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1. Introduction

In [1], D.J. Kaup proved that the nonlinear system of equations

Nr = Dy + 52(I)zzxx - 5(q)z77)x
n= (I)T + %5<I)§a

is completely integrable. The system describes the waves propagation in shallow
water. In [2], the complex finite-gap multiphase solutions expressed in terms of
the Riemann theta-functions are considered, the multi-soliton solutions are found
and the asymptotic behavior of these solutions is studied. In [3, 4] and [5, pp.
169-179], the real finite-gap regular solutions of Kaup system were studied.

First author partially supported by FEDER and Ministerio de Educacién y Ciencia, Spain,
project MTM2010-15314.
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It is not difficult (see [2]) to verify that after transformations

43 1 43 1 4 ,
= B (q +p2)+77 @Tzi(q+3p2)+gu Qx:_Tfp) t:Z/BT7

g 9 9 9

the system of Kaup equations takes a simpler form

{ pr = —6ppy — qa
Gt = Praz — 4qPz — 2pq,.

This system we will also call the Kaup system.
The Kaup system can be considered as a compatibility condition (see [2])

Yzat — Ytax = [(qt — Daza + 4qpz + 2p%6) + 2>\(Pt + 6pp, + q:rz)]y =0

for the system of the linear equations

{ ~Yzz + qY + 22py — N2y =0
Yt + 2(]? + /\)yx — P2y = 0.

The first of these equations is called the quadratic pencil of Sturm-Liouville
equations.

The inverse problem for the quadratic pencil of Sturm—Liouville equations in
the class of “rapidly decreasing” coefficients by scattering data on the half line
and whole line was solved in the works of M. Jaulent [6], M. Jaulent, I. Miodek
[7], M. Jaulent, C. Jean [8, 9], F.G. Maksudov, G.Sh. Guseinov [10], by the
Weyl-Titchmarsh function, in the work of V.A. Yurko [11], on the finite interval
by spectrum and normalization constants as well as by two spectra was studied
by M.G. Gasimov, G.Sh. Guseinov in [12], with periodical potential on the whole
line by G.Sh. Guseinov in [13-16], B.A. Babazhanov, A.B. Khasanov, A.B. Yakh-
shimuratov in [17] and A.B. Yakhshimuratov in [18].

In this paper, the method of the inverse spectral problem for the quadratic
pencil of Sturm—Liouville equations with periodic coefficients is used to integrate
the system of Kaup equations with a self-consistent source in the class of periodic
functions. We note that some nonlinear equations with a self-consistent source
in the class of periodic functions were studied in [19-21].

2. Problem Statement

We consider the system of Kaup equations with a self-consistent source

Pt = —6pps — o + / BO )5(m, A, £) (@3 ) adA, (1)
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Gt = Pazz — 49Dz — 2Py
12 / BOL S0, M) —paths e+ (A — 2p) (st )2}, (2)

in the class of real-valued w-periodic on the spatial variable x functions p = p(x, t)
and g = q(z,t) which satisfy the regularity of assumptions

peC3t>0)NCHt>0)NC(Et>0), ¢qeCHt>0)NC(t>0)
with the initial conditions

p(:U,t)‘t:O = po(.%') ) Q(xvt)’tzo = qo(x). (3)

Here pg € C3(R), qo € C?(R) are the given real-valued 7-periodic functions such
that for any nontrivial function y € W20, 7] satisfying the equalities y/(0)5(0) —
Yy (m)y(m) = 0 and (y,y) = 1, the following inequality holds:

(pov,y)? + (q0y,y) + (v, /) > 0,

where (-, -) is a scalar product of the space Ly(0, 7). The last condition we will
call condition (A).

In the previous expressions, 3(\,t) is a given real-valued continuous function
having a uniform asymptotic behavior 3(\,t) = O(A™2), X — foc and ¢y =
Y+ (x, A, t) are the Floquet solutions (normalized by the condition 14 (0, A, t) = 1)
of the quadratic pencil of Sturm—Liouville equations

Tty =—y" +qu+22py— N>y =0, z€R. (4)

We denote by s(z, A, t) the unique solution of equation (4) satisfying the initial
conditions s(0,\,t) =0, (0, A, t) = 1.

The aim of this work is to develop a procedure for constructing the solution
(p(z,t), q(z,t), Yy (z, A\, t), Y_(x, A, t)) of problem (1)—(4) by means of the inverse
spectral problem for the quadratic pencil of Sturm-Liouville equations (4).

We note that the Lax pair for system (1), (2) consists of equation (4) and the
equation

Yt +2(p + Nyz — pey + F(z, A\ t) =0,

where

Faan = [ Wt>s<mu,t>w+<x,uitzvz{w_<x,u,t>,y<x,x’t>}

du.

Here W{z(2), y(x)} = 2(a)y'(x) — 2'(2)y(2).
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The Floquet solutions for (4) are defined in a similar way as for the Sturm-—
Liouville equation. Using the expression for the Floquet solutions, it is easy to
derive the identity

s(my A, OV (T, )0 (T, N\ t) = s(m, A\ t, 7), (5)

where s(z, A, t, 7) is the solution of the quadratic pencil of Sturm—Liouville equa-
tions with coefficients p(x + 7,t) and ¢(x + 7,t) satisfying the initial conditions
s(0,\,t,7) =0, s'(0,\,t,7) = 1. In particular, from equality (5) it follows that
the integrals in equations (1) and (2) are m-periodic on x, so we can speak about
periodic solutions of system (1), (2).

Equality (5) and asymptotic formulas (see [22])

Os(m, A\, t,7)

8<7T7 )\7t77_) = O<)\_1)7 8
-

=0\ Y, \— +£oo,
provide a uniform convergence of the integrals in equations (1) and (2). Identity
(5) will also play the main role in Section 6.

The function ¢ (x, A, t)1_(z, A, t) has the pole of the first order at the zeros
A = &p(t), n € Z\{0} of the function s(m, A,t). Thus, we will understand the
expression

S(T[', fn(t)’ t)1/1+($, fn(t)v t)¢— (xv gn(t)v t)

as

$(m,&n(t), )04 (2, € (), ) (2, En(8), 1) = lim s(m, A, 1)y (2, A, t)ih— (2, A, ).

3. Preliminaries

In this section, for the sake of completeness, we will give some information
about the theory of the inverse problem for the quadratic pencil of Sturm-—
Liouville equations (see [13-16]).

We consider the quadratic pencil of Sturm—Liouville equations (4). The spec-
trum of problem (4) coincides with the set

o(T)={AeC : ImA(\) =0, A*(\) <4},

where A(X) = c(m, A\, t) + §'(m, A\, t) is called a Lyapunov function or Hill dis-
criminant of the quadratic pencil (4) (see [4], [5, pp. 169-179]). Here c(x, A, t)
is the solution of equation (4) which satisfies the initial conditions ¢(0, A, t) =1,
cd(0,\,t) = 0. If ¢ € L3[0,7] and p € W0, 7] are the real-valued m-periodic
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functions satisfying condition (A), then the spectrum of problem (4) is real and
it coincides with the set

o(T)={ e R —2<AMN) <2} =R\ |J (Mon-1. Aon).

n=—oo

The intervals (Aa,—1, A2p), n € Z are called the gaps or lacunas. The numbering
is introduced such that A_1 < 0 < Ag.

The numbers &, = &,(t) with the signs o, = o,(t) = sign{s'(m, &, t) —
c(m,&n,t)}, n € Z\{0} are called the spectral parameters of problem (4). Notice
that &, coincides with the eigenvalues of the Dirichlet problem for equation (4).
Moreover, the inclusions &, € [Aa,—1, A2,] and the equality

s(moAt)=m H ékk_A (6)
0#£k=—00

are fulfilled.

Remark 1. If & = g1 or &, = Ay, then §'(m, &, t) — ¢(m, &, t) = 0.
For determinacy, in this case we will assume o, = 1.

The boundaries A, of the spectrum and the spectral parameters &,, o, are
called the spectral data of problem (4). The determination of spectral data of
problem (4) is called a direct problem and conversely, the restoration of the
coefficients p and ¢ of problem (4) by spectral data is called an inverse problem.

The spectrum of the quadratic pencil of Sturm—Liouville equations with the
coefficients p(z + 7,t) and ¢(x + 7,t) does not depend on the real parameter
7, but the spectral parameters do. It is not difficult to prove that the spectral
parameters are m-periodic on 7. The spectral parameters satisfy the system of
Dubrovin differential equations

0%,
or

= 2(=1)"'sign(n)on v/ (& — Aan—1) 2w — &) (€),  n€ Z\{0}, (7)

where

n— Aog—1)(&n — Aok)
(gn - gk)Q

hnl€) = B 61, € )= | (€~ A 1)(En — o) T &

k#n,0

The system of Dubrovin equations and the following first and second trace

formulas:
A1+ Ao = Aok—1 + Aog
pry =2y (Rt g,
0#k=—00
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q(7,t) + 2p?(7,1) =

provide the method for solving the inverse problem.
4. Main Result

The main result of the paper is included in the theorem below.

Theorem. Let (p(z,t), q(x,t), Yy(x,\t), v_(z,\t)) be the solution of
problem (1)—(4). Then the spectrum of problem (4) does not depend on t, and the
spectral parameters &, satisfy the analogue of the system of Dubrovin equations

aain = 2(—1)"opsign(n)v/ (& — Aan—1)Nan — &) gn()Pn(€), n € Z\{0}, (8)
where
gn(§) = gn(-- €1, &, ) = A+ Ao+ Z (Aok—1 + Aop — 26x) + 26,
0#k=—00
[ BOOs(m 1)
‘f’é gn—_)\d)\.

The sign o, = £1 changes at each collision of the point &, with the boundaries
of its gap [Aa2n—1, Aan)|. Moreover, the following initial conditions are fulfilled:

gn‘t:() = 52, Un’t:() = 0'27 n € Z\{0}, 9)
where €2, 0¥ are the spectral parameters of the quadratic pencil of Sturm-—Liouville
equations corresponding to the coefficients po(z) and qo(z).

P roof. Denoting the sum of the last two addends in equations (1) and (2)
by Gi(z,t) and Ga(z,t), we rewrite the system of equations (1), (2) in the form
{ pt = —6ppy — gz + G1 (10)

4t = Pzax — 4qPz — 2Pz + G2.

Let yp,(x,t) be the normalized eigenfunction of the Dirichlet problem for equa-
tion (4) corresponding to the eigenvalue &,. It is easy to see that

1
yn(xat) = Cn(t)S(m’fn(t)’t)’ (11)
where

2 (t) = / 2(w, &n(t), t)da
0
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Differentiating the identity

_(yx7 yn) + (qyna yn) =+ 2£n(pyna yn) - frzL =0

with respect to t, we get

_(Z)Z, yn) - (y;f, yn) + (Qtyn + qUn, yn) + (qyna yn)

+2£n(pyn7 yn) + 2§n<ptyn + PYn, yn) + 2§n(pyn, yn) - 2§n§n =0.

From the last equality we obtain
</ . . 1 .
(=90 + qUn + 2D, Yn) + (—Yn + qYn + 2£0DYn, Un)

+ (Qt?/n + 2£0PtYn, yn) + 2én(pyna yn) - anén =0,

2571 [gn - (pyna yn)] = (Qtyn + 2600t Yn, yn) )
that is,

™ m

26, | & — [ pypda | = [ (@ + 26upe)yida. (12)
[riee) =]

Now, substituting expressions (10) into formula (12), we deduce the equality

T ™ ™

2£.n &n — /py,%dx = /pmmcyidx _/(2p+2£n)y721qg:d$
0 0 0
—/ (4q + 126,p)yapeda + / (G2 + 26,G1 )yl da. (13)
0 0

Integrating the first two integrals in the right-hand side of (13) by parts and using
the Dirichlet conditions, we obtain the identities

™ s

0 0
/ (2py2 + 26,92 ) gpda = — / (2p2y2 + Apynys + 4nynyl)qdz. (15)
0 0

Substituting (14) and (15) into (13), we deduce the equality

™

2€n gn - /pygd.%’

0
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= / 202(Yn)? + 2D2ynye — 1260pp2ys + (—2payn + 4Pyl + 460yl qyn]da
0

™

+ / (G2 + 26,G1)y2dx. (16)
0
Using the identity
qYn = 57213/71 + y;{ — 28npYn,

we can rewrite the first integral in the right-hand side of (16) in the form

I = / {2p2(ul)? + Apyl ) — (282pay? + A2 pynyl)
0

™

—(8€nppay2 + 8D ynyh) Y + / 4 ynyl + Anyhyi]da.
0

Hence, calculating the last integrals, we find that

I = 2(p(0,) + &) [(yn (7, 1))* — (4, (0,))]. (17)

Now we calculate the last integral in (16)

b= [(Got26,60kde = [ B0HsmADIO OB, (8)
0 —o0
where
IO = <2 [ pstodn 2 [ (6 X~ 20 (1 ),
0 0

It is not difficult to verify that

s T

JOt) = —2 / pav2 p— di + / (€ + A — 20)2 (W + Yo

0 0

™

_/ [_szy,% +2(&n + A — 2p)yny;] Yy dx
0
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T

_ / (&n + X = 2D)yn— (yn¥ly — ypiby)da
0

™

[ €t A= 20 (. — - (19)
0
Using the identity

(Yl — yptos)
gn - )\ ’

(En+ X =2p)yntps =

from (19) we can deduce that

J(A 1) = [(yn(m,1))% = (4,(0,2))7]. (20)

1
fn A
Substituting (20) into (18), we obtain

{/ B, t)s(m, A, t)d)\}[( (7, 1)% = (1/,(0,1)?]. (21)

Hence, by means of expressions (16), (17) and (21), we may conclude that

2% (ﬁn - /pyﬁd»”ﬂ) = [2p(0,1) + 26u][(yp (7, 1))? — (y,(0,1))?]

0

{ JE t)dx}uy;(mt»?<y;<o,t>>21. (22)
From the identity (see [16], p. 56)
2/ A = p(x,t)])s%(z, A\, t)de = §'(, )\?t)&s(g,)\)\,t) — s(, )\,t)aS/(Z;’)\)\’t)

Journal of Mathematical Physics, Analysis, Geometry, 2013, vol. 9, No. 3 295
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Substituting expression (11) into equality (22), we have

26, (t) (gn(t)ci(t) — / psQ(x,fn(t),t)dw)

0

= 2[p(0, 1) + &u(1)][s (7, En(t), 1) — 1]

+{/ B\ t)s(m, /\ t) }[slz(ﬁ,gn(t),t) —1],

and using identity (23,) we get

W = 2[p(0,£) + En(t)] <S'(W’fn(t)’t) N 8’(9651n(t)t)>

{/ B, t 7'( A, t)d)\} <S,(7T,£n(t)7t) — W) . (24)

Now, substituting the values x = 7 and A = &, (¢) into the identity

&n(t)

c(x, A\ t)s (x, A\ t) — ' (z, N\ t)s(x, A\ 1) =1

we find that )
c(m, &n(t), 1) = FIE NI (25)
According to (25) and the identity
[e(m, M\ t) — ' (7, M\, 1)]2 = (A%(N) — 4) — 4 (m, N, t)s(m, A, t),
we obtain the equality
S a0, = A(E(0) — 1 (26)

$'(m &n(0).6)
Using (6), (26) and the expansion

A%(\) —4 = —4n?(\ — A1) (A = Xo) ﬁ (A — /\21@_]2(/\ — /\Qk),

0#k=—00

we deduce / L
s'(m,6n():1) — sz mD
0s(m&n(t),t)
o\
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= 2(—1)"onsign(n) v/ (&n — A2n-1)A2n — &) hn(§). (27)

Here we also used the equality

. T gk - gn _ n:
signq —— H T (—1)"sign(n).

k#n,0

From (24), (27) and the first trace formula we conclude (8).

We notice that if instead of Dirichlet boundary conditions we consider pe-
riodic or anti-periodic boundary value conditions, then equation (22) remains
An(t) = 0, n € Z. Hence, the spectrum of problem (4) does not depend on the
parameter t, and the theorem is proved.

5. Solvability of the Cauchy Problem (8), (9)

In the case when ((\,t) does not depend on t, we study the existence and
uniqueness of the solution of the Cauchy problem (8), (9). By following [23,
Chapter 9], we do the substitution

En = Aan_1 + (Nap — Aan_1)sin® z,(¢), n € Z\{0}. (28)

We note that when the variable &, passes through the endpoint of a band gap,
either o, or the product sinx,(t)cosz,(t) changes the sign. If we choose the
initial conditions

S = Aot

, n € Z\{0}, 29
SV v— \{0} (29)

2,(0) = 29 = arcsin
then oy, (t)sign{sinz,(t) cosx,(t)} = 0,(0). After substituting (28), the system
(8) takes the form

dz,

- Hy(..., x_1,21, ...), ne€ Z\{0}, (30)

where H, (..., z_1,21, ...) = (=1)"0,(0)sign(n)gn(&)h,(€). To study the solv-
ability of the Cauchy problem (30), (29), we consider the Banach space K of the

sequences {r e K: z = (..., z_1,x1, ...), T, € R} with the norm
oo
Izl = Y (Aan — Azn—1)|al-
0#n=—o00

We put H(x) = (..., H_i(x), Hi(z), ...). Then the system of equations (30)
can be rewritten as one equation in the Banach space K
dx

— = H(a), (31)
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and initial conditions (29) can be rewritten in the form
z(t)]i=o =2, 2 €K (32)

From the conditions po(x) € C3(R) and go(x) € C?(R) there follow the
asymptotics (see [16])

- +
C C C g C C C 13

Moo =n+co+—+ 2+ 2+ Agp=ntogt— + 5+ =+ 2 (33)

n n n n n n n n

where ¢, k=0, 1, 2, 3 are constants, and {Eff} € ly. Consequently, taking into
consideration that &, € [Aap—1, Aon], we get that k;nfo\gn —&k| > a > 0. Using
n?

these facts, we deduce the estimates

Ign
an(6)] < Cilal, |28 <,
alnl < () < il 2528 < o,

where the constants Cy, kK =1, 2, 3, 4, 5 are positive and do not depend on n
and m.
Next, for the derivatives of the functions f,,(§) = gn(£)hn(§) we obtain the

estimate
Ofn(§)
Om

where the constant C' > 0 does not depend on n and m. By using this estimate
and asymptotics (33), the Lipchitz condition can be easily proved

< Cn?,

[H(z) = H(y)l| < Lllz —yll, YV, yekK,

where the constant L > 0 does not depend on x and y. Thus the solution of the
Cauchy problem (31), (32), and hence of the Cauchy problem (30), (29), exists
and it is unique for all ¢ > 0.

6. Corollaries and Remarks

In this section we give some conclusions concerning the main result proved in
the previous section.

Corollary 1. If instead of p(x,t) and q(x,t) we consider the functions
p(x+T1,t) and q(x+T,t), then, as seen from the previous section, the eigenvalues
of the periodic and antiperiodic problems do not depend on the parameters T and
t. However, the eigenvalues &, of the Dirichlet problem and the signs o, depend
on 7 and t: &, = &,(7,t), op = op(7,t) = £1.
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Corollary 2. The theorem gives a method for solving problem (1)—(4). First
we find the spectral data \n, n € Z, £3(7), 02(7), n € Z\{0} of the quadratic
pencil of Sturm—Liouvelle equations corresponding to the coefficients po(x + T)
and qo(z+7). Then we solve the Cauchy problem &,(7,t)|i=0 =&(7), on(T,1)]i=0
= 00(7), n € Z\{0} for Dubrovin system (8). Finally, by using the formulas of
the first and second traces, we get the expressions of p(t,t) and q(7,t). After
that the Floquet solutions 14 (x,\,t) of equation (4) can be found easily.

Remark 2. We show that the constructed functions p(7,t), q(7,t) satisfy
system (1), (2). For this we use the system of Dubrovin equations (7) and the
following trace formula (see [16], pp. 96-97):

3
——DPrr (Ta t) + 4]93 (7-7 t) + 3]9(7'7 t)Q(Tv t)

4
(A-1)* + (Ao)’ o~ (Qae)® + Q) s
N > ) I
0#k=—00
From the system of Dubrovin equations (7) and (8) we have
Ok _ 2p(7't)+2£k+/ﬁ)\t 7T>\t’7)al)\ %, ke Z\{0}. (35)
ot & — or

From the first trace formula and equalities (35) we can find

O, - = 3&;
0#£k=—00 076]6:—00 0#£k=—00
/ 81 W%‘g’“ dx. (36)
0# &k — T

Differentiating the first and the second trace formulas with respect to 7, we obtain

00
0

Z agk_ —Dr, 2 Z gk’ €k = —4pp; — qr. (37)

0#£k=—00 0#k=—00

Using these equalities and identity (6), from (36) we deduce

a 7>\7 t’
P = —6ppr — ¢r + / B(A,t)S(WaTT)d)\. (38)
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Taking into account equality (5), from (38) we obtain equation (1). Differentiat-
ing trace formula (34) with respect to t, we get

> 0
w=—dp—2 Y Gk

0#k=—00

> 0 = 0
=—dpp+dp D G gk +4 > g ;Tk
0#k=—00 0#£k=—00

7 Eps(my A\ t, 7') agk
+2 / B(At) 07&; 5 or d.

From (34), (37), (6) and the last formula, we find

gt = —4ppt + 2p(—4ppr — ¢7) + (prrr — 16p°pr — dprq — 4pgr)

=1 ﬁ()\,t){s(w,)\,t, T><_pT)HW}dA_

Substituting expression (38) into the last formula and taking into account equality
(5), we obtain equation (2).

Corollary 3. If the number of zones is finite, that is, there are two nonne-
gative integer numbers N and M such that Aop_1 = dop = & for all kK > N and
k < —M, then system (8) has the form

8;: = 2(—1)"0 (7, t)sign(n)\/ (& — Aan_1)(an — &n)

N

X | (&= A& —20) ] n” )(\zi_i)g;z_ o)

k#n,0
N
XAA 1 +do+ D (Aapo1 + Ao — 26) + 26,
0Ak=—M
+/ﬁ 7T)"t’T)d/\ Cn=—M, ..., —1,1, ..., N.
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Corollary 4. In [17], there was proved the theorem which states that the
lengths of the gaps of the quadratic pencil of Sturm—Liouvelle equations with
m-periodic real-valued coefficients decrease exponentially if and only if the co-
efficients are analytic. From this theorem we conclude that if po(x) and qo(zx)
are real analytical functions, then the lengths of the gaps corresponding to these
coefficients decrease exponentially. For the coefficients p(x,t) and q(x,t) there
correspond the same gaps. Thus the solutions of problem (1)—(4), p(x,t) and
q(z,t), are real analytical functions on x.

Corollary 5. In [18], an analogue of Borg’s inverse theorem was proved: the
number % is a period of the coefficients of the quadratic pencil of Sturm—Liouvelle
equations with mw-periodic real-valued coefficients if and only if all eigenvalues of
antiperiodic problem are double. From this theorem we conclude that if the func-
tions po(x) and qo(x) have the period %, then all eigenvalues of antiperiodic prob-
lem corresponding to these coefficients are double. For the coefficients p(x,t) and
q(x,t) there correspond the same eigenvalues with the same multiplicities. Thus
the solutions p(x,t) and q(x,t) of problem (1)—(4) are the F-periodic functions
on x.
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