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For a commutative system of the linear bounded operators 17, T3, which
operate in the Hilbert space H and none of the operators 77,75 is a com-
pression, the functional model is constructed. The model is built for a circle
in de Branges space.
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The functional model of the compression operator T acting in the Hilbert
space H was first obtained by B.S. Nagy and C. Foias [5]. The model allows to
present the operator T' as an operator of multiplication by the independent vari-
able in a special space of functions [5, 2]. The study of the spectral characteristics
of this model has led to a number of non-trivial problems on either functional
analysis or theory of functions including the issues of interpolation, tasks of basis,
completeness, etc. [2].

When the Nagy—Foias dilation technique [5] was used, there appeared signif-
icant difficulties in the constructing of similar functional models for the commu-
tative systems of the operators {77, 7T>} defined in the Hilbert space H. Thus,
the above problem could not be solved even for 17 and T5 being compressible.
The solution was found in [7], which is based on a generalization of the concept
node for commutative system operators, and in fact was proposed by Livshits.

In [8], a functional model of a pair of commutative operators is built when
one of them is compressed. The construction is based on the Fourier transfor-
mation technique. If none of the operators {77,7»} is not a compression, then
the given method is not applicable. In this paper, we construct the functional
models for a commutative system of the operators {71, 7>} where neither T} nor
T5 is compressed. For this case the functional model is constructed in de Branges
space corresponding to the unit circumference obtained in [6].

(© V.N. Syrovatskyi, 2014



Functional Models in De Branges Spaces of One Class Commutative Operators

1. Background Information

Let us consider the bounded linear operator T" acting in the Hilbert space H.
The collection

T ¢

A:(J;HGBE;V:[\II i

};H@E;J) (1.1)
is called a unitary knot [1-4] if the linear operator

T & -
V:[‘I, K].H@EHH@E (1.2)

satisfies the correlation
« I 0 |10 I 0 « |1 0

vloslv=[o ] vlede-lo 5] o
where J and J are involutions in the Hilbert spaces E and E, respectively, J =
J*=J 1, J=J"=J ' Any bounded linear operator T in H can always be
included into a unitary knot A (1.1) if we set [2], —E = Dy« H; £ = DrH; ¥ =
|Dp|; ® = /|Dp=|; J = signDyp+; J = signDp; K = —JT*; where, as usually,
Dp =1 —T*T are defective operators of T, and /| A|, signA of the self-adjoint

operator A are understood in terms of the corresponding spectral decompositions.
The knot A (1.1) is called simple [2] if H = H;, where

Hy =span{T"®f +T*""V"g; f € E;g € E;n,m € Zy}. (1.4)

The subspaces H; and Hy = HlL = H © H; reduce the operator T', and the
reducing of T to Hy is a unitary operator [2].

The main invariant of the knot A (1), which describes simple knots, is a
characteristic operator function introduced by Livshits in 1946, [1],

SA =K+ V(2 —T)" !9, (1.5)

which plays the main role in the theory of triangular [2] and functional models
[4, 5] for the operators close to the unitary ones (in terms of definition (1.1)).
Suppose that dimE = dimE = r < oo and J = J. Let us choose the
orthonormalized bases {en}] and {¢/}} in F and E. Then from the results
of Potapov [2] it follows that the matrix-function Sa(z) = || < S’A(z)ea,e/ﬁ >
I, in the case when the spectrum o(7') of the operator T' belongs to the unit
circumference T = {z € C;|z| = 1}, has the multiplicative structure

—

l

et + z
Sa(z) = /exp{el% — JdFt} , (1.6)
0

z
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where ¢; is a non-negative non-decreasing on [0, ] function, and 0 < ¢; < 27; F}
is a non-decreasing hermitian (r x r) matrix-function on [0, ¢] for which trF; = t.

Using Potapov’s presentation (1.6), it is not difficult to build a triangular
model of the operator for Sa(z) (5). By L?,(F,), denote the Hilbert space of
the vector functions ’

L})(Fy) = {f( )= (fi(@),..., fr(z /lf )dF, f*( )<oo}. (1.7)
0

In L?,(F;) (1.7), define the linear operator T,

Tf(x) = f(z)e® — 2 / F(8) dF@E D1 e, (1.8)

where the matrix ®, is a solution of the integral equation

xT

0

Similarly, the matrix-function ¥, is a solution of

l
v, + /q/t dF T =J,  z€l0,l] (1.10)

T

Let us define the operators ® : E +— L2,(F,) and ¥ : L?,(F,) — E (here E = C")
as follows:

Bf(x) = VBV, W)= V2 [ @) dF, (1.11)

where f € E and K = Sa(00) (1.6). The collection

T &

Ne=(J; L2 (Fy) @ B,V = [pr

] s L2(Fy) @ E; J) (1.12)

is a unitary knot (1.1)—(1.3) and is called a triangular model of the simple knot A
(1.1), where L? (F,), T, ®, ¥ are from (1.7), (1.8)—(1.11). The latter means that
simple components (1.4) of the knots A (1.1) and A, (1.12), when the spectrum
of the operator T is on the unit circumference o(7") C T, are unitarily equivalent
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[2] under the condition that .J = J and dim E = dim E = r < oc.
Let us suppose that dim £ = 2 and J = Jy, where

-1 0
JN_[ ; 1] (1.13)
According to [6], we introduce
Lo(2) = (1 —27)7'®(1,1), (1.14)

Lo(2) = (1 — 2T*) 710" (1, -1). (1.15)

Definition 1. The de Branges space B(E,G) is a Hilbert space formed by the
vector functions F(z) = [F1(z), Fa(z)], where Fi(z), (k=1,2) are

l l
/f VdF,L{(Z), /f dFt (1.16)
0 0
Present the de Branges space as follows:
Byf = [Fi(2), F2(2)]. (1.17)

The scalar product in B(E, ) is induced by the prototype mapping B, (1.17),
< F(2),F(2) >p,ma)=< f(t), f(t) > L3 (Fy)» (1.18)
while F(z) = Bof(t), F(2) = B, f(t), where f(), f(t) € L3 (F).
The functions E,(z), Ex(2), Gz(2), Go(2) are defined by the relations [6]
Lo(2) = (7" — 2) By (2), Eo(2)), (1.19)

Lo(2) = (1 — ze792) G, (2), Go(2)]. (1.20)

Let T1,T> be a commutative system of the linear bounded operators acting in the
Hilbert space H. The collection of the Hilbert spaces E, E and the operators ® €
[E,H];V € [H,E);K € |E,E);0,,7s, Ns,T1 € [E,E]; 65,7, Ns,T1 € [E,E](s =
1,2) is called a commutative unitary metric knot A,

+ ~ o~ ~
A = (F17057787N87H@Ea‘{??V&HEBEv N577~—87657F1)a (121)

if for the expansions

-
I

T, ®N, + TF W*N*
) (b* K*
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the following relations are true:

1 ol, [I 0 w1 07s [I 0
S R TR TS T
2) To®N; — Ty ®Ny = Oy, Ny UT, — NoWT, =10,

3) NoWON; — NyUdN, = KT} — T K, KN, = N,K(s = 1,2),

where o, 75, (55, 75) are self-adjoint in E(E), (s = 1,2).

The operators acting in the spaces E and E of the knot A (1.21) are depen-
dent. An arbitrary commutative system of the linear bounded operators T, 75
can always be included into the knot A (1.21) [1]. If the "defective” operators
o1 and 51 in F and E are reversible, we can always suppose that N; and N are
reversible. Let us introduce N, N,T',T in the following form:

N=N['Ny, T=N{'Ty, N=N, 'Np, T =N 'Tu. (1.22)

Let us set the linear operators 77 and 75 in L%,Z(Fw) (1.7):

l
Tof(@) = f(z)e® — 2 / F(t) dF,®1 DL e (1.23)

Tof(z) = f(z) (N(z)e?* +T'(x)) — 2/f(t) dE, ;05 VTN (x)e'?=,  (1.24)

where N(z) and I'(x) satisfy the differential Lax equations [7]:
N'(z) = [agJ, N(z)], N(0) = Na, I'(z) = [[(2),a,J], T(0) =T,
lazJ,T'(x) + e"¥*N(x)] =0,

where dF, = a,dz.

2. Effect of Operators 7 and 7} on Vectors L, and Zx

Let the knot A (1.21) corresponds to the commutative system of the operators
{T1,T5}. Suppose that E = E, dim E = dim E = 2 and 0y = 61 = Jy (1.13), the
spectrum of the operator T} consists of one point {1}, and therefore, ¢, = 0. By
L.(z) and L,(z), denote the vector functions (1.14),(1.15) which correspond to
the operator T1 (T = T1). We also denote the functions E,(z), Ey(2), Gz(2), Ge(2)
by (1.19), (1.20).

Lemmas 1-4 were proved in [9]. They define the effect of the operators T;
and 77 on the vectors L, and Em
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Lemma 1. [9] The operator T} affects the vector function Ly (z) (1.14) in the
following way:
Lm(z) — Lac (O)
z

T1Ly(2) = (2.1)

Lemma 2. [9] The operator Ty affects the vector function Ly (z) (1.15) in the
following way:

Gi(2) — Gi(2)
2

él(z) + Gi(2)

Ty Lo (z) = 2Ly (2) + 5

L.(0) - LDy, (22)
Lemma 3. [9] The operator T} affects the vector function L.(2) in the fol-
lowing way:

TiLy(z) = 222) — Zal) (2.4)

Lemma 4. [9] The operator Ty affects the vector function L.(z) in the fol-
lowing way:

Eo(2) — Eo(2) +

. L.(0) + Eo(z) + Eo(z)

TFLy(2) = 2Ly (2) + (1,1)®,.  (2.5)

Let us prove the lemma below.

Lemma 5. If the vector functions Ly(z) and Ly(z) are set by (1.14) and
(1.15), and @, ¥, are the solutions of integral equations (1.9) and (1.10), then

l
B 1 Eo(Z)
z (1, -1, dF, L} (%) = —1 R1J< 20 ) (2.6)
! — =
/ (1, 1)U, dF, L5 (Z) = %Rl ( . > +Gl(z);Gl(z), 2.7)
0
! = T =
/11<I>tdFt *(z) = 21ZR2<1>+W, (2.8)
0
l —
{ 1,1)®,dF, L} (%) R2J< gigz; ) (2.9)
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where Ry and Ro have the forms

B <Gl<o>Eo<o> — Gil0)Fo(0) £ 1 (Gi0) = Gi(0))(Gi[0) + Gi(0)) = 1)
G1(0) + Gi(0) ’ G1(0) + G1(0) ’
- (2.10)
o (Gl<oo>Eo<oo> — G2(00) — Gi(00)Gy(o0) + 1
L —
G1(00) + Gi(00)
—3G1(00) Eg(00) 4+ G2 (00) + Gi(00)Gi(00) — 2G(00) Eg(o0) £ 1>. 2.11)
Gi(0) + Gy (c0)

Proof. Let us consider the equation for the vector function L,(z)
l
(1 —2)Ly(2) + 2Z/Lt(z)dFt<I>:c1>;1J =(1,1)¥,
x

and differentiate it by x to get

l
(1 —2)L(2) — 22L4(2)a, ®EPE1T + Zz/Lt(z)dth)I(I);_l(@;_l)ﬂ] =(1,1)¥,.

Since ¥/ = W,a,J and &, = —®,a,J, then &} = —Ja,®: and (®:71) =
®:~1Ja,. By using these statements, we obtain

(1 —2)L5(2) — 22L.(2)azJ + (1, 1)V, — (1 — 2) Ly (x))azd = (1,1) ¥ a,J,
(1—2)LL(2) = (1 + 2) Ly (2)azJ,

ie, Ll(z) = 1£2L,(2)azJ and L}/ (z) = 122Ja,L%(2). Let us consider the

following statements:

(U, JLE(2)) = Vea, JJ Ly (2) + \leJiiiJame(z) = %\I!xaw[/;(z),
-z -z

(1, — 1)U T ()Y = (1, —1)—>—Wpan L2 (2).

1-72
Since ¥; = J, &9 = I, and Li(z) = (1,1)J=, Lj(z) = J( 1 )1, Lo(2) =
i(Eo(z),E'o(z)) and L§(z) = & (Eo(2), Eo(Z)), then after integrating the
statement 1
-z

(17 _1)\IjxarL;(z) = T((la _1)\IJzJL;(E))a
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1)
Eo(2)

(2.12)

we obtain

l
sy 1=z 1
/(1,—1)\ledeLx(z) = (1,-1) <JJJ < 1
0

~~_
—_
| | =
N
|
o
—_
| | —
N

_ - %(1 )T (

| &
9 [
N———

Ey(z)

Similarly, using (®,JL% (%)) = £ ®,a,L%(Z), we integrate the following state-
ment:

/llltbtdFtLt zZ) = 12_2(1,1) <<I>1JJ<1> Lo ! (Eo(Z),Eo(Z))>
0

= (1) <<I>l ( X ) - J<E0<z>,Eo<z>>) - L, ( : ) 1 Bol®) — Bo3)

Now we take the equation for the vector function zm(z),

l
(1—2)La(2) + ZZ/Zt(z)dFtJ@;1<I>J; = (1,-1)®,,
0

and differentiate it by x to get
l
(1—2)L.(2) + 22Ly(2)a, J®; '@, —2;;/ {(2)dF O B pa,d = —(1, —1)®pa,J,
0
(1= 2)L(2) + 22Lo(2)as + (1 — 2)La(2) — (1, —1)®g)agd = —(1, —1)0a,,
(1—=2)L"(2) + (1 + 2)Ly(2)azJ = 0.

Thus, L. (z) = —ifizx(z)arJ and (L%(2)) = —%ZJaxz;(z). Let us consider
the following statements:

~ ~ 1 ~ ~
(U, JL%(2)) = UpanJ JLE(Z) — M%ﬁJ%L;(z) - ().

And after integration we obtain

l
i o L (GEY (0
0/1 DWaasL3(2) = —~ (1, 1)(JJ1_Z<GI(Z)> \I/zjl_ZI<_1 ))
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Hence,

l =~
/(1,—1)%%3;@) _ 21 (1,-1)%( . ) _GE=GE) gy
0

Similarly, we can get

(@I L) = 1B, 15,
then
l
=y 1=z 1 Gi1(Z) . b 1
0/(1’1)%%%('2) =5 (L (q)"]l —z ( Gi(2) ) Ul—/( -1 >>
(2.15)
and

! N =\
O/(lal)q)xaxzjc(z) = ;Z(I)lj< gigzi > —l—%.

Write down a characteristic matrix-function Sa(z) element-wisely,
Sa(z) = < a(2) Z(Z ), and find its coefficients. Since Ny(z) = —Sa(z2),

)
N c(z) d(z) N N -
Ni(Z) = Sa(z), (1, 1)Ne(2)J = (Eo(2), Eo(2)) and (1, —1)Ni(2) = (Gi(2), Gi(2)),

o 1)-(83)

For Sa(z), we get the equations

~an (97 05 )T = B Bl

(5 ()= (22),

By solving this system, we obtain the coefficients of the matrix-function Sa (z):

c(z) = Eo(z) —a(z), blz)=a(z) —Gi(Z), d(z)=Ey(z)—Gi(Z)—al(z).
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Now we will use the condition |det Sa(2)|> = 1, ie., |detSa(z)| = %1, or
a(z)d(z) — b(z)c(z) = £1, to get the expression for a(z)

a(z) = G1(Z)Ep(2)1 ‘
Gi(z) + Gi(2)

Now we can find the expression of (1, —1)¥:

(1,=1)¥, = No(0)J = —(1,—1)SA(0)J

)

Gi(0) + G (0) G1(0) + G (0)
and the expression of (1,1)®;:

_ (Gl(mEom) — GUO)Eo(0) 1 (Gi(0) = Gi(0))(Gi(0) + Gi(0)) + 1)

G1(00) Ey(50) — GF(00) — Gi(00)Gi(o0) £ 1

(1,1)®; = (1,1)Nj(o0) = <

—3G(00) Eg(00) 4+ G2 (00) + Gi(00)G(00) — 2G)(00) Eg(oo) + 1>.
G (00) + Gy(o0)

Having defined these expressions as R; and Rs, respectively, and using integrals
(2.12)—(2.15), we obtain the expressions stated in the lemma definition. ]

Lemma 6. The operator T} affects the vector function Ly(z) (1.14) in the
following way:

TV Lo(2) = (2 4 p(2)) La(2) + v(2) La(2) + D) Le(0), (2.16)
e (Jeal) — er(ea(2)
_CQZCgZ — C1(Z)cyl =z

v(z) = o(2) —cal2) , (2.17)

c1(z) — e3(2)
) = 228 (2.18)
= BB (1, (1), BEBE) o,
_l’_

2(Eo(2)Eo(Z) — Eo(2)Eo (%))
l
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ea(z) = HCURIGE) — Gi(:)Gi(z)
(BY(=) — By(2)) (1 — 22)
and Ry, Ry have the forms of (2.10) and (2.11), respectively.

(2.22)

Proof According to Lemma 4,

Eo(2) + Eo(2)
2

Eo(z) — Eo(2) 7

T¥Ly(2) = 2Ly(2) + > L.(0) + (1,1)®,.

Now we will show that the vectors Ly (z) and L (z) are lincarly independent with
each fixed = € [0,[] and any z € C. Assuming the opposite, §(2)L(z) = Lz(z2),
let us suppose that

5(2)(1 — 2T) 1 0(1,1) = (1 — 2T%) 1 W*(1, —1).
Apply the operator T to both parts of the equation

(1—2T)"1®(1,1) — (1,1)

z

3(2)

z

=2(1 - 2T*)71o*(1,-1) — ®JS* <1> (1,-1),

(1—27)7'®(1,1)(6(2) — 2%) = &(1,1)8(2) + 2BJS* (i) (1,-1).

Let us consider the case where 6(z) = z2. From the previous equation we obtain
that (1, —1)S*(1) = —2(1, —1), which is impossible because S$*(1) = K*+20*(1—
ZT7)~1®* and S*(2) # 0 where z = 0.

If 6(2) # 22, then

(1- ZT)_lq)(l, 1) = <I><(1’ 1)6(z) + ZJS*(%)(L _1)>

d(z) — 22

and (1 — 27)"'®(1,1) € ®F for Vz, but Ly(z) ¢ ®F for Vz.
Thus the functions L,(z) and L,(z) are linearly independent and form basis in
E? for each fixed x for Vz. Therefore we present the last term in the form

EO(Z);EO("’)(L 1)@, = u(2)La(2) + v(2) Lo (2) (2.23)

subsequently multiplying (2.23) by E;(z),

~ l l
Eo(
+ o /1 1)®,dF,Li(z /Lt 2)dF, LY (Z Li(2)dF, Lt (z
0 0

o\ﬁ\
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Let us calculate the integrals in the above statement. First we get

Nol2) — Nit(w) = 2@ — 2) / Mi(2)dF M (), (2.24)

l
Ni(2) = Ni(w) = 2(z — @) / My(2)dF,M; (w). (2.25)
0

We multiply (2.25) on the left by (—1,1) and on the right by (1,1)”. Since
(_17 1)Nl(z) = (Gl(z)le(z)) and (17 1)N0(w) = (EO(w)aEO(w))v then

l
Gi(2) + Gu(2) + Bo@) — Bo(w) / Tu(=)dF L (w
0

Write the expression in the form

l
/Lt dFt = Gl(z) —; Gl(Z) + EO(CU) ; E(](w) '
0
Let us define f(z) = S5 and gfw) = BEZEE Sinco f(2) = —g(2)
then
TE=99) . pa), o
l
l ~
[rma =} (S22 5) e
0

Now, if we multiply (2.24) on the left by (1,1) and on the right by (—1,1)”, then

l
&) Bt () - < e ) = 2@~ 2) [ L)RLi),
0

l
Eo(2) = Bol2) + Gr@) + Cu(w / Li(2)dE L (w
0

and, similarly,

l ~
/ Lo(2)dFL(3) = % (dilf) - di’i”) . (2.27)
0

Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 4 441
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We also have the expressions for two integrals:

l J— -~ —
/ ( )dFt ( ) _ GGC(Z)GI(("{)__ZSJCC(Z)GCU (w)7 (2 28)
0
/ Li(2)dF L () = T Fo (ﬁ)_j(’(z)ﬁo @) (2.29)
0

By using (2.26)-(2.29), we obtain

~ l
Eo(
+ o /11<I>dFtLt )
0

) (E<>—E<>> ) <Gm<z>Gz<z> - Gm)@m(z)) |
2

Now we multiply statement (2.23) on the right by L% (Z),

l l l
Eof
+ (= / (1,1)®,dF, L} (z / Li(2)dF,L; (z / Li(2)dF,L;
0 0 0

By using expressions (2.26)—(2.29), in a similar way, we obtain

~ l
Eo(
+ o /11<I>dFtLt B)
0

_ () (Eo( %) Eol?) — Eo<z>Eo<z>) u2) (ze) +c7*;<z>) |

1— 22 2

Now let us calculate v(z) and p(z). Taking into account (2.10) and (2.11), we
will define the coefficients:

r(z) = — D F E =) <1R2( | ) +EO(Z)2_EO(Z)>
2(Eo(2)Eo(2) — Eo(2)Eo(2)) z
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_ 2AGi(:)GiE) ~ Gu()Gi(z).
(By(2) = Eg(2))(1 = 2%)

cy(2)

Hence,
W(z) = ca(z)es(2) — ar(z)ea(2) ) = c1(z) — c3(2)
ca(z) — cu(2) ’ c2(z) — cq(2)’
and thus the expression ca(z) — ¢4(2) is not identically equal to zero. Finally we
get

B BT (0) 4 w(2) L) + (2 Lt

which proves the lemma. ]

T*L,(2) = 2L,(2) +

Lemma 7. The operator Ty affects the vector function Ly(z) (1.15) in the
following way:

DL = (- ) Eae) + O L o) L), @)
uhere (5() — a)a()
.\ ca(z)es(z) —c(z)ea(z
v(z) = e2(2) = ca(2) , (2.31)
~, \_ ci(z) —c3(2)
M(Z) - CQ(Z) _ C4(Z>’ (232)

a1(e) = Eo(2)+ Bo(2)(1 — ) (_1_1RIJ<Eo<z>>>’ (233

and ca(z), ca(2z) are (2.20)
tively.

=
S
S
[\]
[\]
[\)
~—
IS
S
ISH
o)
—
2y
[\
S
[§>
—~
b
—
o]
~
=
S
S
—~
o
—_
—_
~—
3
v
=
W)
@

Proof According to Lemma 2,

Gi(2) = Gi(2)
2
We can perform the calculations that are similar to those made in Lemma 5.

Since the functions L, (z) and L,(z) are linearly independent and form the basis
in Lo, we can present the latter term of the above statement in the form

Gi(2) + Gi(2)

Tlfx(z) = zfx(z) + 5

L.(0) — (1,-1)v,.

Gl(Z);GZ(*”)(L —1)U, = fi(2) Lo (2) + 5(2) Lo (2).

Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 4 443



V.N. Syrovatskyi

Similarly, we multiply it by L,(z) and Ex(z) and using the expressions for (2.26)—
(2.29), we obtain

Gi(2) + Gi(2)
2

B I
W/(L—l)%dFtL?(Z)

0

_ 5 (EO(Z>EO(Z) - EO(Z)EO(Z)) ) (G;(z) + é;(z)) |

(1, 1)U, dF,L; (Z)

o _

1—22 2

By using (2.10) and (2.11) and introducing similar coefficients, we obtain

ai(e) = —Fole) + Bo(2))(1 = ) ( 1_131J< Eo(z) )) 2.35)

2(Eo(2)Eo () — Eo(2)Eo(2)) 2 Eo(2)
5(2) = < < +G’< DA=2)
Eo(2)Eo(%))
&(2) z +E° 1 ;Gl(2)>, (2.36)
Za(z) = 2(G ) — Gi(2)Gy(2)) ~ (2)

(E'( ) Eé(z))(l - 2%)
Thus, for v(z) and u(z) we get

_ 628 - 048 , (2.37)
(z) = 222 :iiz; (2.38)
Finally we obtain the expression
TL,() = 2Lo(2) + S L 0) i) L) - ) L)
which proves the lemma. n

444 Journal of Mathematical Physics, Analysis, Geometry, 2014, vol. 10, No. 4



Functional Models in De Branges Spaces of One Class Commutative Operators

3. De Branges Transformation
In [9], the following results were obtained, namely Lemmas 8-10.

Lemma 8. [9] De Branges transformation B, (Definition 1) affects Ty f in
the following way:

BL(TL) = (= + W@ Fu(2) + () Fo(z) + 2oBL = BoC)

where Fy and Fy have the same form as in (1.16).

Lemma 9. [9] De Branges transformation Bj affects T1f in the following
way:

By (1) = F22) ~ 12(0) (3.2)

z

where Fy and F> have the same form as in (1.16).

Lemma 10. [9] If the vector (1,—1) is latent for N* 4+ zI'* with each z, then
de Branges transformation By affects Tof, where Tof is from the knot A (1.21),
in the following way:

B(2)n(z) = F(0)n(0)

BT (2)) = - , (33)

where Fy and Fy have the form of (1.16), and the function n(z) satisfies the
statement _ _
(N* + 2I")(1,-1) = n(2)(1, —-1). (3.4)

Let us prove the lemma below.
Lemma 11. If the vector (1,1) is latent for (N + 2I'), then de Branges trans-

formation By, affects Tof, where Taf is from the knot A (1.21), in the following
way:

BL(Tuof(2)) = l;l((;) + L ((Z)) Fi(z) + :f’z) Fy(2), (3.5)
where Fy and Fy have the form of (1.16), and the function m(z) satisfies the
statement

(N 4 20) (1, 1) = mzz)(l, ). (3.6)

Therefore the coefficients i(z) and v(z) have the forms

i(z) = I (2)d3(z) — I2(2)d1(2)
do(2)d3(z) — di(2)dy(z)’
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where

di(z) = P : (3.11)
dy(z) = C1C) : Gi(z) (3.12)
d3(z) = W (3.13)
4() = Gl<z>Gl<1z>_—| Zc|?2l<z>él<z> | (3.14)

P roof. Using the expressions for 77 (1.23) and 75 (1.24), we obtain
Ty® = T)®N + @I,

2T5® = 2T PN + 28I = (277 — 1)®N + &(I'z + N),
2(2Ty — 1)1 T® = ®N + (271 — 1) '®(Tz + N),
T5Toz(2Ty — 1) 10 = T5ON + Ty (2Ty — 1) ' ®(T'z + N).
Due to the knots relations, we get the statement 7575 + U*goW¥ = I. Then

(I =0 G0)z(2Ty — 1)71® = T3 ON + Ty (211 — 1) '@z + N),

(U*Go0 — I)z(1 — 2T1) " ® = Ty ON + T5 (2T — 1) ®(T'z + N),
UG Wz(1 — 211) 10 — 2(1 — 21) 71® = TYON — T35 (1 — 211) 1 ®(Tz 4+ N).

Since the characteristic function has the form S(z) = K + ¥(z — T1)~1® (1.5),
then after writing the expressions

S(%) - K= \I/(% ~T) 7' =2U(1 - 2Ty) 1D,

ToON + Voo K =0,
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we obtain the equality

\p*@(S(l) —K)—2(1—=21)"'® =T3ON — Ty (1 — 2T1) '®(N +T2),

z

*525(2) S (1= 2Ty = —TP(1 — 2Ty) " B(N + T2),
Ty(1—2T) 1@ = 2(1 — 2T)) '®(N + )L — \11*525(1)(N 4 21) 71,
z

~ 1
Ty(1—2T1) 7 ®(1,1) = 2(1—2T1) 'O (N+2T) 11, 1) =TG5 (= ) (N+2) 7 (1, 1).
z
Let us introduce the function m(z) satisfying the equation
1

(N +:IN"1(1,1) = ) (1,1),

i.e., suppose that (1,1) is a latent vector of (N + zI").
Then the statement
Lx(z) \11*525(1)(171)

L) =y Y i)

can be presented in the form
*~ 1 ~ ~7
W5S(2)(1,1) = ALa(2) + PLa(2),

or by using the operator ¥*,
1\ _ _ o~
(1,1)v2S <Z> 09®, = iLy(2) + UL, (2). (3.15)

Multiplying (3.15) by Ly(z) and Ly (2), we obtain two statements

/l (1,1)v25 C) 58, dF,LE(2) = Ji(2) /l Li(2)dBLE(Z) + 7 /l Li(2)dELE(2),
0 0 0

0
By using previously obtained expressions for integrals (2.26)—(2.29), we introduce
the following coefficients:

l

dy(z) = / Li(2)dELE(Z) =

0

Eo(2)Eo(2) — Eo(2)Eo(Z)
1—|z]? ’
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l

i) = [TiirL(e) = DT,
0
l ~
i) = [Lueani;e) = S BE)

0

I I
dy(2) = /Zt(z)dFtZ;f(z) — Gl(z)Gl(f)__’jQI(Z)Gl(z).

0
Now, using the calculations from Lemma 5, we obtain

/@tdFth‘(z) = 12_22 ((I)lJJ< 1‘ > % — 175 i ~(Eo(2), ~o(z))) :
0

O/Z% (@,Jliz<f~;§§3>—uli21<_11>>.

By Ii(z) and I2(z), we denote the following expressions:

1) = 5o, 0ves (L) (o ) - IE@@EBED)).

I(z) = %(1,1)&5 (i) 5 <<I>1J< gigg > 4 ( . )) ,

l

then

di(2) 1(2)’
.
I (2)ds(z) — Ix(2)d1(2) (2 da(2)ds(z) — di(2)da(z)
dl(Z)dg(Z) dl(z)dg Z)

Hence we have
v(2) = I (2)d3(2) — I2(2)d1(2) 5 I (2)dy(2) — Ix(2)da(2)
dg(z)dg(z) — d1 (Z)d4(

and obtain the expression

Br(Tzf(2)) =

I
~—
l
—~
I
~—
Il
S
—
—
N
~—
&
B
—~
N
~—
[
SN
[\
—
I3
~—
9
w
—
N

which proves the lemma. [
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From Lemmas 6-11 we have the following theorem.

Theorem. Let a commutative knot A (1.21) be such that E = E,dimE = 2,
o1 =61 = Jn (1.13), the spectrum of the operator T} be located at the point {1}
and the vector (1,1) be latent for (N + 2I'), i.e., let the function m(z) be such
that (N +2T)(1,1)T = m(2)(1,1)T, and the vector (1, —1) be latent for N*+ 2I'*,
i.e., let the function n(z) be such that (N* + 2I'*)(1,—1)T = n(2)(1,-1)T. Then
the main system of the commutative operators {T1, T} of the knot A (1.21) is
unitarily equivalent to the system of operators that operates in the de Branges
space B(E,G) in the following way:

— 53 - Bo(2) .

(TVF)1(2) = (= + u(Z) Fa(2) + v(z) Fa(z) + 5 2(0),
(TyF)a(2) = Fz(z)ze(O)
— Fl(Z) ,E(Z) ; D(Z) .
(T2F)1(2) = m(z) m(z)Fl( ) + m(z)FQ( ),

(TQF)Q(Z) _ FQ(Z)H(Z) - F(O)H(O) 7

z
where (F1(z), F2(2)) € B(E,G). The coefficients u(z), v(z) and ji(z), v(z) have
the forms of (2.17), (2.18) and (3.7), (3.8), respectively, N, N,I',T" are defined
by (1.22). The correctness of this definition follows from the reversibility of o
and o.

_Note. Let us consider the conditions (N + ) (1L, DT = m(2)(1,1)T and
(N* 4+ 2T*)(1, -1)T = n(2)(1,=1)T from the theorem. If we use (1.22), then the
condition of intertwining [7]

S(2)N1 1 (Ng 4 2'y) = Ny Y(Ny + 2I1)S(2)

will have the form B B
S(z)(N + 2T") = (N + 21")S(2).
After multiplying this equation from left by (1, —1) and from right by (1, DT and

usingm(z)(1, )T = (N+2I)(1,1)T and (1, —1)(N+2T) = (1, —=1)n(Z), we obtain
m(z)(1,-1)S(2)(1, )T =n(z)(1, -1)S(2)(1,1)T.

Hence the conditions imply that either m(z) = n(z) or (1,1)S(z)(1, )T =0 for
Vze C.

Thus the functional model is built for the commutative system of the op-
erators 17, T, which is the main for the commutative knot A(1.21) satisfying
the conditions of the theorem. However, 17 and 75 affect one of the compo-
nents [Fi(z), F5(z)] as a shift and the other one as a multiplication by special
holomorphic functions.
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