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1. Introduction

It is well known that the zeroes {z,} of any bounded analytic function in the
unit disk D satisfy the Blaschke condition

D (1= |za]) < oo (1)

There have been a number of papers published where there can be found the
analogous conditions for various classes of unbounded analytic and subharmonic
functions (see, for example, [6-9] ). In [5], there was studied the case of analytic
functions in D of an exponential growth near a finite subset £ C dD. In [1], the
case of an arbitrary compact subset E C 9D was considered. Namely, there were
considered subharmonic functions v in D such that

v(z) < dist(z, E)"9, zeD, (2)

for some 0 < ¢ < co. The Riesz measures (generalized Laplacians) u = —Awv

are proven to satisfy the condition

/ (1 — [A])(dist(A, )@+ dp(A) < oo (3)
D
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for o such that

2
(9D . dl ‘ E trat

0

Here x4 = max{0, z}, and m is the normalized Lebesgue measure on 9D, that is,
m(0D) = 1. If m(E) > 0, then (3) and (4) are valid for any o < 0. If (4) is valid
with some a > 0 and ¢ < «, then p satisfies the Blaschke condition for bounded
from above in D subharmonic functions

/ (1~ ADdp(A) < oo. (5)

It was also proved in [1] that (3) is not valid for the subharmonic function
vo(z) = dist(z, F)~? in the case of divergent integral in (4).

If f(z) is an analytic function, then log|f(z)| is a subharmonic function with
the Riesz measure ), k,0.,, where 4., are the unit masses in the zeros {2} of
f(2), and k,, are the multiplicities of the zeros. Hence, if this is the case, (2) has
the form

()] < expdist(z, B) 1, (6)

while (3) has the form
D (1 = |z|)dist(zn, B)T < oo, (7)

Note that condition (6) seems to be too restrictive to be applied to the op-
erator theory [1]. It is natural to consider subharmonic (and analytic) functions
such that

v(z) < p(dist(z, E)), (8)

where ¢(t) is the monotonically decreasing on RT function, ¢(t) — +oo as
t — 40. It is clear that for any subharmonic function v in D, which grows
as dist(z, E) — 0, condition (8) is valid for ¢(t) = sup{v(z) : dist(z, E) > t}.

The Main Results

To formulate our results we need some notations. Let
p(z) =dist(z, E), F(t)=Fg(t)=m{¢ € dD: p(() < t}.
Consider

2
I(p,F):= /gp(s)dF(s).
0
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Note that F'(t) is continuous on [0, 2] and has a discontinuity at ¢ = 0 if and only
if m(E) > 0.

Theorem 1. Let E be a closed subset of OD, v be a subharmonic function in
D, v # —o0, and v(z) satisfy (8). If I(p, E) < oo, then the Riesz measure p of
the function v(z) satisfies (5).

Example 1. Let B = {C,...,G&}, o) = t7tlog *(1/t), a > 1.
It is readily seen that F(t) = 2kt/(2m) + o(1) as t — 1. The assumption of
Theorem 1 is fulfilled and the Riesz measure of any subharmonic function v(z) <
p~1(2)log™*(1/p(2)) satisfies the Blaschke condition (5).

Theorem 2. Let E, v and u satisfy the assumption of Theorem 1, p: RT —
R* be an absolutely continuous nonnegative monotonically decreasing function,
p(t) — 400 as t — +0, and P(t) be an absolutely continuous monotonically
increasing function on [0, 2] such that 1¥(0) = 0. If

1/25

/ P(50y)¢’ (y) F (y)dy > —o0, 9)

0

then

/ BN (1 — ADdp(A) < oo. (10)

D

Remark 1. In the case m(E) > 0, we always get I(¢, E) = oo and thus
the assumption of Theorem 1 is not satisfied. Further, (9) takes the form

1/25

/ $(50y)¢ (y)dy > —oo.
0

In the case E' = 9D, the result coincides with that obtained in [8].

Example 2 Let E = {(,...,G), o(t) = e/t. The assumption of
Theorem 2 is satisfied with (t) = e~¢/* for ¢ > 50. Hence, if v is a subharmonic
function v(z) such that v(z) < exp(1/p(z)), then for ¢ > 50 the integral

/ exp(—¢/p(2))(1 — |A)du(N)

converges.

The following theorem shows the accuracy of Theorem 2.
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Theorem 3. Let E, ¢, 1 be the same as above and, in addition, ¢(1/t) be
convex with respect to logt. If

2
/ B(1)' (v) F(y)dy = —oo, (11)
0

then for the Riesz measure g of the function vo(z) = ¢(p(z)) we get

/ B(p(N)(1 = [Adpo(A) = +oo.

Now consider the case v(z) = log |f(z)| with the analytic function f(z).

Theorem 1'. Let E be a closed subset of OD, p(t) be an absolutely continuous
nonnegative monotonically decreasing function on R*, o(t) — +oo as t — +0,
I(p, FE) < o0, f be an analytic function in D with zeros z,. If

£ (2)] < explp(p(2)),
then its zeros satisfy the Blaschke condition (1).

Theorem 2'. Let E, f, ¢ be the same as in Theorem 1, but the condition
I(p, E) < oo for some absolutely continuous monotonically increasing function ¥
on [0, 2] such that ¥(0) = 0 be replaced by (9). Then

> (p(zn, B))(1 = |2n]) < o0.

Remark?2 Forp(t)=t1 ¢(t) =1t Theorems 1-3, 1’, 2" were proved
earlier in [1].
2. Demonstrations

We begin with the lemmas.

Lemma 1. Let v be a nonnegative finite measure on X, g(x) be a Borel
function on X, ¢(t) be a Borel function on R. Then

/ (00 g)(@)dv(z) = / P()dH (1),
X —00

where H(y) = v{z : g(x) < y}.

The proof of this lemma can be easily reduced to the case v¥(X) = 1 which is
well known (see, for example, [2, formula (15.3.1)]).
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Lemma 2. For each z € D and 7 € [0, 1] we have p(z) < 2p(7z).
P roof Consider ¢ = z/|z| and 2’ € [0, (] such that p(z’) = dist(E, [0,(]).
The cases 2/ =0 and z € [0, 2/] are trivial. Suppose z € (z,{). We have

p(2) < p(2) + |2 = 2l < p(2) + |2 = (.

Consider ¢’ € E such that p(2') = |2’ — {’| and the triangle with vertexes on 2/,
¢, ¢’. The angle in 2’ is right, and the angle in ( is greater than /4. Thus,
|2 — (| < |2/ — | and therefore p(z) < 2p(2") < 2p(72).

Note that the result of the lemma was used in [1, p.41] without proof.

Proof of Theorem 1. First, suppose v(0) = 0. Let I(¢, F) < oo. Using
Lemma 1 with the measure m(¢) on 0D and taking into account the equalities
F(y)=0fory <0 and F(y) =1 for y > 2, we get

(%) 2
/ (90 p)(Q)dm(C) = / o()dF(y) = / pW)AF(y) = I(p. ) <o, (12)
oD 0 0

First prove that there exists a harmonic majorant for v in . Using the
properties of the Poisson integral

1— |2

e
D

@ (p(C)) dm(C),

we obtain

lim U(z) = ¢(p(¢)), ¢ € ID\E.
Hence lim,_¢(v(z) — U(2)) < 0 for ¢ € OD\E and lim,_ccp U(z) = +oo0.
Let Q, t € (0,1), be the connected component of the set {z € D : p(z) > ¢}
such that 0 € ;. Put

Ty={zeD:p(z)=t}, E,={CedD: plz)<t}, E°=0ID\E,.

Since E} is a finite union of disjoint open sets, it is seen that Ef is a finite union
of disjoint closed sets. Moreover, 0€); C Ef UT';. Note that for the connected
{z €D:p(z) >t} we have 0 = Ef UTY.

For z € Ty, take ¢’ € E such that |z —('| =t. Puty, ={C € dD:|(—{| < t}.
Clearly, v, C E;. Since the function ¢(t) is positive and p(p(¢)) > @(t) on E; |
we get

/ \C_ s 5 P(p(€))dm(C) = p(t)w(2, 72, D),

z|
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where
1=
I — A2
Ve

w()\a’YZv]D))

dm(¢)

is the harmonic measure at the point A = z with respect to the arc 7, (see, for
example, [3, §4.3]). On the other hand, the harmonic measure at any point A € D
with respect to the arc v, equals 5/(27), where 8 = B()\) is the length of the arc
of the unit circle formed by the strait lines passing through A and the ends of 7,
(see [10, chapter I, §5]). By direct calculations, §(z) = m — 2arcsin(¢/2). Since
0 <t <1, we obtain w(z,v,,D) > 1/3 and

1 v(2)

U(2) > o(t) w(z,72,D) > 3 olt) > =2,

ZEFt.

Therefore,
lim,_¢[v(z) —3U(2)] <0, ¢ €y, lim,_¢[v(z) —U(2)] <0, ¢ € Ef.

Using the maximum principle, we get v(z) < 3U(z) for all z € Q.
Furthermore, by the Green formula [3, Theorem 4.5.4], we have

o(z) = ()~ [ Go VY, (13)
Q

where u; is the least harmonic majorant of v in €;. We have us(z) < 3U(z) for
z € Q. The Green function Gg,(z,A) in Q; is equal to

GQt(Zv)‘) = log 1/("Z - )‘D - ht(Z,)\),

where h;(z,\) is the harmonic function in ; with the boundary values log1/|z —
Al. By [1, proof of Theorem 1], Gq,(0,\) > (1 —]|A])/6 for A € Qj with k = 25 >
67 + 3. Consequently,

@ =10du3) <6 [ Go,0.)u03) = 6u(0)
Qe Q
I8V =18 [ 4(p(0))dm(c) = 181(p. E).
oD

The later inequality is valid for all t > 0, hence we obtain the statement of the
theorem for the case v(0) = 0.
If v(0) > 0, consider the function v(z) — v(0) instead of v(z).

| | v —v(0)
If —oo < v(0) < 0, consider the function vy (z) = @(Q)M. We have
0(2) < (o) TP o),

1=0(0)/¢(2)
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Notice that the Riesz measure of the function v;(z) coincides with the Riesz
measure of the function v(z) up to a constant depending only on v(0). Hence the
Blaschke condition (5) for v; implies the same condition for v.

If v(0) = —o0, consider the harmonic function h(z) in the disk {|z| < 1/2}
such that h(z) = v(z) for |z| = 1/2 and put

vi(z) = max(v(z), h(2)),|2| < 3
R CEREESY
Clearly,

v1(z) < ‘r|na>; v(z) < (1/2) for|z| <1/2 and v1(0) # —oc.
z|=1/2
In addition, v1(z) is subharmonic in D (see [3, Theorem 2.4.5]) and the restriction
of its Reisz measure p1 to the set {z € D : 2| > 3} is equal to u. Applying the
proved statement to the function ¢;(z) = max{¢(z), ¢(1/2)}, we obtain

Ja=di() <.
D
Therefore the integral in (5) is also finite. Theorem 1 is proved.
Proof of Theorem 2. Arguing as above, we can consider only the case
v(0) = 0.
Let Q, Ty, Ey, Ef, 7., w(\, 72, D) be the same as in the proof of Theorem 1.
For z € D, put

_ |2 1 — |22
K_fk ©m(@)+o(0) [ Epamc) (a)
Since v, C E;, we get
Viz) 2 (1) (2,7 D) > 5 (1),

Therefore,
lirrésupv(z) < lin% 3Vi(z) = 3Vi(C), (¢ € 0%x.

Using the maximum principle, we get v(z) < 3Vi(z) for all z € €, in particular,
v(0) < 3V4(0). Clearly, we have

:/w@wmoz/mmmm+/¢wowmo
oD E
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Using Lemma 1 with g(¢) = p({) and taking into account the equality

H(y) =m{¢: p({) <y} —m{C:p(() <t} =F(y) — F(t),
we get
2
w@F@+/wMOWMO=¢®Hﬂ+/ﬂwM@)
E¢ t

Integrating by parts, we get

2
Vi(0) = o) F(t) + »(2)F(2) — p(t) F () — /@'(y)F(y)dy

—wm—/¢@ﬂmw (15)

Therefore, using the Green formula (13) and the estimate u;(z) < 3Vi(z) of the
least harmonic majorant us in ), we get

2
/Gm(o» A)dp(A) = u(0) < 3V4(0) =3 (SO(Q) - /w’(y)F(y)dy) : (16)
Q¢

t

By [1, proof of Theorem 1], Gg,(0,A) > (1 —|\|)/6 for A € Qp with k = 25 >
67 + 3. Therefore,

2
/(1 — [ADdu(N) < 18 (90(2) - /«P’(y)F(y)dy) (17)

Qe t

if kt € (0,1). In particular, the measure (1 — |A|)du(X) of the set {A € D : p(A) >
e} is finite for each € > 0. Applying Lemma 1 with the function g = p and taking
into account that p(\) < 2, we get

2

/ P(p(N) (1 = [ADdp(A) = /w(t)dG(t)

{reD:p(X)>e} €
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with G(t) = S (1 —|[A)du(N). We have
{AeD :eLp(N) <t}

2 2
/wmwwz—/@@d / (1 - [ADdu(N)

€ {Ap(A)>1}

2
— () L/ u—uwm»+/¢w> t/ (1 - ADdu(N) | de. (1)

{Aip(A)>e} {Aip(N)>t}

We claim that under the condition

2
/wl(t) / (1 = |[A\Ddu(N) | dt < oo
0

p(N)>t)

we have
(e) / (1= \)du(\) — 0 as e— 0. (19)
Poo(ze)

Indeed, for any 1 > 0 and sufficiently small positive § < & < 2,

/@w> / (1~ |ADdu(x) | dt <.
1)

{Ap(N) >}

Therefore,

</¢w> / (1~ [ADdu(N) | dt < n.

5 {A:p(N\) >t}
Passing to the limit § — 0, we obtain

b(e) / (1~ [ADdu(A) < 1,

{Ap(N)=e}

which proves (19).
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By Lemma 2, if p(z) > ¢, then p(7z) > t/2 for all z € D and 0 < 7 < 1. Hence
the interval [0, 2] belongs to the set {¢ : p(¢) > t/2}, and {2 : p(2) > t} C Q).
Therefore,

2

Jew| [ a=mdue /w [ =i | ae

€ {p(N)>t} L%

By (18), to prove the convergence of the integral
[ o0 = ADdu(),
D

it is sufficient to show the convergence of the integral

2 1/k
/w’ / (1= Ddu(V) dt—Qk/zp’(th) /(1—])\|)du()\) dt.
0 /5 0 Ot

We have

2
/ ) | [ wF@y | di= 502 [ SwFwa
t
2 1/k
—}ig(l) k /90 dy+/¢2k‘y JF (y)dy
t

1/k

1
> const + o [ (k)¢ (1) F(0)dy.
0

By the condition of the theorem, the last integral is finite. The proof is complete.
Proof of Theorem 3. Note that the function —log p(z) is subharmonic,

hence the function ¢(p(2)) = ¢ <lgp()> is subharmonic as well.
e O, z
Using the Green formula (13) for the function vp(z) in the domain €, we get
p(1) = 00(0) =u(0) - [ (o 1/N = O duwoy).  (20)
Q¢

where ul(z) is the least harmonic majorant for vg(2) in ¢, and hy(0,\) is the

solution of Dirichlet problem in €, with the boundary values log1/|A|. Clearly,
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ht(0,A) = 0. On the other hand, if V;(z) is the defined in (14) harmonic function
in D, then lim, ¢ Vi(2) = v(¢) for ¢ € Ef and Vi(z) < ¢(t) in D. Hence,
Vi(2) < wo(z) on Ty and Vi(z) < uf(2) in €. Combining equality (15) for V;(0)
with (20), we get

©(2) —/w’(y)F(y)dy < (1) +/log fMduo(A)-
t Qy

Note that €, C {\: p(A) >t} and log — < 2(1 — |A|) for |A| > 1/2. Hence,

w
2
- / o (5 Fy)dy < 2 / (1= |A)dpo(A) + const. (21)
t {Xep(N)>t}

On the other hand, arguing as in the proof of Theorem 2, we get

/ B(p(N)) (1 — M) do(N)
{A:p(A)>e}
2

= () / (1~ [A)dpo(A) + / (1) / (1~ A dpo(A) | .

{np(N)2e) e (p(N)>t)

Using (21), we get

€) /2 ¢ (y)F(y)dy / /2 ¢ (y)F(y)dy | dt

£

<2 [ w0~ WD) + const

{Ap(N) e}

Integrating by parts in ¢, we obtain

- [uooFad <z [ weOn - Mdi) +const.

{hip(N)>e)

Proceeding here to the limit as € — 0 and using the assumption of the theorem,
we complete the proof.
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