4.4)

For the kernel N(z,t) of the operator M~! we have the system

Npw(z,t) — Nyg(2, 1) = —e 'N(z, 1), 0<z<t,
1
N(z,x) = —56_75, x>0,
li = 1 =0.
lm Ng(z,t) m Ne(z,t) =0

Putting p = e_%rt, v=e7 —1and denoting B(u,v) = N(z,t), we reduce this

system to the form

B}W(M7V) :B(:U'ay)a 0<V<M_1—1,
B(/,L,O):fg, 0<:U'<]-a

B,(0,v) =0, v>0.
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Then B(u,v) = —gh (\2/%?) is its unique solution. Hence, for 0 < z < ¢, we have

e+t 11 (2\/ et — 62) _ztt Jq (2 e — et)
2 e 2

T+t
= — . (4.5
2 _ztt 2 _ztt ( )
et —e 2 e~ — et

Thus the kernels of the operators M and M ™! are of the forms (4.4) and (4.5),
respectively, when ¢(z) =e™*, = > 0.

Example 4.2. Consider (3.17). Substituting (4.5) in (2.6), we obtain

(MIVE)(€) = — signﬁj5 / Jo <2m> VO(y)dy = —sign £G'(€),

N(z,t) = —

€|
where ¢ € R and
G(&) = /Jo <2 \/ e_m% — ey) Vg(y)dy. (4.6)
1€

For any ¢ € H8 we have

(signf( 1V0) ) (31gn§ —&gn&G’(é))',tp( ))
= (sign&G'(€),20(§)(€) + sign £¢'(€))
=2p(0 )(SlgnﬁG'(ﬁ) 8(€)) + (signéG'(€), sign &y’ (€))
= (20(§)G'(+0) = G"(€), ¢(9)) -

Thus, sign E(M™IVI) (€) = 25(6)G'(+0)—-G"(€), ¢ € R. Substituting this equality
in (3.17) and taking into account that Mé = 9§, we get

Vi(z) = 26(2)G'(+0) — (MG")(z), =z €R.

Using Lemma 5.6, we have

VO(x) = 26(2) @ (40) — (MG () + e (MG) () + 26(x / M, (0
0

/ e Vdy = 26(2)G'(+0) — (MG)"(z) + e *(MG) ()
0

+2i(0) | o [ (il GE)g
|| z=+0
= —(M@)"(z) + e *(MG)(2) + 26(x) (MG (+0). (4.7)
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Consider (MG)(x). Substituting (4.4) and (4.6) in (2.5) and changing the order
of integration, we obtain

MG)(z) = 7J0 (2 e €‘y> Vo(y)dy
q

Vi et h (2 et - eﬁ;t) lé|+
+ /Vg(y)/ 5 Jo <2 Ve 20— ey> dt dy.

_ ozt
lz| E et —e 2

—lel/2 —

Consider the inner integral. Putting e7t2 =17 e h, e~¥/? = g, we reduce

it to the form

It <2 et = eJ;t) B
e €141
/ Jo <2 e — e—y> dt

2 x4t

2v/g(z — g))dz.

_ h/h I1(2+/h(h — z))JO(

h(h — 2)

After expanding I1(7) and Jo(7) into series over 7", n = 0,00, and integrating,
we obtain

€ 0 (2 e_m# — e—y> dt
2 2+t

|| e T —e 2

Thus,
(MG)(z) = / I (2(e% —e ) Vidy,  wek (4.8)
||
Differentiating (4.8), we get

o)

Gy (+0) = - [ 1 (2 (1= eF)) Vpay - V+0r (@9)
0

Journal of Mathematical Physics, Analysis, Geometry, 2012, vol. 8, No. 4 321



K.S. Khalina

(MG)" () = —25(x) / 5 (2(1-e8)) Vi) — 25(2)V(+0)
0

" croer
+ eIl /Io (2 <e_% - e_%)> Vi(y)dy. (4.10)

||

Substituting (4.8)—(4.10) in (4.7), we have

) Ooef'“”'% I (2 (e_% —e 3
V{(z) = signz (Vg) (x) +/ 5 N -

||

>)V0( )dy, xz e R.

(4.11)
Thus, condition (3.17) is of the form (4.11) when ¢(z) =™, z > 0.

Example 43. Let g(z) = e z > 0; Vi(z) = L(2e71#1/2), V(z) =
—%I 1(2(7'“'/ 2), z € R. Consider the approximate null-controllability problem for
system (1.1), (1.2), (2.1). Evidently, (3.16) is valid. One can see that (4.11) is
also valid. Therefore, due to Theorem 3.6, the initial state VO is approximately
null-controllable with respect to system (1.1), (1.2), (2.1). To find the controls
Uupn, N € N, solving the approximate null-controllability problem for this system,
we reduce the given system to a system with Q = 0 applying the operator M.
Putting e ¥/2 = z, e 1*I/2 = b, we have

S || ( e ‘ ‘2+y — e_y>
MIVO(z) = [1(2¢F) /6 I (26—%)@
j

After expanding I1(7) and Ji(7) into series over 7", n = 0,00, and integrating,
we obtain

o0 00 nh2k+2n 2k +n
Vo(x) = M'Vi(z) = hZ;é@ 1)'n'(§k+2n;

It is easy to check that VJ(z) = h = e 1#I/2. Hence, V)(2) = —1/2e7121/2_ Tt
is evident that conditions (3.5), (3.6) are valid. Therefore the state V° is ap-
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proximately null-controllable with respect to system (3.1), (3.2), and the con-
trols p,(t) = V)(t) = —1/2¢7/? a.e. on (0,n), n € N, solve the approximate
null-controllability problem for system (3.1), (3.2). To find V(x,t), we substi-
tute the explicit expressions for V, V¥ and p,, n € N, in (3.8) and obtain
Ve(z,t) = V) (x +t)H(z) = V) (x — t)H(—z), * € R, t € (0,T},). Hence,

T

V(e 1) = / [VO(E + t)H(€) — V(€ — 1) H(—€)] de.

—00

Obviously, V(z,t) is odd on z. Since [ f(£)dE = f:olf‘ f(&)d€ for any odd

function f, we have

i —|z| —|z|—t
V(,t) = /Vg(ﬁ,t)déz / W(& —t)de = — / W (y)dy = e~ 5,

where z € R, t € (0,7},). To find the controls u,, n € N, we use (3.19). Thus,
(MV)(z, ) = e ?>M(e 8/?)(z,t) = e V21, (2¢71#1/2), 2 eR, te(0,T)).

Hence,

d . _t 1 _lal _lal _lzl
%(MV)(:L‘,t) = sign ze 2 {21'1 (26 2 ) —e 2 1 (26 2 )] ,xeR, te (0,Ty,).

Thus the controls
Un(t) = e72 [I1(2)/2 — In(2)] a.e. on (0,n), n €N,

solve the approximate null-controllability problem for system (1.1), (1.2), (2.1)
with the given initial state.

5. The Transformation Operators for the Sturm—Liouville
Equation that do not Change a Solution Asymptotic
at Infinity

At the beginning of the section we recall definitions and some properties of the
transformation operators from [23, Chap. 3]. Further, we will extend these oper-
ators to the Sobolev spaces and prove their continuity. Consider two differential
equations

— " (x) = Ny(x), z € (0,+00), A €C, (5.1)
— " (x) + q(z)y(z) = Ny (x), x € (0,40), A e C. (5.2)

+
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As it is known [23, Chap. 3], the integral operator (I+ K)f = f(z)+
[.°M(z, ) f (t)dt transfers the solution of (5.1) to the solution of (5.2), and it is the
transformation operator that does not change a solution asymptotic at infinity.
Due to [23, Chap. 3|, this operator is a bijection of L?[0,00) onto L?[0,00),
and the inverse operator (I + K)™! = I + L is of the same form: (I+ L)f =
f(@)+ [°N(z, ) f(t)dt.

For the operators kernels M(z,t) and N(z,t), the following estimates were ob-
tained in |23, Chap. 3|:

M(z, t)| < L, <“t> et @=al@HD/2) (1 1) € (0,00) x (0,00),  (5.3)

a<f”+t)em<<x+t>/2m<t>, (2.1) € (0,00) x (0,00),  (5.4)

where o(z) = [°|q(&)]d€, o1(z) = [° o(£)dE. Tt is also known that
M(z,t) =0 when 0 <t < z. (5.5)

Remark 5.1 The method of finding the kernel M(x,t) is obtained in [23,
Chap. 3|. The function M(z,¢) is the kernel of the operator I+ K iff the function
M(cv, ) is the solution of the following problem:

Maﬁ(a7ﬁ) - —Q(Oé - /B)M(Oé, ﬁ)a 0< ﬂ < a, (56)
M(a,0) = ;/q(ﬁ)dg‘, a>0, (5.7)
Jim Wa(a, 8) = lim My(a, ) = 0. (5.8)

Hence, M(z,t) = ﬁ(%ﬂ, £52) when 0 < z < t.

Remark 52 Problem (5.6)-(5.8) is equivalent to the problem

Myz (2, t) — My (x,t) = q(x)M(z, 1), 0<z<t, (5.9)
1 oo

w.a) =5 [a@ds, x>0, (5.10)

x-&%llloo My(z,t) = x_&%r_l)loo M (z,t) = 0. (5.11)

Rem ark 5.3. Using the properties of the kernel M(z,t), from the obvious
equation N(z,t) +M(z,t) + f; N(z, £ )M(&, t)d§ = 0 one can easily obtain the follow-
ing statements:

a) N(xz,t) =0, whenO<t<z. (5.12)
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b) The function N(z, t) is the kernel of the operator I+L iff the function N(c, 3)
is the solution of the following problem:

Nog(a, B) = q(a+ B)N(a, B),  0<fB<a, (5.13)
N(a,0) = —% /q(é)df, a>0, (5.14)
lim N,(a, ) = lim Ng(a, 8) = 0. (5.15)

a—00

—00
Hence, N(z,t) = fl\f(%"t, £52) when 0 < & < t.

¢) Problem (5.13)-(5.15) is equivalent to the problem

N:mv(xvt> - Ntt(xat) = _Q(t)N(x>t)a 0<z< t (516)
1 o0

Nwa) == [al©)ds, 2 >0, (5.17)

xJEIEoo Ny (x,t) = xlllfr_r)loo Ne(z,t) = 0. (5.18)

Passing to the integral equations

00 oo B

M(a, 8) = ;/q(f)dé - //q(y — 2)M(y,2)dzdy, 0<fB<a,
«@ a 0
1 ) oo O

N(a, B) = —= [ q(§)d¢ — q(y + 2)N(y, 2)dzdy, 0<pB<a,
o] ]

that are equivalent to boundary problems (5.6)-(5.8) and (5.13)-(5.15), respec-
tively, we can find the estimates for Mq, Mg, No, Ng. Returning to variables x and
t, we obtain the following estimates for 0 < z < t:

el < g o (550 |+ gote (T3 ) et (5.19)
M. 0] < 3 ‘q <$;t> ' + 5ol (x;t> et @)=, (5.20)
1 T+t 1 Tt _ s T+t
< = - 0'1( ) o1(t)
wieor< (5 s (540 o (557) 0]
(5.21)
1 T+t 1 z+t T+t T+t
< = - 0'1( )—O’l(t)
Ny (z,t)] < 1 ‘q( 5 )'—i— 46 2 o 5 o 5 +o(t)
(5.22)
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In the following lemma, we obtain some properties of the functions o(z) and o1 (z)
due to which estimates (5.3), (5.4), (5.19)-(5.22) will be somewhat simplified.

Lemma 5.1. Let o(z) = [7|q(&)|dE, o1(z) = [ o(£)dE, x € [0,00), where
conditions (1.3) hold for q. Then
(a) o and o1 are decreasing functions;
(b) 0 <(0) < 00, 01 < 01(0) < 00 on [0,00).

Proof Assertion (a) is evident. Prove (b). Using (1.3), we get

[e’) 1 ')
- 0/ g(6))de = 0/ 9(€)\dé + 1/ 4(©)de < Oy + /1 2lg(€)]de < oo,

where Cy > 0 such that |¢| < Cj a.e. on (0,00). Consider 01(0). Integrating the
outer integral by parts, we get

00 00 §=00 %)
01(0) = / / lg(y)|dyde = / Wy ||+ / €la(o))de
0 ¢ o O

/ a@ldy ||+ / £la(6)|de < oo
0

3

IN

=00
due to (1.3). The lemma is proved.

Using Lemma 5.1, one can make the following conclusions for ¢ > =z > 0:

o (51) < o(2), o(t) < o(x), e1@=1F) < 21O ()10 < 20100),
Therefore estlmates (5.3), (5.4), (5.19)-(5.22) can be rewritten in the form
1 t
M, 1) < 5o (9”2* ) 2O <<t (5.23)
L (241N 200
N(z,t)] < St W 0<x<t, (5.24)
1 1
(2,8 < = g (50 4 2o@)o (ZEE) 200 gcpcr (525
4 2 2 2
1 t 1 t
Mo (2 8) < = g (20 4 2o(@)o (EEE) 210, <o <, (5.26)
4 2 2 2
1 | 1 ¢
(2, 6)] < = g (Z50) | + 2o@)o (Z0) 200 g<wct,  (5.27)
4 2 2 2
1 1
e, 1)l < 5 |g (2”) + o) <””;t) 2O g<cx<t (528
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Further, consider the extensions of the operators I + K and I+ L, denoted by
M and ML, respectively, extended to H&e by formulas (2.5), (2.6).

Lemma 5.2. The operators M, M~" : H) ., — Hg ., D(M) = D(M™") = Hg,
defined by (2.5), (2.6) are continuous from H&e to Hg’e. In addition, R(M) =
RM™Y) = Hy .

Proof Let f e Hg,e. The evenness of Mf is evident. Since I + K is
continuous from L?[0, 00) to L?[0,00), we can see that M is continuous from Hg,
to Hg}e. The assertion on the operator M~! is proved in a similar way. From the

continuity of the operators it follows that R(M) = R(M™') = H{),. The lemma
is proved.

Lemma 5.3. Let ¢, € H&e. Then the adjoint operators M*, (M~1)* :
Hy, — Hy., DOM*) = D(M™1)*) = HY, are continuous from HY, to H,
and can be defined by the formulas

I¢]

(Vo) (1) = o(t) + / Mz, [f)o(z)ds,  tER, (5.29)
0
"
(MDY 0)(t) = ¥(t) + /N(ffa [t)(x)dr, teR. (5.30)
0

In addition, ROM*) = R(M™1)*) = Hy .

Proof. Let f € Hy,. Substituting (2.5) into the known definition (Mf, ) =
(f,M*p) and changing the order of integration, we obtain (5.29). In the same
way, we get (5.30). The continuity of the operators (M)* and (M™")* from Hy
to H(()),e follows from the continuity of the operators M and M~! from Hg,e to
H{ .. The fact that R(M*) = R(M™1)*) = H{, follows from the continuity of
the operators. The lemma is proved.

Lemma 5.4. The operators M, M1 : H&e — H&e, DM) =DM = H&e
defined by (2.5), (2.6) are continuous from H&e to H&e, and R(M) = R(M™1)
= H},.

Proof Letfe Hj, Taking into account that lylle < llyllg + ||y’H8 for
any y € H}, we have

0 0
DU < 1713+ | [l or@a| +| 2 [uel st . Ga0
|| 0 |z 0
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Taking into account (5.5), (5.23), using the Cauchy-Bunyakovsky-Schwartz in-
equality and the inequality || f H8 <|f Hé, we obtain the estimate for the second
summand in (5.31),

s o 1/2

[ sl ) / 70 Dt da
0

||

1/2 1/2

00 00 £201(0) 0o 0o . 9
| [ [ wopaas )< s ( [ [l ()] aras
0 =z 0 =

3O | [t [o (55t s < TRen0pah G
0

IN

| /\

T

Using (5.10) and the evenness of f, we get the estimate for the third summand
n (5.31),

0 0 0
oo oo [

= [wtal o] < |sgns (el 5@ +; |sinar) [ a©ds

|| 0 || 0 || 0

Taking into account Lemma 5.1 and the inequality Hf||8 < Hf||é, we obtain

0 2 1/2
5 [penar@) [a@de| <3| [ 7@ [a@de] do| <0011
|| 0 > ||

Taking into account (5.5), and using the Cauchy-Bunyakovsky-Schwartz inequal-
ity and (5.26), we get

oo 2 1/2

sign /OOMx(\x], 1 F(b)dt / 71\’[36 | da
0

||

1/2 00 00 1/2

2 2 _ 0 2
<2 / / M, (z, 1) 2t / FORdedz | =17 / / My (2, 1) Pdtde
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o (3 o () e o o (55 (55
+»1gwmm@ﬂ$»279Qy<I;t>)2dt W) (5.33)

xT

Let us estimate the last three summands. From (1.3) it follows that there exists
Cy > 0 such that |¢| < Cy a.e. on [0,00). Using Lemma 5.1, we obtain

6//%(2 )ﬁmz8//mw%stS/ Pldydz = S01(0).
0z 0 x 0z

Then we use Lemma 5.1 again to obtain

L 201(0) T+t T+t
4 /H )’<2>M

1 Vi 1
< 567 00(0)2n(0) [ ola)de = 36O (0 01(0)°
0
Continuing estimate (5.33), we get
. 0
signa [l 07 @ < P,
|| 0
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. 1/2
where P = (%01(0) + 2719 (5(0))201(0) [1 + 62"1(0)01(0)]) > 0. Thus,

0

& [wtetoswa) <113 (jo0+P). (5:39

|| 0

Substituting (5.32) and (5.34) in (5.31), we obtain that the operator M is continu-
ous. Analogously, M ™! is continuous from H& . to Hé’ .. From the continuity of the
operators it follows that R(M) = R(M™!) = Hyj , when D(M) = DM = Hy .

The lemma, is proved.

Lemma 5.5. The operators M, M~! 01 — H ! e D(M) DM™Y) = H;}
defined by (2.7), (2.8), are continuous from Hg, Lo H0 ! oand ROM) = R(M1) =
Hyl.

P roof. Let us prove that the restrictions of the adjoint operators to H&e
are continuous from H&}e to H&,e and their range is the space H&,e if the domain
is H&e. The proof of the continuity of the operators M* and (M~1)* is similar
to the proof of the previous lemma. Here the adjoint operator is considered
instead of the original one. From the continuity of the operators it follows that
R(M*) = R(M~1)*) = H&e. Thereby, the operators M and M ™! are well defined
by formulas (2.7), (2.8). Since the adjoint operators are continuous, then M and
M~! are continuous from Ho_el to HO_;7 and thus R(M) = R(M™1) = Ho_el The
lemma is proved.

Lemma 5.6. Let f € H&e, Then
M(S") = OMF)" — QMf — 26 / 1,0, €) F(€)dE + 5£(0 / a(¢
0 0

Proof Let o€ Hj, Letus transform the expressions (M(f”),¢) and
(M f)", @) using (2.5), (5.29), (5.10) and the evenness of f and ¢. Further, we
will consider the difference (M(f"), ) — (Mf)”, ). Thus,

M(f7),0) = = (', (Mp)) =

|| o)
1
f(x), ¢ (x) +signz | Mu(y, lzl)e(y)dy + signzp(z)5 [ q(§)d
0/ |-T/
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|z

= (") + (f(fv)’%(fv)/

0

|| oo
+ (fm, [ st x)so(y)dy) - (f’(x) signar [ q(ﬁ)dé,cp(l’))

0 ||

Mz (Y, x)s@(y)dy) + (f(x), o() My (y, le)ly:m)

= (" 0) + (£(@) Malt, oDl iy 02)) + ( / Mttw,t)f(wdt,go(x))

K
- (f’(@ Signx;/Q(é)d&sO(x)) :

||

Taking into account that ¢(|z]) = Q(x), x € R, we have

()", 0) = =((Mf)', &)

- - (f’(x) +signa [ (o] 07 (@)t - signas (o) q(f)ds,so%x))

|| ||

=(f", )+ (25( )/Mx(o t)f(t)dt, p(x )) + (/Mm(%t)f(t)dta@(x))
- (f ) Mo ([], 8)|,— )y, (@ (5 /q §)ds, 90(95))
0

- (f’( )81gnw §)de, o(x ) ().
m

Thus,

(M(f”)7 ()0) - ((Mf)”? (:0) = (/[Mtt(xv ‘t‘) - Mxx(“ﬂ’ ’t’)]f(t)dt7 QD(‘T))

||

(£ [Malts oDl g+ Mol Dl ] 0(2)) = 5(F(2)Q2), 0(2))
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- (25(96)/Mx(O,t)f(t)dt,sO(x)> + (5(w)f(0)/q(§)d§,<ﬁ($)> :

0 0

From (5.9), (5.10) it follows that My (|z|, [t|) — Mzz (||, |t]) = —¢(|z|)M(|z], ) when
ol < Ji] and Myt [l iy + Ma(lal,)]mpy = ¥ (lal, ol) = ~1/2q((a]). Conse-
quently,

(M) = )", )

=- (Q(w)/M(xvt)f(t)dt,w(:C)) — (f(@)Q(x), p(x))

|z

(25(3;)/»435(0,75)1“( )dt, o ) ( /q )€, p(z )

0 0

- (Q(x)(Mf)(w) —26(z) / M, (0, 1) (£)dE + 6(z) £(0) / q(f)dﬁ,w(w))
0 0

from which the assertion of the lemma follows. The lemma is proved.

Lemma 5.7. Let g € H&e. Then

o0

MLg") = (ML) + MHQS) — 26 / 1,0, ) (€)dé — 5£(0 / a(¢
0

0

P roof. Consider any ¢ € H&K As in the previous lemma, using (2.6),
(5.30), (5.17) and the evenness of g and v, we obtain

M (g"), ) = (", 0) + (/Nn(wat)g(t)dt,w(x))

||

+ (g(fc) Moo (8, |2 ])| = W(@) + (g’(w) Signx;/Q(S)d&w(fﬁ)) :

||

(Mg)", ) = (", 0) + (25(»”6)

Nx<o,t>g<t>dt,¢<w>) ~ S @), v(w))

332 Journal of Mathematical Physics, Analysis, Geometry, 2012, vol. 8, No. 4



On the Neumann Boundary Controllability for the Non-Homogeneous String

o0

¥ /mﬂxwmwwww)@mmAmwtxwwn

||

+ 5(x)g(0)/q(€)d£,w(x)) + (g’(fv) Signw;/q(ﬁ)d&w(x)) :

0 ||

Using (5.16), (5.17), we obtain

(MHg") = (M 1g)" ) = (/[Ntt($7t> sz(wyt)}g(t)dtvw(w))

|z

o] )lig]  9@)) + 5(9()Q), ¥())

+ (9@ | uwum+wu

v
RS
(&%)

&

g
=
0\8
)
~
~
<
&
~

20(x g(t)dt, (x)

(/Q W(Jz], g(t)dt, v(x)
2
d(x
(M

v\_/
Q
i
B

( “1(Qg))(x) — 25(x /m0t fdt — 5 /qd@#)
0 0

The lemma is proved.

2 /Nth t)dt, (z

00
0

Lemma 5.8. Let f € Hg,e such that f € L>®(R). Then Mf, M~1f € L>®(R).

|

The assertion about the operator M~! is proved in a similar way. The lemma is

Proof Using (2.5) and (5.23), we get

7 201(0)
/MWJMH)<f(1+6;

|z|
< |fl (1 + 6201(0)01(0)) < 00.

[o(E0)

|z

IMSf] < [f] (1 +

proved.
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