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1. Introduction

Consider the one dimensional Schrodinger equation with the piecewise-constant
leading coefficient

—y" + q(z)y = Np(z)y, —oo <z < o0, (1.1)

where A is a spectral parameter, ¢(x) is a complex valued function satisfying the
condition

/_OO (1+2)]|g(x)|dx < oo, (1.2)
and )
p () z{ La ’ x;;’m (1.3)
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0<a#1,a€ (—o0,+0).

In the case o = 1, that is, when p(x) = 1, there are well-known ’triangular’
integral representations for the Jost solutions of equation (1.1) satisfying the con-
ditions at infinity (see [1], [2], [5], [8], etc). The Jost solutions play an important
role in the studying of the inverse scattering problem on the whole real line (see
31, [7], [6], [4])-

It turns out that in the case p(z) # 1, the function p(z) strongly influences
on the structure of the integral representations of the solutions and the main
integral equations of Marchenko-Faddeev’s type of the inverse scattering problem
for equation (1.1). Note that the inverse scattering problem for equation (1.1) on
the half-line [0, 00), with discontinuity at any point a (0 < a < c0), was solved
in [9], [10].

In the present paper, under conditions (1.2), (1.3) we construct new (non-
triangular) integral representations of the Jost solutions of equation (1.1) on
the whole real line. The properties of the Jost solutions are studied and some
significant connections are obtained between the potential ¢(x) of equation (1.1)
and the kernel of the integral representation. These connections reveal that the
inverse scattering problem for equation (1.1) can be solved by using the new
integral representations of the Jost solutions.

2. Integral Representation of the Jost Solutions

Without loss of generality, one can consider that a point of discontinuity of
the function p (x) coincides with the origin, i.e., a = 0.
We denote by fi (x, ) the solution of equation (1.1) with the condition

lirﬂ? fi (m, \) eTAE) = 1

where p(z) = x+/p (). The solutions fi (x,A) and f_ (z,\) will be called the
right and the left Jost solutions of equation (1.1), respectively. It is easy to verify
that the solutions fi (z,A) obey the integral equations

B +oo 1 1 1 Sln)\(ﬂ(t>+ﬂ(x)>
fi<x,x>—ei<m>+/x [z(M_M> g

1 1 1 sin A (u(t) — p(z))
+5 < ol + T(@) 3 ] q(t) f=(t, A)dt, (2.1)
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and

_(z,)) = % <1 - ;‘(@) (@) 1 % (1 + ;‘(@) e~ (@) (2.3)

Consider the solution fy (z,A). When x > 0, it is known that (see [7]) for all
ImA > 0 the solution f (z, ) has the representation

+oo

fo(z,X) =P + / At (x,t) eMat,

T

where the function A" (z,t) and its first-order partial derivatives satisfy the in-

equalities
A (2,8)] < %a* (T) o1 @=o7 (55) (2.4)
OAT (w1,m0) 1 [m1+ 29 I 1 + T2
e el - < = + o1(x)
‘ D; +4q< 2 ) 201 (@1)o ( 2 )e
in which o (z) = [ 0% (t)dt and o7 (z) = [ |q (t)| dt. Moreover,
1 [t
A= [ e
1 +oo +oo %
At (z,t) = = / q(s)ds + / du q(u —v) AT (u — v,u +v)dv, t >,
2 St 5t o

(2.5)
and AT (z,t) =0 for t < x.
Now we study the interesting case x < 0. In this case, equation (2.1) takes
the form

sina (t — x)

a\ Q<t)f+(t7/\)dt

0
f (.%' )\) . ezan+a_e—zan+/
T

[ _sinA(t+ ax) sin A (t — ax)
+ /0 [O‘ b\ +a’ \ ] q(t) f+(t,\)dt, (2.6)

where ot = % (1 + é) . We require that the solution of the integral equation (2.6)

be of the form
_ QAT —iaAr oo + it
fr(x,A) = ape'™ +a_e + BT (z,t)e"dt, ImA >0, z <0, (2.7)

ax
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where BT (z,t) will be defined below. Substituting f; (z,\) in equation (2.6)
with the representation

. +OO .
fo (2, A) =™+ / AT (z,t) eMdt

for > 0 and the representation (2.7) for z < 0, after some transformations we
find that

. ot [0 - 0 ot
B = — - -
(1) = o /+ as)ds+ 5 [ a(s)ds + 5 0  (s)ds
+oo
s)ds + a™ / dv/ q(u —v)AT (u — v, u +v)du
t— a:c
—a” / dv/ (u—v) AT (u—v,u+v)du
+— dv/+ <U_U>B+ <u;U,u+v>du, ar <t < —azx (2.8)
L at [t - [t
BT (z,t) = -5 H_mq(s)ds—l—T t_QMQ(S)dS
t—ax +o0
2
+a dv/ qu—v)AT (u—v,u+v)du
t+ax v

/ dv/ ( > (u_v,u—i—v) dv, t> —ax. (2.9)
t+o¢z t+o¢z «

Here we suppose A" (z,t) =0 for t < z and BT (x,t) =0 for t < ax.
In the similar way, considering the solution f_ (z,\), for the case z < 0, we

have o
fo(z, ) = et —|—/ A™ (z,t) e Ndt, ImA >0, z <0,

— 00
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where
1 a32v+t az+t
A (z,t) = 2a/ s)ds + du q(u+v)A™ (u+ v, a(u —v))dv
and A~ (z,t) =0 for t > ax. It is easy to verify that
_ 1 _ axr +t O'_($)—0' (az+t)
< — 1 1 « 1
A7 (z,0)] < -0 < oo )e 2, (2.10)
0A™ (z,t) 1 ar +t 1 (oax+t\ _ (@) —o (2ztt)
- < o (x)—oy -
’ Ox 1o’ < 2a >‘ =2q7 ( 2 ) o (@)e o
0A™ (x,t) 1 ar+t 1 _fax+t\ _ o7 (2)—of (2251)
- < — 1 1 «
‘ ot 1027 ( 2a ) ' = 2027 ( 20 > o (@)e ’

and
X

A (z,ax) = 21a/ q(s)ds,

—0o0

where o~ (z) = [*__|q(s)|ds, o7 () = [*._ o~ (s)ds. As in the case of the right
Jost solution, for x > 0, we have

1 , 1 : z ‘
fo(z,\) = 5(1 —a)e 4 5(1 o +/ B~ (z,t)e”™Mdt, ImA >0, z > 0,

—00

where

—i—/ ’ dv/ 2 qg(u+v)B” (u+v,u—v)du, —x<t<z, x>0 (2.11)
0 —v

Journal of Mathematical Physics, Analysis, Geometry, 2015, vol. 11, No. 3 283



A.A. Nabiev and Kh.R. Mamedov

+ ookt - b=
B™ (z,t) = S q(s)dsO;/2 q(s)ds

z—1

+a—a/_2“ dv/__vtq(u+v)A‘(u+v,o¢(u—v))du

+o a/ ) dv/ “qu+0v) A" (utv,a(u—v))du
0 —o0
~ 5 e
+aa+/ dv/ qu+v)A” (u+v,a(u—v))du
0 —o0
o,
+aa+/ dv/ qu+v)A” (u+v,a(u—v))du
_axt o
2
=t =t
—l—/ dv/ q(u+v)B” (u+v,u—v)du, t <—x <0, (2.12)
_axt e
2

and B~ (z,t) =0 for t > x.

Now we can solve the system of integral equations (2.8) and (2.9). Setting
Bt (z,t) = F* (r,p), ax+t=2r,t —az =2p (x < 0), from (2.8) and (2.9), we
have

+ 0 - 0 + oo - rp
+ _ o @ @ _a
F™(r,p) = 2Oé/rq(u)du%— Qa/ q(v)dv + 5 /0 q(s)ds 5 /0 q(u)du

Qs

P +o0 P P
—|—a+/ dv/ q(u—v)H+(u,v)du—a_/ dv/ q(u—v)H" (u,v)du
0 v 0 v

1 [P v u—v n
+— [ dv [ ¢ F™ (u,v)du, r <0 <p, (2.13)
v 0 r (6%
+ oo - [too
Fren = [ a@ds+ G [ ats)ds
2 J 2 P

+o0 r +oo
v/ q(u —v)H™ (u,v)du + o / dv/ q(u —v)H " (u,v)du
v 0 r

4
22
! +
h —
QU < =

v/pmq(u—v)m(u,u)du—a—/rpdv/qu(u—U)H+(u,v)du

1 [P v —
+— dv/ q<u v> FT (u,v)du, 0 <7 <p, (2.14)

a? a

here H* (u,v) = AT (u —v,u+v), (u>v>0).
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Let
Oé+ —+oo “+o0
2/ s)ds + 2/;7 q(s)ds
D +oo
+a+/ dv/ q(u —v)H " (u,v)du
+0oo
+04+/ dv/ q(u —v)H " (u,v)du
0
+0oo
+a~ / dv/ q(u —v)H " (u,v)du
0 p
P P
—of/ dv/ q(u —v)H" (u,v)du, 0<r<p,
T v
and
0 at [T
ot (r,p) = Cafu du+/ dv—|—7 q(s)ds
2 0

_/ u) du 4 ot /dv/+oo (u—v) H (u,v) du

P P
—a/ dv/ q(u—v)HJr(u,v)du, r<0<np.
0 v

Then equations (2.13) and (2.14) can be written as

1 [P v _
Frrn) = ¢ )+ o [ o[ g (“ ) F*(u,v)du, © < p, p> 0.
) r

a” Jmax(0,r o

From inequality (2.4) we have

|HT (u,v)| < % *(u) et (u=v)=0 (u), (2.15)
Using this, it is easy to obtain
‘gp+ (r,p)’ < %U+( ) et (’"_p)_"i(r), 0<r<np, (2.16)
and
r
ot (r,p)| < Ciot (min (&’ _§>) T O=oF®) <0< p, (2.17)

where Cy = max(1, é) Now we define the successive approximations for F* (r, p)
as

Fy (rp) =¢" (r,p),
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1 _

/ / (u U> Fnt_l (u,v)du, r <p, p>0.
a? max(0,r) r o

(2.1

6) and (2.17), for m = 0,1,2,..., we immediately have

Using estimation

+ (=P
‘F;g (T,p)’ < %O.+ (T‘) eof(rp)df(?‘)[T(TnO;)]7 O<r< P,

and

+ (r=p\1™
155 ()] < CBo (min (5, -2)) eam—ar(p)M, r<0<p,

(6% « m:
where 7

T (z) = f T (s) ds. These estimations imply that the integral equations
(2.13) and

x)
(2.14) have the unique solution F'* (r,p), and

|[F* (r,p)| < %U* (r) st P =of T (5F) 0 < < p, (2.18)

£ ] < Co (min (3, = 7)) et OO ), r <0< 219)

are satisfied.
Returning to the variables x,t, we can find

‘B+ (ac,t)‘ < %U"" (043}2—1—t) ev?(am)—vf(”%)ﬁ*(m)’ t> —ax, (2.20)

|B* (2,1)| < C2o* (‘”;Of ’f) (T O-of (S52) 477 @) 00y <0, (2.21)

- t — QT
|B* (2,t)] < Co™ <a$2> o1 0=o7 (5 )+T+(w), 0<t<—azx. (2.22)
a
Analogously, from inequality (2.10) we have that if we define

H (r,p)=A"(r+pa(r—p), r<-p<0,

then 1
B (r.p)] < 5o (r) e 7 ), (2.23)

Let B~ (z,t) = F~ (r,p), c +t=2r, x —t = 2p (z < 0) in equations (2.11) and
(2.12). Then we have

F~(r,p) = / du—|—/ du+ Jaa /q(u)du
0
—iaa / u) du + aat / dv/ (u+v)H™ (u,v)du
+aa” / dv/ q(u+v)H™ (u,v)du
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D r
—|—/ dv/ q(u+v)F~ (u,v)du, r>0, p>0,
0 —v

_ at [a o [Ta

P =G [T awdi- % [ g

—i—aa/ dv/ q(u—i—v)H(u,v)du—aa/ ’ dv/
-r _Pp 0

(2.24)

Q\’S

q(u+v)H™ (u,v)du

QI3

—|—aa+/ * dv/a q(u+v)H ™ (u,v)du + aa™ / dv/ q(u+v)H™ (u,v)du
0 o0 —00

Q\*

\

dv/ (u+v) F~ (u,v)du, —p<r<0<p.

(2.25)
We also define

¢ (r,p) = / du+/ u—aa*/orq(u)du
—aa/ u) du + aa™t / dv/_v (u+v)H™ (u,v)du

—I-ozoﬁ/a dv/ q(u+v)H (u,v)du,
0 P

r>0 p=>0,
and

—p<r<0<p.
Obviously,

—v

P T
F~(r,p)=¢ (r,p) —i—/ dv/ q(u+v)F~ (u,v)du, p<r, p>0. (2.26)
min(—7,0)
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Using estimation (2.23), we obtain

|F~ (r,p)| < Co,- (1> o1 () =0t (5) 4 - <r;:p> L —p<r<0<p. (2.27)

If » > 0, then

B osz min(r,p)
o~ (r,p)| < 2/ la (s)|ds

—I—C'ga/ dv/_u +U|}H uv)}dv

—l—Cga/ adv/a lg (uw+ )| |H™ (u,v)|dv
0

2
aC —20" (max (r,p))

IN

2
< OCTCOJ (max (r,p))
C utp
—i-?oa_ (O)/ e (utg)—o (“)du/ lg (s)|ds
2
< 205 (max (r,p)) 7 (B)0O),

i.e.,

2
o~ (rp)| < ag" o~ (max (r,p)) e” (§)07O r 50 p>o0,

Now using (2.27) and (2.28), from (2.26), we can obtain

F= ()] < Lo (D) et ()i (Dm0, v o<y

and

’F_ (Tup)‘ < QTCOU_ (max (7, p)) e”f(g)_gf(0)+77(r+p), r>0, p>0,

(2.28)

(2.29)

(2.30)
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Returning to the variables z and ¢, from (2.29) and (2.30) we find

1B~ (z,1)] < aCio™ (T) o1 ()= (5E)+ @) ¢ o g (2.31)
[0
and
|B~(2,1)] < aC20~ <max (x = t)) T () -0T O+ @)y <y < g
(2.32)

Now, from (2.20)—(2.22) and (2.31), (2.32), we can easily obtain that

+o0
:l:/ |Bi (x,t)|dt§C{e"i(o‘x) —1}

€T

for some C' > 0. +
. AE (z,1) +x >0

+ - R P
Hence, by setting K= (z,t) = { B (2,t), +x<0

results, we can formulate the following theorem:

and combining all our

Theorem 1. If condition (1.3) is satisfied, then for every value of the pa-
rameter \ from the upper half-plane Im\ > 0 the Jost solutions fi (x,\) of
discontinuous Schrédinger equation (1.1) have the representations

+oo
fr(x,\) =ex (z,N) = / K* (z,t) e?dt, (2.33)
()

where ey (z,\) are defined by (2.2), (2.3), u(x) = x\/p(x) and the kernels
K* (2,t) satisfy the inequalities

Foo
i/ |K* (2,t)] dt < C {e"i(ﬂ(w)) - 1}
(@)

for some C' > 0. Moreover, the following relations are satisfied:

1 1 T q(s)

Kt (z,p(z)=>11 ds, 2.34
e =3 (1 ) [ n .
Tz, —p(z — Kt (z, —p(z) — :1 —; T sgns s)ds
K* (@, =n(x) +0) = K* (2. =u(x) = 0) 4<1 M)/x 2 a(s)ds
(2.35)

- 1 a voals)
K (x,u(w))—4<1+ p(x)>/_oo p(s)d, (2.36)

K~ (2, —pu(z) +0) — K~ (z, —p(z) — 0) = i (1 - j(@) /_ Sgpz)q(s)ds.
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For further studying the properties of the kernel K= (x,t) let us differentiate
equations (2.13), (2.14) and (2.24), (2.25) with respect to both variables. We
have

OF™ (r,p) at s 1 [P [(r—vw
= P g(=)-= Ft d < 2.
B 2aq(a) 02/0 q< - ) (r,v)dv, 7<0<p, (2.38)

‘W(m’):—‘“qo«)—a+/rq<r—v>H+<nv>dv
0

or 2
+o00 1 D r— o
—l—oz_/ q(u—r)H’L(u,r)du—Oﬂ/q( - )F+(r,v)dv,0<7“<p,
' ' (2.39)
OFt (r,p) «a~ p a” L[t N
T—EQ(—E>_?Q(]7)+OZ /p q(u—p)H (u,p)du

_qr N 1 [P (u—p\ ..
o q(p—v)H" (p,v)dv+ e q - F" (u,p)du, r <0 <p, (2.40)
0 r

—+00

OF" (rp) _ —O;_q(p)Jroﬁ/p q(u—p)H" (u,p)du

Op

—a/Tq(p—v)Hﬂp,v)dv—/pq(p—v)HWp,v)dv
0 r

1 (P (u—p n /
+— | ¢ F7 (u,p)du, 0 <r <p. (2.40)
a? /., a
Then, by using estimations (2.15), (2.18), (2.19), it is easy to obtain from (2.38)—
(2.40) that
‘8F+(r,p) N at (r)‘

or %q a
< Mtot (min (L, —2)) od =p) =0t )+ (532) <
<MTo <m1n(a, a))el 1 , r<0<p, (2.41)
- + -
'W + 5| < MPot (et PR O o< <, (242)
OFt (r,p) «a~ P a”
‘ap ~ g2t (-5) + T
ot (min (5 _PYY gof —p)—of () +r7(552)
< Mto (mln(a, a))el i L r<0<p, (2.43)
OFt (r,p) a” p
‘ 5 3t (Ca) T e
< MTat(r) e‘ﬁ(r*p)*”f(rH#(%), 0<r<p, (2.44)
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where M is some positive constant. From (2.24), (2.25), in the similar way we
obtain

F- 1 P
W:aoﬁq(r)‘i‘/ q(r+v) F~ (r,v)dv, r >0, p>0,
0

or 2
P =G e [l D) (D)
+a+/0£q<;+v) H™ (2,1}) dv—i—/jq(r—i—v)F_(r,v)du, —p<r<0<p,
) (2.45)
T = 5ra(h) ~geenaw v [ a(wn D)a (wB)an

p

 frarr
0 [0 [0 —p

o 2) v

dp 2« « o

q(u+p)F~ (u,p)du, » >0, p>0,

q(u—l—g) H™ (u,%) du

ya
— o P 7 D B
_£ _p B .
+a /0 q( a—H))H ( aw)dv—l—/pq(u—i—p)F (u,p)du, —p <r <0<p

I3
S
N—
QU
5
+
\%

SRS

(2.46)
Now estimations (2.23), (2.29), (2.30) imply that
OF~ (r,p ata
ag b2
< M=o~ (max (r,p)) et (W) =or (E)+774+9) 5 0 p >0, (2.47)
OF (r,p) ot /r
o 50 (3)
<M o~ <£) eol_(r%p)_gl_(i)'”_(wp), —-p<r<0<p, (2.48)
OF~ (r,p) o~ D a” o
‘ dp +2aq<_a>+ 2 a(p)
< M o™ (max(r,p)) e”f(%)7”;(§)+77(r+p), r>0, p>0, (2.49)
OF~ (r,p) a” (_g)
Op 2c Q@
<M o~ <£) eol_(r%p)_gl_(ﬁ)'”_(ﬂrp), —p<r<0<p. (2.50)
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Furthermore, by differentiation, from (2.38), (2.39) and (2.45), ( 2.46) we have
that F'* (r,p) and F~ (r,p) satisfy the partial differential equations

R L% (2:51)
and 92F~ (r,p) )
W =q(r+p)F (r,p), (2.52)
respectively. Since
(2.52,)
% %<8F+(r,p) I I()p))7

from (2.41)—(2.44) we have

OB (z,t) +oz+ ar +1 +oz_ ar —t aa” [(t—ax
Ox 101 200 101 2 4 1 2

'aB+ (x,t) oﬁ (ax+t % (om;;t) B %q (t—zax>'

ot *
<aMto™ (mm (aa: ttoar o t)) t+m)+7+(x), ar <t < —ar,

OB™ (z,t) oﬁa ar+t\ a’a (t—oax
o 1 1\ 2 1\
o

8B+a:t + a:c+t a” [t—ax
o -7

<aMtet <ax2+ t> e”f(ax)fﬁ(w%ﬁﬁ(z), t> —ax.

N————

I

Analogously, because of the relations

OB~ (z,t) 1 (OF (r,p) OF~ (r,p)
w1 () 0 )

ox r dp
OB~ (z,t) 1 (0F (r,p) OF (r,p)
ot 2 < or dp ’ (2:52-)

we obtain from (2.47)—(2.50) that
OB~ (z,t) aa®™ [x+t aa” [(x—t a- [t—=x
——q —— 4 +-—q
Ox 4 2 4 2 4o 2a
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aa” r—t _a l—x
q 2 4aq 2c
<M o~ <maX (x;t x_t)>egf(z)_”f(z?)JrT_(m), —r<tsuz,

08" (z,t) oF
ox 40éq o
OB~ (z,t) ot [x+t a” [(t—w
#_741 +—q
ot o 2a 4o 2a
T+t
2a

Note that from (2.14) we have

B 2

OB~ (z,t) aat [z +t
ot 4

N——
+
W

v FJ;
9
S
=
—
Qs
~—
|
q
=
~—~
N
PlE
~—
+
3
—
&
~
AN
|
8

<M o~ (

. 1 +oo 1 P +0c0 n
F (p,p)=/ Q(S)d8+/ dv/ q(u—v)H" (u,v)du,
2 D 2 Jo D

which yields
F*(p,p) = H" (p,p)

according to (2.5). Returning to the variables x and ¢, we immediately have
BT (0,t) = AT (0,t), t > 0. (2.53,)

Similarly, from (2.25) and the integral equation for the kernel A~ (x,t) (see the
equation for A~ (x,t)), we obtain

B~ (0,t) = A" (0,1), t <O0. (2.53_)
From (2.39) and (2.40") , we also have
OF T , at D
aipp) =-=4p) —a+/0 q(p—v)H" (p,v)dv
“+o00
" [ aw-p H (wp)du
p
OF™T (p, a” +oo
) S et [ at-p) Y (wp)d
p
D
o [Cap- 0 B o),
0

which yield
OF*(p,p) OF*(p,p)
or Op
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1 P

=5 (q(p)+2/p+ooq(u—p)H+(u,p)dU+2/0

Therefore, from the first equality of (2.524) we find

q(p—v)H+(p,v)dv>-

OB (z,0)
ox

P

= —i <q(p) + 2/;00 q(u — p)H " (u, p)du + 2/0 q(p — v)H+(p,v)dv> :

But then, by equation (2.5), the right-hand side of the last equality is equal to

+
MT;I’O). Therefore, we also have

OBt (£,0) DAY (x,0)
ox N ox

. (2.544)

In the similar way, taking into the account the integral equation for the kernel
A~ (z,t), from the second equalities of (2.45),(2.46) and the first equality of
(2.52_) we obtain
0B~ (x,0)  0A™ (z,0)
oz B or
Now from formulas (2.53+) and (2.54.+) we can conclude that the kernel functions
K*(z,t) and the derivatives &J{x’ﬂ are continuous at x = 0.
Finally, from (2.51) and (2.52), we find that the kernels B™ (z,t) and B~ (z,t)
satisfy the following partial differential equations:

(2.54_)

0?’BT (z,1) 5 0?BY (z,1)

et BB 5 ),
0’B~ (x,t 0’B™ (x,t _
o) OB B ).

From (2.13) and (2.24), it is easy to check that
+
G FH(r0) = —55a(%),

& [ (0Fp) = F* (07 p)] = —5zq (2

3
~—

and 5 N
WF_ (Ta 0) = %q (’I"),
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which imply
+
&BY (x,ax) = =554 (2),

L BT (z,—ax+0) — BT (z, —ax — 0)} = $-q ()

and

_ +
&B™ (r,0) = 25 q (),

%{B_ (CL‘, _$+O) - B~ (IE,—$ _0)} = _%Q($) .
Hence we can formulate the following theorem:

Theorem 2. The kernel functions K* (x,t) of integral representation (2.33)
have both partial derivatives of the first order. If q(x) is differentiable, then the
kernel functions K* (x,t) satisfy the partial differential equations

2% (2 2t (o
W‘P(@W = q(x)K* (z,t), t # p(z)

with conditions (2.34)—(2.37).

Note that equalities (2.34)—(2.37) can be written alternatively as

d

— K (2, (x :—$ 1 T
Kt (@0 (@) Nm(um)q(),

d . _ B 1 « .
LNl = s (”m) ()

K ) +0) ~ K (2, ()~ 0) 1

1
N (1 - p<x>> a1,

d _ _ B 1 o« -
Iz VK mte) +0) = K —la) = 0)} = 1 (1 p<$)>q< ).
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