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1. Introduction: Problem and Main Results

Given a positive integer n = 2m+1, m € N, consider an n X n random matrix
_ 1AM (n) _ p—1/2 (/. (n)
Ay = {Ajk il k1 <m Ajk =b, / U((J - k)/bn)ajk; ) (L.1)

where {a§z)}|j|7‘k‘§m are real random variables, {b,} is a sequence of positive
integers such that

lim b, =00, v:= lim v, €[l,0], v, =n/2b,, (1.2)
n—oo n—oo
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v: R — R is a piecewise continuous function of compact support, and we denote

v

/1)2(t)dt =w? < oo, (1.3)

-V

2
) =K . 1.4
(D) = K < oo 9

In particular, if v = x[,1], the indicator of the interval [0,1], then the matrix

elements {A;Z)}\jhlklém are non-vanishing only in the "band” of the width b,
under the principal diagonal. If in addition 2v = 1, then A,, is a lower triangular
matrix asymptotically.

We are interested in the limiting distribution of the squares of singular values
of A,, i.e., the eigenvalues

0< A< <A <o (1.5)
of the positive definite random matrix
M, = A, AL, (1.6)

To this end, we introduce the Normalized Counting Measure N,, of (1.5), setting
for any interval A C R

No(A) = Card{l € [1,n] : A\ € A}/n. (1.7)

It is convenient to write the matrix M,, in the form

Mn = Z Vi @ Vi, (1.8)
[k|<m
where
yi = (A", AT (1.9)

are the columns of A,, (see (1.1)). According to (1.1), each yj corresponds to the
vector
ay = (a(_nglk, ...,CLSZ]Z)T. (1.10)

We will assume that {ak}| k|<m are jointly independent random vectors, however
the components of each vector a; can be dependent. Here are the corresponding
definitions [11, 18].

Definition 1.1. (). [Isotropic vectors| A random vector a = (a_m, ..., 0mn) €
R™ is called isotropic if

E{a;} =0, E{ajar} =0k, |j|, k] <m. (1.11)
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(7). [Unconditional distribution| The distribution of random wvector a €
R™ is called unconditional if its components (a—m, ..., an) have the same joint
distribution as (Xa_pm, ..., xany) for any choice of signs.

(1it). [Log-concave measure] A measure p on C" is log-concave if for any
measurable subsets A, B of C" and any 0 € [0, 1],

u(OA+ (1 —6)B) > u(A)u(B)

whenever A+ (1 —0)B = {0X1+ (1 —0)X2 : X1 € A, Xy € B} is measurable.

Definition 1.2. [Good vectors] We say that a random vector a = (a(_% ey

a%b)) € R”™ is good if it is an isotropic vector with an unconditional distribution
satisfying the moment conditions

myy = E{(a")2(a{")?} =1+ 0(1), j #k m{ =E{a")} =0(1)
(1.12)
asn =2m+ 1 — oco. Note that mgg and mfln) do not depend on j and k.

A simple example of good vectors are the vectors with i.i.d. n-independent
components of zero mean and unit variance. Another important case is given
by the isotropic random vectors with symmetric unconditional and log-concave
distributions (see Lemma 2.1 of [11]), the simplest among them are the vectors
uniformly distributed on the unit sphere in R". Now we are ready to formulate
our main results.

Theorem 1.3. Let M,, n =2m+ 1, m € N, be the random matriz (1.8)-
(1.10), where for every m {ay}jxj<m are jointly independent good vectors (see De-
finition 1.2) and corresponding vectors {yy}|kj<m are defined in (1.9) and (1.1)-
(1.4). Let Ny, be the Normalized Counting Measure (1.7) of eigenvalues of M,,.
Then there exists a non-random and non-negative measure N, N(R) = 1, such
that for any interval A C R we have in probability

lim N,(A)= N(A). (1.13)
n—od

The limiting measure N is uniquely defined via its Stieltjes transform f (see
[1, 19])

i = [ 52 ax 20, (1.14)
0
by the formula
/gp(A)N(d)\) = 1ir(r)1+ i/np()\)i‘sf()\ +ie)dN, VYo € Ch(R), (1.15)
R R
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and we have:
(1) if v < 00 in (1.2), then

£(z) = ;V/f(t,z)dt, (1.16)

where f: [—v,v] x C\ [0,00) — C on the right of the formula is continuous in t
for every z € C\ [0,00), is analytic in z for every |t| < v, has the property

Sf(t,2)32>0, |f(t,2)] <[z, Sz #0, (1.17)
and is the unique solution of the equation

B [ UQ(t —T)dT _1‘
ft2) =~ <Z - / 1+ 7 02(6— T)f(e,z)cw) ! (1.18)

-V

(1) if v =00 1in (1.2), then f of (1.14) is the unique solution of the quadratic
equation
2w fP 4 2f+1=0 (1.19)

in the class of analytic in C\ R functions satisfying
SF()S: 20, |f(2)] < |87, 92 £0, (1.20)

and we have the following formula for the density pye of the limiting measure N :

N(dX) = pge(N)dA,  pge(A) = 2mw?) ™'/ (dw? — X) /AL (g 421, (1.21)
known as the quarter-circle law.

Theorem 1.4. The results of Theorem 1.8 remain valid if {ay}k<m are in-
dependent isotropic random wvectors with independent components having finite
absolute moment of the order 2+ ¢, € > 0,

sup max E{]a,(;)|2+€}<oo. (1.22)
n il kl<m !

Corollary 1.5. Under conditions of Theorem 1.3 (or Theorem 1.4) with
v<oo in (1.2), N is the quarter-circle law if and only if the function v* :
[—2v,2v] — Ry is the restriction on the interval [—2v,2v] of a 2v-periodic func-
tion.
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In particular, if all entries {Aﬁz)}ljlv\k\ém are non-vanishing, then we get the
quarter-circle law, and this fact was proved long time ago [16] (see also [18, 19]).

To prove the corollary, we note first that if v < co and v? is 2v-periodic, then
(1.18) has a t-independent solution f satisfying (1.19). If v? does not possess this
property, then the function

v

u(t) = / 2t — 7)dr

i 2

cannot be a constant on the interval (—v,v). Hence, expanding the solution f of
(1.18) in the inverse powers of z,

v v

fo)——toa Lo, =y [uoi w=g [eon,

and then applying the Schwarz inequality, we get the strict inequality
a3 < ag/2
if u is not identically constant. On the other hand, we have for fy. of (1.21)

2 4

fuel?) = 51+ VA= 422 = — = 5 = 2+ 0, 2 v,
so that a% = ay/2. Therefore, in the considered case of a non-periodic v?, the
limiting Normalized Counting Measure N of (1.13) cannot be the quarter-circle
law.

Note that the results of Theorem 1.3 and Corollary 1.5 agree with those
obtained in [4] and [17] for the Wigner band matrices. Indeed, according to
[4] and [17], the Stieltjes transform of the Wigner matrices (i.e., matrices with
independent, modulo symmetry conditions, entries satisfying an analog of (1.22))

is given by the same formula (1.16), where now f(¢, z) solves uniquely the equation
(cf. (1.18))

v ~1
f(t,z) = —(z+ /U2(t—T)f(Z,T)dT>

in the same class of functions defined by (1.17).
Another corollary of Theorem 1.3 yields the limiting distribution of singular
values of lower triangular random matrices.
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Theorem 1.6. Consider the case of Theorem 1.3, where v = X[o,1) s the
indicator of the interval [0,1] and 2v = 1, so that the matrices A, are lower
triangular. Then:

(1) the Stieltjes transform f (1.14) of the limiting Normalized Counting Mea-
sure (1.13) of eigenvalues of M,, (1.6) solves uniquely the equation

1+ f(2)In(1 + f(2) = =271 (1.23)

in the class of functions analytic in C\ [0,00) and satisfying (1.20);
(i)
supp N = [0, e]; (1.24)
(131) the measure N of (1.13) is absolutely continuous and its density p has
the following asymptotics at the endpoints of its support [0, e]:

o) = M(lﬂ(l)),uo, (1.25)

p(A) = const- (e —NY2(1+0(1)), A e;

(iv) the moments of N, i.e., juy = lim, oo n 'TrMF, are

kk
W = Ik k> 1. (1.26)
Remarks. (1). Thelower edge A = 0 of the support is a hard edge in the
random matrix terminology. The typical (or standard) soft edge asymptotic of
the density of the limiting Normalized Counting Measure near the hard edge is
p(\) = const - A"1/2, X | 0T [19]. The asymptotics (1.25) for the lower triangular
matrices seems the most singular among the known so far. It follows from the
results of [6] that for the matrices MY = (A,)7((A,)9)T the soft edge asymptotic
of the corresponding density is p(A) = C,(A(In1/X)7 1) =11 + o(1)), A | 0. Tt is
interesting that for ¢ = 1, 2, this asymptotic formula coincides (up to a constant
factor) with the asymptotic formula near the center of the spectrum for certain
random Jacobi matrices studied in [7, 10, 13]. This seems somewhat surprising,
since the respective matrices are quite different: the i.i.d. entries of matrices A,,,
hence the entries of (A4,)?((4,)?)7, are of the same order of magnitude roughly
while the Jacobi matrices in question have non-zero i.i.d. entries only on the

diagonals adjacent to the principal one.

(2). It is of interest that if we replace the lower triangular matrix A, by
A, + yl,, where y > 0 and [, is n X n unit matrix, then it can be shown that
the support of the corresponding limiting distribution is [a_(y), a4 (y)] for any
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y >0, a(y) >0, ar(y) < oo, but a_(y) — 0%, a(y) — e as y — 0 and the
both edges of support are soft.

(3). Formula (1.26) was found in [6] by combining the operator and the free
probability methods. Our proof is based on the techniques of random matrix
theory.

To conclude the section, we note that the results of Theorem 1.3 for v < oo,
in particular those for the triangular random matrices, generalize in part various
results of works [5, 6, 9, 12] obtained for matrices with independent entries by
various methods. In Section 3, we outline the proof of Theorem 1.4 treating the
case of independent entries under condition (1.22), applicable for both finite and
infinite v and based on the scheme developed in [19] (and recently applied in
particular in [14]), to find the limiting eigenvalue distribution of a wide variety
of random matrices.

It is also worth mentioning that in this paper we confine ourselves to the
asymptotic behavior of the Normalized Counting Measure (1.7) of eigenvalues of
matrices (1.1)—(1.4), i.e., with an analog of the Law of Large Numbers for the

Counting Measure
n
No=D 8\
=1

of eigenvalues of (1.1)—(1.4). A natural question then is on the asymptotics of
fluctuations of V,, and, more generally, of linear eigenvalue statistics

Nalel =" o(A™)
=1

for a sufficiently wide class of ¢ : R — C, i.e., on an analog of the Central
Limit Theorem for the appropriately normalized N, [p] — E{N,[p]}. We leave
this interesting question for a future work basing on the combinations of the
techniques developed in [11, 15, 20] and below.

2. Proof of Theorem 1.3

Recall that if m is a non-negative measure of unit mass and

s(z) = / n;(il);), Sz # 0, (2.1)

is its Stieltjes transform, then this correspondence is one-to-one, provided that

Is(2)Sz > 0, lim n|s(in)| = 1. (2.2)
n—oo
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Moreover, the correspondence is continuous if we use the uniform convergence of
analytic functions on a compact set of C\ R for Stieltjes transforms and the weak
convergence of probability measures (see, e.g., [1, 19]).

Let -
gn(z):/]\izz(_di\) (2.3)

be the Stieltjes transform of N, of (1.7).
By using the representation (1.8) and repeating almost literally the proof of
Theorem 19.1.6 of [19], we obtain the bound

P{|N,(A) ~ B{N,(A)}] > £} < C(e)/n (2.4)

for any A C R, where C(¢) is independent of n and is finite if € > 0. The bound,
the above one-to-one correspondence between the measures and their Stieltjes
transforms and the analyticity of g, of (2.3) in C\ R reduce the proof of the
theorem to that of the limiting relation

lim B{g,(2)} = (2) (2.5)
uniformly on the set
Ck,={z:Rz=0, |Sz| > Ko > 0}, (2.6)

where K is large enough (see (2.35) and (2.51)).
It follows from (1.7) and the spectral theorem for real symmetric matrices
that

gn(z) = %Tr G(z) = % Z Gji(2), (2.7)

lil<m

where

is the resolvent of M,,. We have

|Gyl <1927 ) 1GRIP < 19272 (2.8)
k

Here and in what follows we use the notation

LD

J ljl<m
We have by the resolvent identity
1 1
Gjj=—_+~ > (yr®yrG)jj- (2.9)
k
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Let us introduce the matrix

My =" yi®y (2.10)
Ik
and its resolvent
GF(z) = (MF - 21,)7Y, Sz #40. (2.11)

It follows from the rank-one perturbation formula

GrypyrG*
G_GF = _ 2.12
T (Grye,vi) 212
that ()
G®Yi) Yk By,

N = Ghyyi) © A >:19)

and we obtain from (2.9)
E{G--}:— +- ZE{B’“”} (2.14)
iy Akn

The moment conditions (1.11) and the fact that G* does not depend on y;, allow
us to write

Ee{dim} =140, v3Gh, Ei{Bi} =b,v}Gh), (2.15)
p

where
vk = v((j — k)/bn)

and Ej denotes the expectation with respect to yg. It follows from (2.15) and
the identity

1 1 1 A° o
that 2 (G }
E{G};
E{ij} =4+ — + Tn, (2-17)
z  zb, g 1+ b, Zp pkE{G
where ! ] (An)°B
S E kn kn ) 21
" z % E{A;,} { Agn } (2.18)
Let us show that

rn=o0(1), n— oo. (2.19)
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By the spectral theorem for the real symmetric matrices, there exists a non-
negative measure m* such that

ok
k _ m”(d\)
Gy.’cayk)_/ o,
0

and we can write

T A (dX) T Amg(dN)
k _ k _ k
S(2(G Yk, yk)) = %/)\—z =z W
0

Thus 3z $(2(G*yg, yi)) > 0 and

At < z ‘< Sl =1 c 2.20

| k | —_ %Z_'_%(Z(kak,yk)) — |ZH‘$Z| ) KAS K07 ( )
implying the bounds

|Ek{Akn}|_1 <1, ‘E{Aan_l <1, ze CKo‘ (221)

This and the Schwarz inequality allow us to write for r, of (2.18):
|| < ‘@ | ZE{! “PYPE{| Bral?} /2. (2.22)
It follows then from (1.12), (2.8) and the bounds (see (1.4))

1
max v3 < K, max .~ ngk < w? (2.23)
) n

S

valid for sufficiently large n, that

E{|B:[*} = ]k ZE{GJS GrogonEr{al ol al)?}) < (2.24)

|Jzy2b2’

where C' is an absolute constant. Now (2.19) follows from (2.22) — (2.24) and
(2.44).

Let us show that we can replace G* by G in (2.17) with the error of the order
O(b,1). Indeed, we have from (2.12)

k k
Gy — Gl = — G yk)j:f Yi)s (2.25)
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Applying (2.25), (2.21) and then (1.11), (2.8) and (2.23), we get

1 P n n
Ei{|Gop — Chpl} < Bi{l(GFyi)l*} = - D G ChvavaBi{a o}
n st

K
—_—— 2.2
b Z’G sk =~ b, ’\92‘2 ( 6)

Now it follows from (2.17), in which G;?j is replaced by Gjj;, (2.19) and (2.26)
that

2 E{G,;}
E 1 = ]k JJj =
{ij} Zb Z 1+ b_ zkE{Gpp} +r j, TL— 00,

where we denote by 7,; any reminder satisfying

sup max |rp;| — 0, n — oo.
ZGCKO

Hence, we have

1 vjz.k -1 |
e 0 D orrem et B UL O

Using (2.20) ant the fact that SGp,(2)Sz > 0, Sz # 0, it is easy to show that
the denominators in (2.27) do not vanish.
Fix z and n and introduce the piece-wise constant function

_ 0, t ¢ [(—=m —1)/by;m/by]
D= { e, oG- Mm@
We have from (2.7)
m/bp
E{gn(2)} = = — an /b 2) = 2 / Fult, 2)dt
(=m=1)/bn
=5 /fntzle—o() n — oo, (2.29)
where v, = b,/m — v, n — oo (see (1.2)). Besides, (2.27) implies
. 1 vA((J — k) /bn) -
n bp,z) = (— -z Tnj,
Rl ) <bn zk: L+ by va2<(p_k)/bn)fn(17/bmz) > i
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and taking into account (1.3), we get for any |t| < v,

2(4 d -1
fn(t, Z) = ( / = f Uvglég _7-3-)'; (0 Z)de — Z) —+ T‘n(t, Z), (230)
|7|<vn 10|<vn ’
where
lim sup sup |r,(t,2)] =0. (2.31)

700 2e<Ck, [t|<vm

Note now that (1.18) can be written as f = T'f where T is a contracting map
for any z € Ckg,. Indeed, we have for any pair fi, fo satisfying (1.17) and any
zeC Ko

| / - (1+ / (0 — T)f172(9,z)d(9)_1d7' _ z‘_l <K, (2.32)

|7|<v 10|<v
(1 + / v2(0 — 1) f1.2(0, 2) d@‘ (1—w?/|S2))7t < (1 —w?/Ko)Y, (2.33)
|o]<v
so that
‘S|u<p |[Tf1](t7 Z) - [TfQ](taZ)| S q|s|u<p |f1(t7 Z) - f2(taz)|v (234)
t_y t_l/
where
w4 . C\/ 2

Hence, for all z € Ck, there exists a unique solution of (1.18) satisfying (1.17).
Consider first the case v < co. Then it follows from (1.4) that for any uni-
formly bounded in ¢, z, n functions {F},} we have

/ / 2(¢ VB (7, 2)dr| = 0. (2.36)

ITI<vn |7V

lim sup sup
N0 2eCk, [t|<vn

This, (1.18), (2.30)—(2.31), and (2.34) lead to

lim sup sup |fn(t,2z) — f(t,2)| =0. (2.37)

N0 2eC0k, [t<vn

Hence,

£6) = i B{ga(2)} =l o [ peaie= o [ s

[t|<vnn [t|<v
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Consider now the case ¥ = oo. In this case the unique solution of (1.19) is a
t-independent function f satisfying (1.21). In addition, by (2.32), we have

2 1

/ Falt,2) = F)Ndt < Ky / (0" + 1" + TV)at,  (2.38)

[t|<vn [tI<vn

2w,

where

T = / VAt —7)

(1 + / v2(0 — 7) £ (0, z)de) o

IT|<vn [0]<vn
-1
— (1 + / v (0 — T)f(z)d9> dr,
10]<vn
-1
T2(n) = / v2(t —T) (1 + / 122(0 — T)f(z)d0>
ITI<vn 0]<vn
-1
~(1+ / V(0 -7)f(z)do) " |dr.
|0]<o0
7™ — 14+ w?h(z)| ! / 2 (t — 7)dr.
[7|>vn
It follows from (1.19) that
L+ w?f(2)| 7 = |2f(2)| < 1, Vz€ Ok,
hence,
Lo amg < L[ g / V2 (t — 7)dr
2up, 3 - 2u,
[t|I<vn [t|<vn [T|>vn
1
= *(y)dy — — / *(y)d
/ vi(y)dy — 5 - [yl (y)dy,
lylZvn lyl<vn
and then (1.2) and (1.3) imply
o1 n
Jim S / Tt = 0. (2.39)
[t]<wm
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Furthermore, it follows from (2.33) and (2.35) that

1 (n) 2 2 / 2
R < — — —
o / T, dt o / dt / v (t —7) v=(0 — T)db

‘tlgl’n ‘tlgyn |T‘§Vn |9‘2Vn
5 Un—T
= — / dr / v (y)dy / v*(0 — 7)db
Un
[t|<vn —VUn—T |0|>vy,
2 2
< yl / dr / v?(0 — 7)df.

ITI<vn |0]2vn

This and (2.39) yield
1 n
lim — / Tt = 0. (2.40)

n—o0 2Up,
lt|<vn

We also have

P < — —
21/n / TI dt U / dt / v (t T )d T

1)< t<vn |7<vm
X / v2(0 — 7)| fn(0, 2) — h(2)|dO
10]<vn
= V2n / |fn(0,2) — f(2)|d6 / v2(0 —T1)dt / U2(t —T1)dt
\i\gun [7|<vm t|<vm
< 2;1&' </ Fal6,2) — £(2)\db. (2.41)

It follows from (2.38) and (2.39)—(2.41) that

(1- 4w4K0_2)2in / fult =) — f(2)dt = o(1), 1 — oo.

|t|§’/n

We conclude that if v = oo, then f of (2.5) coincides with the solution of (1.19)
satisfying (1.17). Thus, to finish the proof of Theorem 1.3, it remains to prove

Lemma 2.1. Denote by Ei the expectation with respect to yi and let for any
random variable £

& =& —Ei{&}

be its centered version. Then we have under conditions of Theorem 1.3 :
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(4)
E{|(G*yr, yr)3I*} < C(2)dn, (2.42)
(77) there exists Ko > 0 such that Vz € Cg, = {z: Rz =0, |Sz| > Ko}

Var{G,,} < C(z)0n, (2.43)
Var{(G*yr,yir)} < C(2)6,. (2.44)

where
op=0(1), n—o0 (2.45)

does not depend on p, k, z, and we denote by C(z) any positive quantity which
depends only on z and is finite for z € Ck, (see (2.6)).

Proof. It follows from (1.12) and from unconditionality of the distribution
of a;, that

E{aalaal)y = ml) (Spqbst + psbat + 0ptbas) + K Spabpslpe,  (2.46)
where /-@(1 ") = min) 3(mgf2))2 = O(1), n — oo. This and (2.15) yield
Ek{!(G’“yk,yk)ﬁ\z} (2.47)

2
= b2 E , GPQGStUPkquUSkUtkEk{a’pk qk sk atk - ‘b E :”pk ‘
™ p,g,sit

1 2~k |2
N 1)‘fzvkapp‘ +
"op
By (2.8) and (2.23), we have
1 K
bzp: ka ’S 1S2|
1 2 |k ko2 K
2 Z skvpk‘Gps =52 vakZ‘G S 322
b DS

This, (1.12) and (2.47) lead to (2.42).
Let us prove (2.43). We have (cf. (2.14))

k
skvpk|G 2 + Z Upk| |

E{(G;,C5,) = - ZE{%GO} ZE{Ek{Bk”}GkO} (2.48)

,ZE{B’“" (G~ Ghy} =T+
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It follows from the Schwarz inequality, (2.21), (2.24) and (2.26):

| < Y E{I B} B{I(Gyp — G, )P} 2 < C(2)b, V2. (2.49)

Consider now 7; of (2.49). By (2.16), we have

Bin\ _ Ew{Bin} 1 (Akn)7 Brn
Ek{Akn}  Ex{Ap} Ek{Akn}Ek{ Akn }’

and by the Schwarz inequality, (2.21), (2.24), and (2.42),
Ek{Akn_l(Akn)ZBkn} < C(2)b, M ujrldn'™.

This and (2.15) yield

. Zv]kE{Ek{Ak }ijc;;v;} o(1), n — oo. (2.50)

Applying again (2.16) and then (2.15), we get

G5 ! : LBl Au
E{Ek{A’m}} B E{Ak”}E{w?j 2} - E{Akn}E{ E{An} GQCJGQCJ}

1 . Ghe _
- E{Akn}E{|G§j|2} E{Akn}b vakE{Ek{Ak }GZ%}

Note also that in view of (2.26) we can replace G¥ with G with the error term of
the order O(b;!), hence

1 2 1 2 Gk o 7o
i Z};Ujk E{Apn} Zp:UpkE{Ek{Ak }GppG”} o), mee
and by the Schwarz inequality, (2.21), and (2.23),

K
71| < S |Var{G]j} + Var{ij}l/2 nrllax Var{G,,}'/? + o(1), n — .
pl<

REZs

This and (2.48) — (2.49) yield for V; := Var{G,;}, |j| < m, z € Ck,:

K K2 1y 1/2
VjSFOV]%—ng} ﬁ&x‘/}/ +0o(1), n— .
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Choosing here K such that
K/Ko+ K?/K? < 1, (2.51)

we obtain that
max V, = o(1), n — oo,
Ip|<m
ie., (2.43).
It remains to note that we have by (2.15)

(G*yi,ye)° = (G*yi, yi)i + b, Z ”ﬁkG’;;'
p

This, together with (2.42)—(2.43), leads to (2.44) and completes the proof of the
lemma. ]

3. Proof of Theorem 1.4

The proof of Theorem 1.4 can be obtained by following the scheme worked
out in [15] (see also [19] and references therein) and applicable to a wide va-
riety of random matrices with independent entries. Namely, one uses first the
martingale-type argument to prove the bound (2.4) and then the so-called inter-
polation trick to reduce the initial problem to the one of finding the limit (2.5)
for the random matrices with Gaussian entries with the same first and second
moments. Since these two steps are rather standard, we will explain below just
the derivation of the limiting equations (1.16)—(1.18) for i.i.d. Gaussian entries
{ajk}|j|7‘k‘§m satisfying (1.11). Note also that by using a standard truncation
technique, condition (1.22) can be replaced with the Lindeberg type condition
for the second moments (see [15, 19]).

Accordingly, consider a random matrix A, (1.1)-(1.4), where {ajk} ;| jkj<m
are jointly independent standard Gaussian random variables of zero mean and
unit variance. We will use

Proposition 3.1. Let £ = {fl}?zl be independent Gaussian random variables
of zero mean, and ® : RP — C be a differentiable function with polynomially

bounded partial derivatives ®}, l =1,...,p. Then we have
E{¢,2(9)} = E{&IE{®)(¢)}, I=1,..p, (3.1)
and »
Var{®(¢)} < Y E{GIE {|®)(¢)]*} . (3.2)
=1
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The first formula is a version of the integration by parts. The second is a
version of the Poincaré inequality (see, e.g., [19]).
By the resolvent identity and (3.1), we have

where Dj;, =0/ 6A§.Z). It can be shown that
Dji(GAy)jk = —2GriGy; — (GAR)%, (3.3)

(see, e.g., [15]), where G = (Z\Aj— 21,71, M = AT A,,. Hence,
1
z

B{G)(2)} =~ — 3 S vhB{Gaa(2)Cy(} 4 (), (34)
"ok

ra(2) = == S B{(GAL)% )

bn
k
Since B B
> (G A ] = (GMWG)j5 = ((In + 2G)G)jj,
k

then

= O0(b,Y), n— oo, (3.5)
We also have by (3.2) — (3.3)

Var{G;;(2)} <> E{|0G,;/0au|*} (3.6)
I,k

4 _
<5 > R BA(GA) G} < C2)b,
™ok

Now it follows from (3.4) — (3.6) that

B{G)(2)} =~ — 3 S AB{G(IBIG, ()} +00:")  (37)
"k
as n — 0o0. Similarly,
E{Cr(2)} = —é - bln S 02 B{Gyp () JE(Gun(2)} + O, (3.8

as n — o0o. Solving system (3.7) — (3.8), we get (2.27) and then it suffices to
use the same argument as that in the proof of Theorem 1.3 to finish the proof of
Theorem 1.4.
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4. Triangular Matrices

In this section we prove Theorem 1.6. It follows from (1.18) that if v(¢) =
X[0;1)(t) and v = 1/2, then

t 1/2
ﬂuz):—(z—‘/ U%i/jﬂxadwhh>_{ (@1)
—1/2 T
Denote
1/2
go(t,z):/f(e,z)dﬂ. (4.2)

It follows from (4.1)—(4.2) that
¢ =P (1+9) =0, p(1/2,2) =0, ¢(1/2,2) = 27,
where ¢’ = dp/0t. Solving this system, we get for f(z) = p(—1/2, 2):
F(2) = e — 1, ¢(2)e®) = —271, 2 € C\[0; 00). (4.3)

These equations are equivalent to (1.23). Evidently, there is only one solution ¢
analytical in R\ [0, 00).

Let us prove (1.24). As it was firstly shown in [16] (see also [3, 19]), to find the
support of the measure N, it suffices to consider the function x = z(f), f € R,
which is the functional inverse of the Stieltjes transform of N, and to find the
set L C R on which z increases monotonically. Then supp N = R\ z(L), where
#(L) = {=(f): feL}.

It follows from (4.3) that in our case

1
(L+f)In(1+ f)’

It is easy to find that z(f) increases on L = [e71,0) U (0,00). Thus, (L) =

(—00,0) U [e,00) and supp N =R\ z(L) = [0, ¢].
To prove asymptotic relations (1.25), we first consider

w(f) = - f>-1,f#0. (4.4)

[ N(dx
F(z) = f(—x) = /\<—&—x)’ x> 0.
0
It is easy to find from (1.23) that
1
F(z) = xlnl/x(l +0o(1)), z]0. (4.5)
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This and the Tauberain theorem (see [8], Chapter XIIL.5) imply

N = N([0.N) = s (L+o(), ALo.

Differentiating formally this asymptotic formula, we obtain the first formula of
(1.25).

To prove this formula rigorously we use (4.3). Denoting ¢(\ + i0) = £(\) +
in(\), we obtain from (4.3) and (1.15)

22 ncotn o3
sim- n (& sin7n
A) = , A= ——, € |0, ). 4.6
p(A) Y n n € [0, ] (4.6)

Since the limit A | 0 corresponds to n = 7 — o, o | 0, we have from (4.6)
InA=—-n/0+0O(Ino), o | 0, and eventually the first asymptotics of (1.25). The
second asymptotics of (1.25) can be obtained similarly taking into account that
the limit A T e corresponds to the limit 7 | 0.

Let us prove (1.26). To this end, we will use the identity

K ! * 0, k>1
:: = > .
HE= e+ 1)) 2mik / rapde, €20 k2

I¢l=e

Consider the generating function

- i
Mz)==)_ J5r
=0

which is well defined if z is sufficiently large. We have then the integral represen-

tation d
1
|§\:e

or

(zh(2) (4.7)

2mz / C%(e CCZ —-1)
I¢|=e
The both formulas are valid for |z| > ™!, where the integrands are analytic in
¢ just because the series for the integrands are convergent. It is easy to find that
the function u.(¢) = e~¢(z — 1 has a simple zero in (2) = 271 (1+0(1)), z — oo,
i.e., inside the contour |(| = ¢, if € does not depend on z. Thus the integral on the
left of (4.7) is equal to 2! times the residue of u, at ((z) (i.e., ({(2)(1—¢(2)))™})
plus the integral over a sufficiently “small” contour, say, |¢| = |2z|~!. Since u,
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has no zeros inside this contour, the corresponding integral is just v (0) = —z.
Putting everything together, we obtain

On

(zh(2)) = (2¢(2)(1 = C(2) L = 1, 2{(z)e ¢ = 1.
the other hand, it follows from (4.3) that (2f(2))" = —(zc(2)(1+¢(2))) "' - 1.

Thus, setting ( = —c¢ we obtain that h coincides with f, i.e., assertion (iv) of the
theorem.
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