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In this paper, the geometric properties of warped product Hamiltonian
spaces are studied. It is shown there is a close geometrical relation be-
tween a warped product Hamiltonian space and its base Hamiltonian mani-
folds. For example, it is proved that for nonconstant warped function f, the
Sasaki lifted metric G of Hamiltonian warped product space is bundle-like
for its vertical foliation if and only if based Hamiltonian spaces are pseudo-
Riemannian manifolds.
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1. Introduction

The notion of warped product spaces was introduced to study manifolds with
negative curvatures by Bishop and O’Neill [3]. Afterwards, the warped product
was used to model the standard space-time, especially in the neighborhood of
stars and black holes [10]. The notion of the warped product Finslerian mani-
folds was initially introduced by Kozma [5] in 2001. Recently, it was developed
by one of the present authors [1, 4, 11]. In this work, the warped product of
Hamiltonian spaces is introduced and it is shown that these spaces obtain Hamil-
tonian structure as well. Moreover, some geometric properties of warped product
Hamilton spaces such as its nonlinear connections are studied.

The Lagrange space has been certified as an excellent model for some impor-
tant problems in Relativity, Gauge Theory and Electromagnetism [6, 7]. The
geometry of Lagrange spaces gives a model for both the gravitational and elec-
tromagnetic fields. Moreover, this structure plays a fundamental role in studying
the geometry of the tangent bundle TM. The geometries of the cotangent bun-
dle T*M and the tangent bundle T'M which follows the same outlines are related
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by the Legendre transformation. From this duality, the geometry of a Hamilto-
nian space can be obtained from that of certain Lagrangian space and vice versa.
Using this duality, several important results in the Hamiltonian spaces can be
obtained: the canonical nonlinear connection, the canonical metrical connection,
etc. Therefore, the theory of Hamiltonian spaces has the same symmetry and
beauty as the Lagrangian geometry. Moreover, it gives a geometrical framework
for the Hamiltonian theory of mechanics or physical fields. With respect to the
importance of these spaces in physical areas, present work is formed to develop
the concept of a warped product on Hamiltonian spaces. Aiming at our purpose,
this paper is organized in the following way:

Let (M, H) be a warped Hamiltonian space of the Hamiltonian spaces (M, H1)
and (Ma, Hy). In Sec. 2, the notion of the warped product Hamiltonian spaces is
presented and some natural geometrical properties of the cotangent bundle for a
warped manifold are given. In Sec. 3, it is shown that (M, H) is a Hamiltonian
space and its canonical nonlinear connections are calculated as well. Moreover,
the Sasaki lifted metric G on T*M is introduced. In Sec. 4, the Levi—-Civita con-
nection of pseudo-Riemannian metric G on T*M is calculated. Finally, in Sec. 5,
we prove some theorems that show close relation between the geometries of the
warped product Hamiltonian manifolds and their base Hamiltonian spaces.

2. Preliminaries and Notations

Here, a Hamiltonian space is a pair (M, H), where M is a real n-dimensional
manifold and H : T*M — IR is a smooth function whose Hessian with respect
to the cotangent bundle coordinate is a d-tensor field of type (2,0) symmetric,
nondegenerate and of constant signature on T*M\{0}. Let H} = (M;, H;) and

5" = (Ma, Hy) be two Hamiltonian spaces with dim(HY) = n and dim(H3") = m,
respectively. The warped product of these spaces is denoted by H = (M, H),
where

M = My x My and H=H|+ fHy (1)

for some smooth function f : M; — R*. Then a coordinate system on M is
denoted by {(U x V, ¢ x )}, where {(U, ¢)} and {(V, 1)} are coordinate systems
on M; and My, respectively, such that each x = (z,z) € M has the local expres-
sion (z¢, 2%). It is notable that throughout the paper, the indices {7, 7, k, ...} and
{a, B, A, ...} are used for the ranges 1,...,n and 1,...,m, respectively. More-
over, the canonical projections of T*M; on M; and T*Msy on M, are denoted by
71 and o, respectively. The fibre of the cotangent bundle at x = (x,2) € M is
T(’;:yz)M =T7 My © T; M, therefore T*M = T*M; @ T™ M.

The induced coordinate systems on T*M; and T* M, are (z°, p;) and (2%, qa),
respectively, whose coordinates p; and ¢, are called momentum variables [8]. The
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change of these coordinates on T% M7 and T* M are given by

ji:i’i(:plv"'axn)’ Za:,%a(zl,...,zm),
~7 poted
rank (%) =n, rank (giﬁ) =m, (2)
~ Oz S~ _ 02°
Di = 5zibj - Jo = pza4s-

Let (x,p) = (x,2,p,q) € T*M = T*M; & T*Ms. The tangent space at (x,p) to
T M is denoted by Tix )T M, that is, a 2(n+m)-dimensional vector space. The
natural basis induced on T( ,yT*M by the local coordinate of T M; and T™ My
is { 82“ %, 6‘;, %}. These coordinates are changed with respect to transfor-
mations (2) as follows:

9 _ 9% 9 + op; 9

Ozt — Ox' 97 Ox' 0p;’

0 _ 020 o0 0is 0

0z& 7 0z% 938 0z% 04g° (3)

o _ 9zt
6pi - 8501' aﬁ’
o __ 0z2¢

8QO¢ — 938 @

In the paper, the notations d* and 9 are used instead of 8%1- and %, respectively,
similarly to the notations in [8]. The Jacobian matrix of transformations (3) is

oI
o0 0 0

0o 22 o o
Jac = 815j 66 Ozt 0 . (4)
Ozt 9 o0zI o
z
0 0z% 0 03P
It follows that
det(Jac) = 1.

By means of last equation, we have the following corollary.

Corollary 2.1. The manifold T*M = T*M; @ T*Ms is orientable.

Let 9% and aia be abbreviations for 9°6¢ + 9*62+" and 8?& 8+ 8% I
respectively, where the indices {a,b,c,...} are used for the range 1,...,n + m.
Throughout the paper, these notations and range of the indices are established.

We know that there are some natural structures that live on the cotangent
bundle T*M. It would be interesting to present them on the cotangent bundle of
a warped product Hamiltonian space. First, the Liouville—-Hamilton vector field

of T* M is given by

C* := py0* = pzaZ + qaéa =C7+C5, (5)
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where C] and C5 denote the Liouville-Hamilton vector fields of 7™M, and 1™ Mo,
respectively.
Next, the Liouville 1-form 6 on T*M is defined by

0 := padx® = pidz’ + qodz® = 01 + 0, (6)

where 61 and 6 are the Liouville 1-forms of T*M; and T™* Ms, respectively.
And, the canonical symplectic structure w on T*M is defined by w = df and
has the local expression

w = dpg A dx® = dp; N dz' + dgg A dz® = wi + wo, (7)

where wy and ws are canonical symplectic structures of T*M; and T Ms, respec-
tively.

Finally, if the Poisson bracket on the cotangent bundles of T* My, T* My and
T*M are denoted by {.,.}1, {.,.}2 and {.,.}, respectively, then they are related
as follows:

oh g

{gah}za g@_a haxa :{gah}1+{g7h}27 (8)

where g,h € C°(T*M).
The Hamilton vector field of the Hamiltonian function H is denoted by X
and satisfies the equation
txyw = —dH.

Let Xg, and Xg, be Hamilton vector fields of the spaces H} and HY*, respectively,
then the following theorem gives an expression of Xyy.

Theorem 2.1. Suppose that H = (M, H) is a warped product Hamiltonian
space defined in (1). Then the Hamilton vector field of H is given by

f -
Xy =Xug, + fXn, — Hzaxiaz.
Proof. By the definition of Hamilton vector fields, we have tx,w = —dH.
It is a straightforward calculation to complete the prove. [

3. Nonlinear Connection on Warped Product Hamiltonian
Space

For the Hamiltonian spaces H} and HZ5*, the equations

g7 = J0'07 Hy, 9
g% = 19090 H, (9)
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define the fundamental tensors of the spaces HY and HY', respectively. The
fundamental tensor of the warped product Hamiltonian space (M, H) is given by

1-,= U0

ab a b g

= — H = . 1
) = (g00m) = (% s ) (10)
Now, it is easy to check that (M, H) is a Hamilton space as well. By the definition
of the canonical nonlinear connections of a Hamiltonian space presented in [§],

the canonical nonlinear connections of HY, H3* and H, respectively, are obtained
as follows:

1 1 o%H 9*H
Nij = 3{9ij, H1} — 7 (gz‘kapka;j +gjk3pk3;i) ;
1 1 9%H 9%H.
Nap = Z{gaﬁaH2} — 1 (QQWW +gﬁva%7a§a> ) (11)
_ 2 2
Nap = %{gaby H} - % (gacagcg;b + gbcagcg(a> )

where (i), (gag) and (gap) are the inverse matrices of _(gij ), (¢*%) and (g?),

respectively. The relation of the nonlinear connections N, of the Hamiltonian
space H and those of Hf and H" are given by

JYU = Nij + %3/%91']'%1{27

a 0,
Nag := Nigsn)(g4n) = Nap = %gaﬁakﬂlﬁa (12)
Nig := Ni(a+n) = _%gaﬁaﬂHQ 8:5’"

Let m be the projection map
™= (7[-17772) : T*Ml @T*M2 — My x M.

Then the kernel of 7, is known as the vertical bundle on T*M and denoted by
VIT*M. The local sections of VT*M are given by

o0 0 o,
Op1” T Opn 0q1’ T Ogm

Using the nonlinear connections Nij, N, and Naﬁ, we can define the nonholo-
morphic vector fields

S*gt 1T &*x? Oxt

{6*&6*:8+Mﬁ+Mﬁ%
5oz = g = gor + Naid' + Napd”,

(13)

which generate the warped horizontal distribution on T*M denoted by HT™*M.
The dual 1-forms of these local vector fields are given by

dx® = dz'6¢ + dz%0g 1 n)

§*p; := 0p; = dp; — Nyjda? — Niadz®, (14)
0%qa = 0Patn = dqa — Naidl‘i - Naﬁdzﬁ-
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Moreover, the Sasaki metric G on T*M of the Hamiltonian structure H is defined
by

G= gl-jd:vi & d.%’j + M

7 d2® @ d2° + g5 p; @ 5*p; + F9*P6* g0 @ 6% qp

(15)
4.

The Levi—Civita Connection of Metric GG

The Lie brackets of the local vector fields given in previous section are pre-
sented as follows:

[ o* , o* ]:
551 661]

ija + ch‘)a
5’Sgg“ 5*z°‘]

Rm]a + nga

; (16)
S 200 5*zﬂ] = Raﬂza + Rocﬁ’ya 5
where g _
L _ 0"Njk _ §*Nyy . _ 8" Nja 8*Nig
Rzgk = TSttt oramd R’Lja = g*% - 5g$]<_'[a
__6*N, 5* N, _ 0"Nap *Nig
Riok = é;*]a\:;’{k - 5*%&'“ v Riap= S0 —
_ 0"Ngr  6*N,
Rocﬂk: — oz T k

e T T (17)
5% 28 Roaﬁ'y: =

_ 0*Nay
0%z

§*28 °
The components R are called the curvature tensors of the nonlinear connection

Ny and they are skew-symmetric with respect to the indices a and b. Moreover

] = 0" (Nj) 0",

o ) = 0 (N + (NP,
8ia 6’(‘;*0‘} — 8Z(Na,@)aﬂ
5* 2P ]

(18)
GQ(Nﬁk)ﬁk + 8“(1\%7)8

Let V be the Levi-Civita connection on (T*M,G) which is given by
2G(VxY,Z2)=XG(Y,Z2)+YG(X,Z) - ZG(X,Y) (19)
for any XY, Z € T'(TT*M). Then the components of V are given by

koo f k goB 8
ST 5*1] Fz] 6*Ik - Nakgzj

5*Zﬁ =+ ggz]kak + Rzgaaa
_ jk_é*
v% 5*20‘ V55* 5* 7 JrRzaaa - 77NO£] Z 6*$k (20)
1 ol o*
AL~ Mgl + FRicad”
[ § “f9ap ij 0%
v% 528 = T2 oqi 9 Frad

+ T g5 + 2f29amax +1R,5,0%,
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(V50 = Vo' = 10 Hyg™" 9k 0
—f<f261<Nﬁ )g7g" + fac'f(zvﬁk) Kighh) 2
Vil = 5580+ ' (Ni)g? + & (Nie)g™) g 520
+%aﬂH2gzjk§xJ; 6fzﬁ +1 1 Zjak (21)
Vsad® = —L(EI5" + faawm)gvﬁ + O (Niy)g7) g 5
\ Lo +8a<N 09" + 0% (N,0)g%) g 55 + 35707,

\Y% 5*,5]. V3] 5* 7 8J( Zk)ak aj( Zk)ak
~3(g]" + Rinsg¥g™) 520 — {Riarg™ 9™ 55
+3 (555]1 + 0% (Nis)g S])gkhah+ 370%(Nir)g Jgaﬁaﬂv
V 5 O° —vaaé* 7 8a( w)aa = laa( Nia)0"
§*at
%Rkiﬁgﬁagjh : 9755
6* fe3
Rt Y w)gm)gm8A
V s 0" = vai(sfia - aZ(Naﬁ)aﬁ 81( aﬂ)aﬂ
6%z * ik .
RkasgSZ Wh 5*$h + fRﬁakgkzgﬁ’ya*zv + %fs*za gkhah
+2f65( Nok)g™ 96,07,
V s+ 85 vdﬁé* a *a ( aa)aa = 85( aa)aa

6%z

(22)

IRparg?P g™ L(g2 + [P Rarng”g") 5
\ — 0apk ol i (%ﬁj yr + 07 (Nag)g”’g12)0,
where
g = 06", gabe = 9ergly = 9ergueds’ = Gerghegaag™
and

rk — g (g | Sgin g
S*at S*xd Sl

_ 9 (8°gsn | 8°Gar  07gag
2\ *zxe 5* 2P oz )

—
Q=2
@

5. Foliations on Warped Product Hamiltonian Spaces

In this section, we study geometric properties of the vertical distribution
VT*M which is bundle-like with respect to the metric G and totally geodesic.
The conditions which are equivalent to these properties show a close relation be-
tween the geometry of the warped Hamiltonian manifold and its base Hamiltonian
spaces.

Theorem 5.1. Let H = (M, H) be a warped product Hamiltonian space with
nonconstant warped function f. Then the warped Sasaki metric G is bundle-like
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for the vertical foliation VI™* M if and only if (M, (gi;)) and (M, (gag)) are two
pseudo-Riemannian manifolds.

Proof With respect to the bundle-like condition (see [2, 9]), G is bundle-
like for VT™* M if and only if

G(VxY +VyX,Z)=0, VX,Y eT(HT*M), ZeT(VT*M).

It is equivalent to the following equations:

o* o* . o* 0" o
V5o Vg ) = OV a5 Vi o 0 =0
5* 6* .. 6* 5* .
GV sy —=+V s+ —,0")=G(V_s Vs 07)=0
( é’éua 5*uﬁ + ,Vfuﬂ (‘)‘*UO‘7 ) ( é*ua 6* ﬁ + 5* B 5* Sy’ ) ’
G ) =G(V o —— - ——.9%)=0
(vafw S*ue * va* @ §*pt’ ) (véiwl o*u® * V{S’fuo‘ §*at’ )
By using (19)—(22), one can obtain that above equations are satisfied if and only
if gijr = gapy = 0, and this completes the proof. ]

Theorem 5.2. Let H = (M, H) be a warped product Hamiltonian space with
nonconstant warped function f. Then, H = (M, H) is a Landsberg—Hamilton
space if and only if the vertical foliation VI™*M is totally geodesic.

Proof. With respect to the definition of the Landsberg—Hamilton space [8],
(M, H) is a Landsberg—Hamilton space if and only if

0*Gab . R
Gab|.c = 5*)?6 + gbdaa(Ndc) + gadab(Ndc) =0.

By using (19)—(22), one can check that

Gabl.c = 0

is satisfied if and only if V™M is totally geodesic, and this completes the proof.
|

Theorem 5.3. Let H = (M, H) be a warped product Hamiltonian space with
nonconstant warped function f. Then the horizontal distribution HT*M 1is a
totally geodesic one if and only if (M, H) is an Fuclidean space.
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Proof. Supposethat HI™*M is a totally geodesic distribution, then

Va* 5 Va* 5 V 5 Va* 6

2 v o — IR
st 0¥’ st 6*u®’ e O*xt’ e 0*ul

From (20), the above conditions are hold if and only if

e T(HT*M).

Rabve = Gabe = 0.

These equations mean that (M, H) is an Euclidean space (the pseudo-Riemannian
space with zero curvature). |

Combining Theorems 5.1 and 5.2, we have the following corollary.

Corollary 5.1. Let the warped product Hamiltonian space (M, H) be a pseudo-
Riemannian manifold with nonconstant warped function f, then the vertical dis-
tribution VT M is totally geodesic and the metric G is bundle-like for VT*M.
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