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With the help of the Lenard recursion equations, we derive a new hierar-
chy of soliton equations associated with a 3 x 3 matrix spectral problem and
establish Dubrovin type equations in terms of the introduced trigonal curve
K—1 of arithmetic genus m — 1. Basing on the theory of algebraic curve,
we construct the corresponding Baker—Akhiezer functions and meromorphic
functions on KC,,,_1. The known zeros and poles for the Baker—Akhiezer func-
tion and meromorphic functions allow us to find their theta function repre-
sentations, from which algebro-geometric constructions and theta function
representations of the entire hierarchy of soliton equations are obtained.
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1. Introduction

The study of explicit solutions for various soliton equations has been very
important in modern mathematics with ramifications to several areas of mathe-
matics, physics and other sciences. As we all know, several systematic approaches
have been developed to obtain explicit solutions of the soliton equations such as
the inverse scattering transformation, the algebro-geometric method, the bilinear
transformation methods of Hirota, the Backlund and Darboux transformations,
and so on (see, e.g., [1-4] and references therein). Some interesting explicit so-
lutions have been found, including N-soliton solutions, peaked soliton solutions,
algebro-geometric (or finite-band, or quasi-periodic) solutions and others.

This work was supported by the National Natural Science Foundation of China (Grant
nos. 11331008 and 11171312).
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Algebro-geometric solutions of soliton equations reveal inherent structure
mechanism of solutions and describe the quasi-periodic behavior of nonlinear
phenomenon or characteristic for the integrability of soliton equation [2, 5]. In
recent years, based on the theory of the hyperelliptic curves, algebro-geometric
solutions of many soliton equations associated with the 2 x 2 matrix spectral
problems have been derived such as the KdV, nonlinear Schrédinger, mKdV,
sine-Gordon, Camassa—Holm, Toda lattice, and Ablowitz—Ladik equations, etc.
[2, 5-15]. However, there are very few studies on algebro-geometric solutions of
soliton equations associated with the 3 x 3 matrix spectral problems, which are
more difficult and complicated because the theory of non-hyperelliptic and trig-
onal curves [16-20] is involved. In [7, 8] and [21-27], certain algebro-geometric
solutions of the Boussinesq equation related to a third-order differential operator
were found as special solutions of the Kadomtsev—Peiviashvili equation or by the
reduction theory of Riemann theta functions. In [28], a unified framework was
proposed which yields all algebro-geometric solutions of the entire Boussinesq
hierarchy related to the third-order spectral problem. In [29, 30], we give a sys-
tematic method to define the trigonal curve by the characteristic polynomial of
Lax matrix and develop the framework to deal with soliton equations associated
with the 3 x 3 matrix spectral problems, from which the algebro-geometric so-
lutions of some entire hierarchies are obtained, namely, the modified Boussinesq
hierarchy and the Kaup—Kupershmidt hierarchy.

The principle aim of the present paper is to construct algebro-geometric so-
lutions of a new hierarchy of soliton equations associated with a 3 x 3 matrix
spectral problem on the basis of the approaches used in [28-30] but different from
spectral problems considered in [28-30]. An obvious difference is that there is a
potential on the main diagonal, which is a big trouble for us to construct proper
meromorphic functions. However, we constructed the explicit theta function
representations of the corresponding Baker—Akhiezer function, the meromorphic
function, and the solutions of the associated nonlinear evolution equations.

The outline of the present paper is as follows. In Sec. 2, with the aid of
the Lenard recursion equations we construct a new hierarchy of soliton equa-
tions associated with a 3 x 3 matrix spectral problem. In Sec. 3, a trigonal
curve K,,_1 of arithmetic genus m — 1 is introduced in terms of characteristic
polynomial of the Lax matrix, from which the stationary Baker—Akhiezer func-
tion and the associated meromorphic function are given on I,,—1. In Sec. 4,
we present the explicit theta function representations of the stationary Baker—
Akhiezer function, the meromorphic function and, in particular, that of the poten-
tials u = (w12, u13, u23, u31, uge,v)’ for the entire hierarchy of soliton equations.
Sec. 5 then extends the analysis of Secs. 3 and 4 to the time-dependent case.
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2. A New Hierarchy of Soliton Equations

In this section, we will derive a new hierarchy of soliton equations associated
with a 3 X 3 matrix spectral problem

P1 A—v w2 w3
1%; — U(U, )\)sz)v Q;Z) = ¢2 ) U= 1 —-A +v u23 P (21)
3 u31 U32 0

where the potential u = (u12, 113, u23, u31, us2,v)’, X is a constant spectral pa-
rameter. To this end, we introduce two sets of Lenard recursion equations

Kgj=Jgj+1, gj+1 lu=0=0, j >0, (2.2)
Kg;=Jgj+1, Gjt1 lu=0=0, j =0 (2.3)

with two starting points

0=0 00000107, g§%=(0000000 1), (24

where the initial conditions are chosen so that the constants of integration are
zeros, and two operators are defined by

K —
0+2v  u3 U231 —U12U23 —uiz  Ouiz + ui20 0
Uz O+v  Fussug — ui —Lurgugs 0 Ouiz+ 3uz0 —3Suis
0 —1 8— v — %UQ3U31 %’LL%S 0 8UQ3 — lUan *%Ugg
0 0 —%u%l 0—v+ %’U,qu:gl 1 Oousy — §U318 %u;ﬂ
—uz; 0 Su31U32 U2 — Jugzugy  O+v  Ougs + 3uzd  Susm
-1 0 u32 — %8u31 %(9?123 —Uu23 —%(62 — 261]) —%8
0 —uz —u32 u13 U23 0 0
2 0 0 0 0O 0 0
0 1 0 0 0 0 0
0 0 -1 0 0O 0 0
J=10 0 0 -1 0 0 0
0 0 0 0 1 0 0
0 0 0 0 0 o0 0
0 —wu3zr —use uz uz 0 0

Hence g; and g; are uniquely determined, for example, the first several members
read as

1 T
91:(§U12,:m U13,z; —U23x, —U3lzx, U323z, U, u13U31—U23U32) )
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A~

3 3 3 3 T
g1=(0, —3ui3, 3Sugs, —3us, suz, 0, 0) ,

92 =

w1220 + (VU12)s + 3 (U13,2Us2 — UI3US2,2) — 2U12(U23 2 UL — U23USL,2)
u13,zw+%U12,xu23+u12u23,x +2'UU13,31:+%UIBUQ:“‘%UIB(U23u31,x_u23,xu31_3“13“31 +3ug3us2)
U23,zx + U13,2 — %U23vz — 20Uu23,0 — %uzza (u23,2u31 — U23U31,2 — U1sU31 + SU23U32)
U31,zz — U320 — %u31vz — 20uU31,0 — %U31(u23,zu31 — U23U31,2 + 3U13U31 — SU23U32) ,
U32, 00— %UIQ,Q:USI —U12U31,2 +20U32,2 + %Uxuw - %U32(U23,xu31 —U23U31,2— 3U13U31 + 3U23U32)
— 2 (u12 + v2 — 207 + ursus1 + U23U32 + U3UST 2 — U230 U31)
U13,2U31 — U13U3L,z + U23 o U32 — U23U32,c + 20(U13U31 — U23Us2) + U13US2 + U12U23USL

3
§(U12U23u31 — U13U32)
3
—35(u13,2 + V13 + UrgUzz — U13U3U31)
3 2
—§(U23,x — VUg3 + U1z — UF5U31)

N 3 2
g2 = §(U31,x — vug) — Usp + U23U3;)
3
§(U32,x + vugy — Ut2U31 + UszUz1U32)
3
—5U23U31

—%(u13u31 + ug3u32)

It is easy to see that

kerJ = {aogo + Bogo | Voo, Bo € R}.

In order to generate a hierarchy of evolution equations associated with spectral
problem (2.1), we have to solve the stationary zero-curvature equation

Vi —[U, V] =0, V= (Vij)sx3. (2.5)
Equation (2.5) can be written in the form

Vite + Vig + u3z1Vizs —ui2Va1 — u13V3 = 0,

Voow — Vig + u12Var + ugaVog — ug3Vse = 0,

V33,2 — u31Vi3 — uzaVog + u13V31 + ua3Vae = 0,

Vigz — 2AVig + 20Via + ui2(Vir — Vag) + uzeViz — u13Vae = 0,

Vige — AViz +vVig +uiz(Vir — Vag) + ua3Via — u12Va3 = 0, (2.6)
Vat,e + 2AVa1 — 20Va1 + Voo — Vi1 + u31Vag — u23V31 = 0,

Va3 o + AVag — vVag + uaz(Vag — Vag) — Vig + w13V =0,

Vai,z + AVar — oVa1 + u31(Vaz — Vit) — usaVay + Vag = 0,

Vao.w — AVag + vV + uza(Vaz — Vag) — ug1Viz + ui2Vs = 0,

where each entry Vj; = Vj;(a,b,c,d, e, f,h) is a Laurent expansion in A:

Vit = A+ 3((0 — 20) f + ugic —ugzd — h), Viz=a+uaf, Viz=b-+uif,
Vo1 = f, Vog = —)\f — %((8 — 21))f + ugic — ugszd + h), Vog =c+ u23f,
Va1 = d + us1 f, Vaa = e+ usaf, Va3 = h,

(2.7)
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with '
(a, b, C, d, e, f, h) = Z(aj, bj, Cj, dj, ej, fj, hj))\_]. (2.8)
j=0

A direct calculation shows that (2.6) and (2.7) imply the Lenard equation
KG=XG, G=(ab,ec,de,fh)?!. (2.9)

Substituting (2.7), (2.8) into (2.6) and collecting the terms with the same powers
of A\, we arrive at the recursion relation

KGJ' = JGj+1, JGo =0, (2.10)

where G; = (aj,bj, c;,d;,e;, fi,hj)T. Tt is easy to see that g;, §; determined by
(2.2), (2.3) and G satisfy (2.10). Then G; can be expressed as

G; = apgj + Bog; + - - - + ajgo + Bjgo, j >0, (2.11)

where o; and f3; are arbitrary constants.
Let 1 satisfy the spectral problem (2.1) and the auxiliary problem

T ﬁ(T)w’ v — ({72,?))?“37 (2.12)

where each entry 171.5.7’) = ‘7@' (6(’”),5(r),~( ") J f(r r))

@, &) d") g F0O R0 =N (@, 65,85, dj, &5, fi ) AT, (2.13)
§=0

and G = (ay, bj, Cj, d], €5, f]7 ;)T is determined by

Gj = aog; + Bodj + - .. + d90 + Bigo, j > 0.

Then the compatibility condition of (2.1) and (2.12) yields the zero-curvature
equation Uy, —XN/gc(T) +[U, 17(’”)] = 0, which is equivalent to the hierarchy of nonlinear
evolution equations

w, = X,, r>0, (2.14)

r

where the vector fields X; = X (u; .l g ) = P(Kéj) = P(Jéj+1), P is the
x( L@ X O)T — (X X 3,
(ﬁg, ..., Bj), which are constant vec-

(Bos -+ Bj)-

projective map x = (xV), X(2) s ), ( )
X( )7X(6)) , and g( ) — ( )
tors different from o) = (ao, . ) Bu

‘-’II
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The first nontrivial equation in the above hierarchy under condition (i): Bo =
(1 = 0 is that

Ur2, = Qo(SU12,00 + 2(VU12)5 + U132 U2 — UI3US2,e — Ur2(U23 2 U1 — U3USL))
+aui2.,

w13 = 0 (U13,20 + %U12,mu23 + u12u23 ¢ + 20U13 4 + %Ul?ﬂ)z + %U13(u23u31,x
—U3 zU31 — 3UI3U3] + SU23Uu32)) + A1UIZ 5,

~ 1 1
u23t = — (U300 + U132 — 5U23Ve — 20U23 1 — 5U23(U23 2 UL — U23U31 2
—3uigugr + 3ugzusz)) + ugs 4,
~ 1 1
u31,s = —Q0(Us1,ze — U32,e — U1V — 2VU31x — 5U31(U23 2 U1 — U23UB1 &

+3u13u31 — 3ugzusa)) + A1U31 g,
ug2 = 0 (U320 — %u12,1u31 — U12U31 5 + 2VU32 5 + %Uxu32 - %u32(u23,mu31
—U23U31,z — SUI3U3T + 3U23u32)) + A1U32 4,
vy = —%540(%12 + vy — 202 + uizus) + ugzuse + U23U31 5 — U23,2U31 )z + O Vs,
(2.15)
and under condition (ii): o = 0 is that

U1zt = Q1ui2z + 3P0 (u12uzsus — uizusz), N
u13¢ = (a1 — %Qo)ul?,,m - %@o(vum + u1zu23 — u13u23U3L) — 3 Brurs,
ug3 = (ar + %/QO)UZ’),:E - %@p(vuz:a — w13 + udqust) — %@}uz:&,

us1 = (a1 — %go)usl,m + %éo(vusl + ugs — uggud;) + 3 B1us, N
uga,; = (0 + %ﬂo)um,x + 380 (vuga — ur2ust + ugsusiuse) + 3 Bruss,

v = G0y — 3P0 (uazust)a.

(2.16)

3. The Stationary Baker—Akhiezer Function

In this section, we introduce the stationary Baker—Akhiezer function and the
associated meromorphic function. Then we derive the system of Dubrovin-type
differential equations. Let us consider the stationary equations X, = 0, n > 0,

which are equivalent to the stationary zero-curvature equations Vafn) = [U, V(”)],

Vi = V), = (V(ln))gxg, Vlgn) = > V;;xA" ¥ where Vj; . are determined by
k=0

)

(2.7) and (2.11). A direct calculation shows that the matrix yI —V (™) also satisfies
the stationary zero-curvature equation. Then the characteristic polynomials of
the Lax matrix V™, F,,(\,y) = det(yl — V™), are independent constants of z
and have the expansion

det(yl — V) = 4 + ySiu(A) - T (N, (3.1)
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where Sy, () and T, () are the polynomials of A with the constant coefficients:

A
Va" Vi3

vlil"i v;; Vli ? V1E ;
Voro Vi Va1’ Viy
= _a%)\Qn+2 o 2a0a1)\2n+1 e
i v
Vs Vi Vi
= —a2BoA 2 — (a2B) + 20001 fo) NI

_(03/62 + 2000181 + 2000200 + a%ﬁo _ iﬁg))\?m +

It is easy to see the following fact.
Tn(X) is a polynomial of degree 3n + 2 with respect to A as apfBy # 0. Then
Fm (A, y) = 0 naturally leads to a trigonal curve

ICmfl : ?m(A7 y) = y3 + ySm(A) - Tm()‘) =0 (3'3)

with m = 3n + 2. For the sake of convenience, we denote the compactifica-
tion of the curve K,,_1 by the same symbol K,,_1. Thus, K,,_1 becomes a
three-sheeted Riemann surface of arithmetic genus m — 1 if it is nonsingular
or smooth. Here nonsingular means that at each point P = (X,y) € Ky_1,
(8?’"’3&)‘4’), 8?%;)"31)) l(ny)=(v ) 7 (0,0) holds. For m > 4, these curves are typ-
ically non-hyperelliptic. The point P on K,,_1 is represented as the pair P =
(A, y(P)) satisfying (3.3), particularly, Po, = (00, 00;), j = 1,2, 3, are the points
at infinity. The complex structure on XC,,—1 is defined in the usual way by intro-
ducing the local coordinates (g = A —Ag near the points Q = (A, y(Q)) € Km—1
which are neither branch nor singular points of X,;,—1. However, a trigonal curve
of degree m = 3n + 2 has three infinity points Puo,, Pooy, Poos With local coordi-
nates A = (~'; similarly at other branch and singular points of /Cp,_1.
We now introduce the stationary Baker—Akhiezer function

%(R%%) = U(u(x)’ )\(P))K/J(P,(E,:L’()%
wg(P, 330,1'0) = 1, P = (/\,y) € ICm_l \ {P0017P0027POO3}7 z e C.

Closely related to ¥(P,x,xo) are the two meromorphic functions ¢o(P, z) and
¢3(P,x) on K,,_1 defined by

Go(P,z) = Eﬁ Un{P . 7o) igg Pekmy, z€C, (3.5)
¢3(P,x) = g i ig; P €Ky, v€C. (3.6)
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Using (3.4), a direct calculation shows that

by = Vi) + C F _ Ve — yAwm + Bn
yV3(n) + A, y2V1(2") — yCy + Dy E

by sz(ln) +Com F PV — yAn 4+ By,
yVar + Am 2‘/2(1)—yC + D, —E

where

‘o V{;;VS(TZ)) (Vl)(l)V(?Z)S (n) n) (1, (n)y,(n) (n)y,(n)

B = Vi (Voy ' Viy” = Vo' Vi) + ViV (Vi Vg = Vi Vi),

Dy, Vg )(V1(1n V2(2) V1(2 )V2(1n )) + V1(3 )(Vl(ln ) V3(2) V1(2n ) V3(1n ))7

A %E{L;V?’(T:)> ?/%Q)V‘Q’(?)’) (M L 1) i m) 1))

Bn = V},(f)(V(lf; Vgn( ) ‘?é; Var?) + Vi (Voy ' Vg = Vo3 ' Viy”),

n =V Vo - (V2>1V3’ (M 1) 1)

Dp, Vo1 (Vi1 Vg V12 V21 +V23 V31 V21 Vs )

) ( )
T Vl%i(vl(fiv%’; ~ 1<3> n >)+V1(3>( () 1 i )Vin;)’
F = Vo (Vo' Vg = Vs " Vi) + VoV (Vi Vo — Vi V3.

)

(3.7)

(3.8)

(3.9)

(3.10)

(3.11)

We can easily show that among the polynomials A, By, Cm, Dy Ay By Con,
D, E, F, F, Sm, T, there exist various interrelationships, some of which are listed

below: - " .
Vgy ' F = Viy" Dy — (V13")?Sm — CF,
AmF = (Vl(Zn))ZTm + CmDm7
Vi B = Vi B - <V;§>>25m A2,
Vs Vi T +V1(2>A Sy +V3(2)C s —B c — A,D,, =0,
V) A T + VA € T + EF — By Dy = 0,
A F = <V2(1 ))QTm 4 CoD
“VAVE = Vi By — (VA28 — A2,
—CmE = (Vii(ln))sz + AmBm,
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VIOV 4 VI A S+ VoS — BiCons — A Do = 0, (3.17)
VZ(IL)Ame + Vg(f)Cme — EF — B,yDy, = 0,

B, = —u31 2V Sy — 3By + g2 (2V1" Sy — 3B,),
Vig By = B = )5 = BuiaViPIF + (wio Vi — uiaViy)) 2V S — 3Dm),
Vi Fo = [=3(0 = 0)Vay”) = 8V IF + (Vi) — uasVy ) (2Vay S — 3Dy).
(3.18)
Next we introduce the holomorphic map *, changing sheets, which is defined
by

- { Km-1— Km-1
. P = (Avyl()‘)) — P = (Aayi-i-l(mod?))()‘))? 1=0,1,2, (319)
P = (P*)*, etc.,

where y;(A),7 = 0,1, 2, denote the three branches of y(P) satisfying F,, (A, y) = 0,
namely,

(= )y = 1Ny = 12(N) = ¥° + ySm(A) = Tm(A) = 0. (3.20)
From (3.20), we can easily get

Yo+uy1 +y2 =0,
Yyoy1 + Yoy2 + y1y2 = Sm(A),
yov1y2 = T (N),

3.21
Yo+ yi +ys = —25m(N), (3:21)
Yo + Ui +u3 = 3Tm(N),
vyt + ydys + yivd = SE(N).

Then the further properties of ¢o(P, x), ¢3(P,x) and 3(P, x, o) are summarized
in:

Lemma 3.1. Assume (3.4)~(3.6), P = (A, y(P)) € Kin—1\ {Poo; s Pooys Poos }
and let (\,x,z0) € C3. Then

$2,0(P, ) + ug1 (2) 93 (P, ) + use(x)d2 (P, x)p3(P, x) (3.22)
—(A = v)p2(P,x) — ura(x)p3(P,x) —uiz =0, '

$3.2(P, ) + usa(x)$3(P, x) + uz1 (x)p2(P, z)p3(P, ) (3.23)
+(A = v)2(P,x) — ¢2(P, z) — ug3(z) = 0, '

a(P )P 0)0n PP ) =~ . (3.24)

P 2)ou(P2)on( P 5) = T2 (3.25)
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(n)
G2(P, @) + d2(P", x) + ¢o(P™, x) = _ 2V (A 2)Sm(A) = 3Bm(A, @)

E(\ )
L Ba) VP O) Ve 0,2) 1320
= u3z2\T )
BV T (0 2) st (@) V) (0 ) — usa (@) Vi) (A, )
(n) x — x
#3(P, ) + ¢3(P*,x) + ¢p3(P**, x) = 2Va (A, )SEWEE\AL) 3Bm(A, x)
B g VO Vi ()
B 2) Vi (O 2) s (2) Vg (0, ) = usa (@) Vi (A, x)(’g -
i (@62(Pr2) + P ) 6P )] g ) (P |
o3P )] =
(3.28)
1 1 1

52(P.a) | a(Prx) | 4P 2)
B — )V (0, 2) = Bunn@Vi A\ 2) PO, 2) = V(A 2) oA, @)

w2 (2) Vi (A, 2) — s (@) Vi3 (A, 2)] F(\, )

I

(3.29)
1 n 1 n 1
¢3(P>$) ¢3(P*,$) ¢3(P**,£B)
B — 0)Va (A 2) + 3V (A @) F (A ) + Vo (A, 2) Fo (N, 2)

Vag (A, ) — uzs(2)Via1) (A, 2)] F (A, @)

)

(3.30)
QSQ(PPT) + ¢2(P*7x) + ¢2(P**’x)
¢3(P,x)  ¢3(P*,x)  ¢3(P**, x)
_ Ve Ve O ) Fa (A ) + 3[00 — o)V () + Vi (O, 1)) F (A )
Vo) (A, z) Vas) (N, ) — uas () Vit (X, )] F (X, )
Ve (Aa)
V2(1n)(>‘7x),
(3.31)
¢3(P7x) ¢3(P*7x) + ¢3(P**ax)
¢2(P7x) ¢2(P*7x) ¢2(P**ax)
V02 VS 0 B\ 2) = B[ - o)V (A 2) — una(@) Vi (A 2)[F(\, )
Vi (A, ) [urz2(@) V5 (A, 2) — ugs(2) Vi) (A, 2)] F(A, @)
)

(3.32)
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x

bs(P,z,70) = exp ( / [uz1 () $a(P, z') + usa(2') b3 (P, m’)]d:z:’), (3.33)

o

wg(P,.73,xo)@bg(P*,x,xg)@bg(P**,x,l’o) = (334)

Due to the observation of (2.11) and (3.11), one infers that E, F' and F are
polynomials with respect to A of degree m — 1. Hence we can write them in the

form
m—1
E(\ ) = 20fus (@)usa(e) [ (A~ 5(w)), (3.35)
j=1
m—1
F(\ z) = aduya(z)uis(z) (A —vj(x)), (3.36)
j=1
m—1
F(Ax) = —ajuas(z) [] (A= ¢(@)), (337)
j=1
where ag # 0.
Defining
fy(@) = (). olig (@) = (o), M)
N]((x)) :E)) (3.38)
- - e
S () — 5 i(2), )
7i(@) = (vi(@)y(5@) = (v, w)ezcml, (3.39)
(e (& @).2)
&@) = (§@.u&@)) = (&), v21 ) ))e )

1<j<m-1,z €C,

it is easy to see that the two representations of fi;(x) are equivalent. In fact,

Ebcpw = (V)2 + va Vi (V1 — vy = (Vi) 2V e )

= (Vi (s (@), @) A (1 (@), ) — V3T (5(2), ) A (15 (), )] = 0,

which means

At (@)2) _ Am(ty(w),7)
Vi (py(2),2) Vi) (), )
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The dynamics Of the Zeros {,uj ($)}j:1 77777 m—1, {I/j (l‘)}jzl ..... m—1 and {fj (l‘)}jzl 77777 m—1
of F, F and F with respect to x can be described by the first-order system of
nonlinear differential equations also called Dubrovin-type equations.

Lemma 3.2. Suppose the zeros {u;(x)}j=1,..m—1, {¥j(®)}j=1,..m-1 and
{& (@) j=1,..m—1 of E(\,z), F(\ z) and F(\, x) remain distinct.

Then {p;(x)}j=1, .m-1, {vj(@)}j=1. m-1 and {&;(x)}j=1, m-1 satisfy the
system of differential equations

us () Vi (1 (2), ) — ugy (1) Vg (5 (), @)
) 2048U31($)U32(CC)
By (uj(w>)+5m(uj(x>)]’ l<j<m—1, (3.41)

[T () = )

tia(z) =

3
L

w2 (@) Vi (v (@), ) — uas )V (vi(2), @)
» agulg(:c)ulg(x)
BP0, @) + Sns@)] gy, (3.42)

viz(z) =

X

_ ug3
Gale) = afus ()

[By*(§()) + Sm (& ()]

X , 1<j<m-—1. (3.43)

P roof Substituting A = p;(z) into (3.13) and (3.16), we arrive at

(Vi (3 (@), 2)) S (115 () = Vis? (13(2), ) Bin (11 (), ) + A2, (1 (), ) = 0,
(VAT (), )28 (115 () — VAl (g (), 2) B (1 (), @) + A2, (1 (), ) = 0
Then we have
U () 1S (a4 A (@), )
Bm(,uj( )7 ) V32 (:u]( )7 )Sm(,uj( ))+ ‘/3(;)(#](1:),:1,‘)
= Vi (@), @) [Sm (@) + 52 (s ()], (3.44)

Buliy(@).z) = Vi (s (@).2) S0y (w) + Sl 2)
A (), )
= Vi (i (), 2)[Sm (115(2)) + 42 (5 (@))].
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After inserting A = p;(z) into the first equation of (3.18) and in view of (3.44),
we obtain

Ey(pj(x), z)
= [us1 (2)Vag” (1 (2), ) — usa(2)Vay” (115 (@), 2)][3y2 (71 (x)) + Som (15 (2)))-

(3.45)
On the other hand, differentiating (3.35) with respect to =, we find
m—1
Eq(pj(x), @) = —2aduz (x)uss(w)pje (@) [] (i) = p(2)). (3.46)
k=1
ki

Comparing (3.45) and (3.46), we derive (3.41). In a similar way, we can prove
(3.42) and (3.43).

4. Algebro-Geometric Solutions to the Stationary Hierarchy

In this section, we will obtain the explicit Riemann theta function representa-
tions for the two meromorphic functions ¢2(P, x), ¢3(P,x), the Baker—Akhiezer
function ¥3(P, z, xo), and, finally, for each of the potential v of the stationary
hierarchy.

To study the asymptotic expansions of ¢o(P, =), ¢3(P, x) and ¥3(P, =, xo) near
Peo, s Psoys Pooy € Kin—1, we choose the local coordinate ( = A~ L then we have
the following Lemma.

Lemma 4.1. Suppose that u satisfies the nth stationary system X, = 0.
Moreover, let P € Kp—1 \ {Pooys Proys Pros }s ©,x0 € C. Then

1 1 U317x($) 1 o 1’&32(1‘)

U31($) u§1($) B U31(l‘) 2 u§1($) + O(C)’
as P — Py,
$2(Pz) o ;Z;zég 0(Q), as P — Py,
—u13(7)¢ — [ur2(®)ugs(z) + v(w)urz(z) + U13,x($)]C2 + 0(43)’
as P — P,
(4.1)
1 1
= N L i
B S wse(®)  Lupp(2)uzi (2
sPo) = | Twm@ ) im@ 2 gy O
=0 as P — Py,
uz3(2)C + [—ur3(w) + v(@)ugs(x) — ugs +(2))¢* + O(C?),
as P — P,
(4.2)
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12311((;)) c_l(x, xo) exp (C‘l(m —x0) + O(C)), as P — Py,
Y3(P, z, 20) o 12322((5;0))0(.%,370) exp ( — ¢ —xo) + O(C)), as P — Pa,,
exp (O(C)), as P — Py,

where c(x, o) = exp(ffo v(z)dx').

P r o o f. Inserting the three sets of ansatzes

(—

(2) ¢2 o 20 + 0((), ¢3 o x2,-1¢1 + x2,0 + O(C);

(3) ¢ o r31C + k320% 4+ O(C3), ®3 o x3,1¢ + x3,2¢% 4+ O(¢?);

(1) ¢2 = k1,-1¢" 4 K10 + O(Q), ¢3 o X1.0 + O(¢);

into the Riccati-type equations (3.22), (3.23) and comparing the coefficients of
the same powers of (, we obtain (4.1) and (4.2). Equation (4.3) then follows after
substituting (4.1) and (4.2) into (3.33).

One infers from (3.7), (3.8), (4.1) and (4.2) that the divisors (¢2(P,z)) and
(p3(P,x)) of ¢o(P,z) and ¢3(P, x), respectively, are given by

(92(P,2)) = Dp., 51(@),.tm1(x) (L) = Do 1 @)sim 1 (2) (P (4.4)

(¢3(P, x)) = ®Pw3,§1(z),4..,5m71(m) (P) - ®P002,ﬂl(:c),...,ﬁm,l(x)(P)- (4-5)

That is, Psos,21(2),...,Vm—1(x) are m zeros of ¢2(P,x) and Pu,, fl1(z),...,
fim—1(x) are m poles; Psoy,€1(2), ..., &m—1(x) are m zeros of ¢3(P,z) and Pa,,
f1(zx), ..., fim—1(x) are m poles.

A tedious calculation reveals that the asymptotic behaviors of y(P) and Sy,

near P, Pxo,, Pxos are as follows:

C_n_l[ao + (al - %ﬂO)C + O(C2)]7 as P — Poo17
u(P) = &~ Moo + (o + B+ O(C)] as P P,
< Cin[ﬁo + O(C)]v as P — Poos:

(4.6)

Sm — _(—2n-2 O(2+O ,
== Had +0(0) o
as P— Py, j=1,2,3.

m—1

Equip the Riemann surface C;;,—1 with homology basis {a;,b;} "1, whose

elements are independent and have the intersection numbers

ajoby, =01, ajoar=0, bjoby=0, jk=1,...,m—1
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For the present, we will choose as our basis the following set:

A1, 1<i<2n+1,

_ 1
=(P) = 3y*(P) + Sm { y(P)AF=mA, mi2<i<m—1 8

the elements of which are m —1 linearly independent holomorphic differentials on
Kym—1. By using the basis {aj};”:_ll and {bj};-”:_ll, the period matrices A = (A;j)
and B = (Bj) can be constructed from

Ay, = /wg'a Bjj, Z/Wj- (4.9)
ag b

It is possible to show that the matrices A and B are invertible. Now we define
the matrices C and 7 by C = A~!, 7 = A7'B. Then the matrix 7 can be
shown to be symmetric (7, = 7;) and to have a positive-definite imaginary part
(Im 7 > 0) [31, 32]. If we normalize w;(P) into new basis wj,

m—1

wj = lzl Cjiwmy, (4.10)

thenwehave/wj: ks /Wj:Tjk, 5 k=1...,m—1.

ag b
A cumbersome calculation yields the following Laurent expansions of (4.10)
near {Px,, Pooy, Poos I

w - (wl,“',Wj,"',wm_l),
( Ciont1 +agCim—
(_ J»2 +120240 J, 1+O(C)> d¢, P — P,
@y
—Cjont1 + aoCjm—1 (4.11)
;= : : O d P Py,
Cion
(”2“ + O(g)) dc, P — Py,.
\ o

Let w;) 5(P),s =1,2,3 denote the normalized Abelian differential of the second
kind satlsfylng

(2) _
/wpooé k:—l,...,m—l, (412)
Wil 2(P) =) (C2+0()dC, as P Pao,. (4.13)
We introduce ) )
Q(P) =wf) L(P)=wf) ,(P), (4.14)

Journal of Mathematical Physics, Analysis, Geometry, 2015, vol. 11, No. 4 373



H. Wang and X. Geng

then we have

P ¢+ eP(Qo) +0(C), as P — Pu,,
/9(2) (P) =14 ¢ 1+eP(Qo)+0(¢), as P— Pu,, (4.15)
o e (Qo) + 0(C), as P — Pao,,

where egz)(Qo), 6&2)(620), egz)(Qo) are integral constants, and Qg is an appropri-
ately chosen base point on K,,—1 \ {Poc;, Pooys Poog }- The b-periods of the differ-
ential Q) (P) are denoted by

1
U2(2) = (U2(,21)’ '7U2(,273171)7 U2(,2k) = /9(2)(P)’ k= 1)"'7m_ 1.

21
by,

Thus, from (4.11) and (4.14), we have
2 1 2 2
08 = g | [l P [ )
b

K by

~ Crant1 +a0Crm—1 . Cront1 — 0Crm-1  Crm—1

- 2 2 - )
20 20 g

o L 2) : o0 !
in which we used the result: I /bk le’Q(P) = ok0, fwy =D 12, Qk,lCQldCQl-

Furthermore, the normalized Abelian differentials of the third kind wg) ,P (P),
03 OO]

j = 1,2 are holomorphic on Ky,—1 \ {Pe;, Peo; } With simple poles at Pu, and
P, with residues +1, respectively, that is,

(_Cil + O(l)>dC7 as P — POO17

wggolg,Pool (P) = O(1)d¢, as P — P,
SOl (¢t 0))de, as P — P, (417
5 O(1)dc, as P — Py, :
wﬁaolg,p% (P) = (—=¢'+0(1))d¢, as P — Ps,,
S0 (P10, as P — P,
then
A —IHC+6§201(Q0)+O(<), as P — Py,
/ wg’olB,pml (P) = < e, (Qo)+0(C), as P — P,
Qo ¢ +ef? (Qo) +0(C), as P — Py, w1
P ) (Qo) +0(C), as P — Pu,,
3
/wg%lg,,PooQ(P) = —In¢+ 6’5202(@0) +0((), as P — Pu,,
Qo In¢ + 65‘203(620) +0((), as P — Pu,,

where e,(j’ioj (Qo), k=1,2,5 =1,2,3, are integration constants.
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Let 7,,_1 be the period lattice {z € C" '|2= N+ 7L, N, L € Z"'}. The
complex torus J,—1 = C™" /7,1 is called the Jacobian variety of K,,_1. An
Abel map A, K,,—1 — Jm-_1, is defined by

P P

mmz(mgmmﬂ%qwﬁz(/mww/wwg (modZ, 1)

Qo Qo

with the natural linear extension to the factor group Div(K,,—1)

m—1 m—1
Considering the nonspecial divisors D) = >, fk(z), Dyzy = > Pk(z) and
- k=1 k=1
m—1
Dy = > &(x), we define
f@) = &~
P,gj)(m)
") S pl) S )
ACE PO = E APP@) =S [ w=pP@), =123,
k=1 k=1 k=1 o
0

where BV (@) = ju(2), B (@) = in(2), BV (2) = &(2), ia) = (@),
fin-1(2)) € 6" K1, (@) = (1(2),o e (2)) € 0™ Ko, €)=
(fl($), T a5m71($)) S Um_llcmfla and 0"Kp—1 = {{Qla ceey Qn}|Q] € Km—1,

j=1,...,n} denotes the nth symmetric power of ICp,_;.

Theorem 4.2. Assume that the curve Ky,—1 is nonsingular and let x,zq € C.
Then
pD(@) = pW(xo) + U (x — z0),
PP (@) = pO(wo) + U (@ — 20), (4.20)
P (z) = pB(x0) + UQ(Q)(x — x0).

Proof. We prove only the first linearity of the Abel map with respect to
x in (4.20). Assume that
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_ e b)) — e @V 1 0)

j=1 2@8U31( Juszz(x)
2n+1 k71

352(15) + Sl
= (ZC T Suin)
(15(2) — o)

ﬂi:lg

)k—i—nm

m=1 y(iag)p
+ C J
k:%%—f—? " 3y2(f1) + S (117

—12n+1 [V3(1">(Mj» ©) Vi (s, w)]
C u31(x) uz2(x) ,LL]

Ik m—1
”

J
(B — By (i

m
—1
= ('uj - /Lr)
T#J

+>
J
m—1 [a ] k+n—1

—1 —1
=1 n-+
1 ! 145
= C J
3 { Ik 1
2ag ; 2 [Ty (g = par)

jzl

m

1
203
m
>
2
N

k= 2
2n

Ci

T#J
k+3n+1—m

" Z N Z O‘O - ao],uj
2n+

k= 2 j=1 1 (:uj - lu?")
r#j
_Ck,m—l

Qo

where we can use the standard Lagrange interpolation argument. Obviously, we
have

1 2
C%Pz()@) = U2(,l)’

from which the first representation of (4.20) holds. The second and third equal-
ities in (4.20) follow from the same calculations.
Let 6(z) denote the Riemann theta function associated with K,,—1 and an

appropriately fixed homology basis. For brevity, define the function z : IC;;,—1 X
o™ 1,1 — C by

g(P7 Q) = MU - *A(P) + Z D(Q)A(Q)a P e K1,
deq (4.21)
Q = (Qla"'va—l) EO-WL_IICWL—l) .] = 172737

where M) are the vectors of Riemann constants.

Given these preparations, the theta function representations of ¢o(P,x),
¢3(P,x), P3(P,x,x0), and the algebra-geometric solutions of the hierarchy read
as follows.
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Theorem 4.3. Assume that the curve K,,—1 is nonsingular. Let P = (\,y) €
Kin-1\ {Proys Py, Poos } and let (z,19) € C2. Suppose that Dpy or Dy or
Dé(x) s monspecial. Then

P

G2(P,w) = Nl(iﬁafﬂo)m exp (/w§;3,13001>» (4.22)
s Qo
0(Pé@) [ f

¢3(P,x) = NQ(m,xo)m exp </w§§i3,P@o2>’ (4.23)
B Qo

9(§(P7ﬁ(x)))0( ( oo:wﬁ(xo)))
0(2(Poos, i1()))0(2(P, fi(20)))

w?)(Pa 113',1‘0) =

where ¢(x,xp) = exp(ffo v(2")dz")

1 U32(l'0) 0(;(}3001,@(.7}0)))9(;(13002,é(.%)))

Az, = —= =
(z,0) 2u31(20) 0(2(Pooy, 1(20)))0(2(Pooy - £(2)))

xexp ((ef? Qo) = €8 (Qu))( — o) + 5%, (Q0) — €57, (Q0))

1 0(2(Pooy; [1(20)))0(2(Poos s f1()))

M) = e, 70) Doy, (o) J0(=( Py, 1))

=l

x exp (e (Qo) — e (Qo)) (@ — o) = el (Q0))

1 0(2(Pooy s (1(0)))0(2(Pocy, fi()))
QU31((L'0)C(Z, {L'()) G(E(Pooyﬁ(xo)))e(é(})om7§(x)))

NQ(J,‘,IB(]) =
(4.27)

x exp (1 (Qo) — e (Q0))(@ — o) — e, (Q))
Finally, u12(x), uiz(x), ues(z), usi(x), usz(z), v(z) are of the form

B(2(Pooy, 2(2)))8(2(Pocy , (2)))

z
upp(r) = —4
z

) )
el AN Prcy €()) (4.28)
xexp (ef2,(Qo) — L., (Qo) + e§2k, (Qo) — e, (@)
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o) — - 1 0(2(Pocy, 2(x)))0(2(Pocy , it(x0)))
e us1(z0)c(@, 70) 0(2(Pooy, £(2)))0(2(Pocs fi(0)))
xexp (1 (Qo) — e (Q0))(@ — o) + i, (Qo) — e, (Q))
4.29)
i) — L 1 0(2(Pocy, £(2)))0(2(Pocy  i(x0)))
23 2 uz1 (20) (2, 70) 0(2( Pooy , £(2)))0(2(Proy» (o))
xexp (e, (Qo) = eb'k, (Qo) + (e (Qo) — & (Qu)) (& — w0) ),
4.30
un(e) = us(eo)e(ea0) e BN e Pooy, 10))) |
H(E(Poozsvﬂ($)))0(§(P001aé(x0))) (4 31)

(
ot = El) sl
)

)0(z

)0(2(Pocy f1(70))) (4.32)
(

)-

(4.33)

Proof. Let W3 be defined by the right-hand side of (4.24). We intend to
prove that ¢35 = W3 with 13 given by (3.33). For this purpose, we first investigate
the zeros and poles of ¥3. Since they can only come from zeros of ¢9 and ¢3, one
computes using (3.7) and (3.8),

uz1(2) P2 (P, x) + usz(z)3(P, )

y2VS(2n) —yAn + By, 92‘/},({1) —yAp, + B,
— U32

1 ) )

= E{[u:nV:z,(;) — uzs Vi Ty? — [usi Am — uss Ay

= U3l (33‘)

1 2
By 2 (unVay) — uzaViy))Sm)

3 3
_LEs | 2[us Vi —uspVi |3y + S
3 F 3 E

U31V3(2 Yyly + n>] - U32V3(1 Yyly +

E

tjz(2)
= b 4 on
Aopg(x) A — () @)

= Oy In(A— p;(z)) + O(1).
A— ()

7l
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Hence,

T

Y3(P,x,x9) = exp /[ugl(a:')gbg(P, 7)) + uga(2') 3 (P, 2 )] dz’

A = pi(z)
A = (o) o)
(A —pj(2))O1)  for P mear [i(x) # f1j(x0),
= O(1) for P near ( ) = (o),
(A= 1i(20)"O(1) for P mear fij(xo) # (),
(4.34)

where O(1) # 0. Consequently, all zeros and poles of ¢35 and Y3 on K1 \
{Pso, s Py, Pxs} are simple and coincident. It remains to identify the essential
singularities of 13 and U3 at Ps,, Psoy, Pros. Taking into account (3.33), (4.3),
(4.14), the expression for W3 in (4.24), we observe that 13 and W3 share the
same singularities and zeros. The Riemann-Roch uniqueness results in that the
holomorphic function % = =, where + is a constant. By (4.3), (4.14) and the

right-hand side of (4.24), we have

V(P o) _ exp(O(Q)(1+0(¢) _ ~
1/’:?(3%378) ¢—0 exp(0(0)) 43014'0((), P — Py,. (4.35)

Then we conclude that v = 1, which completes the proof of (4.24). With the
help of the asymptotic properties of ¥3 near Ps,, Px,, we obtain (4.31) and
(4.32). Equations (4.4), (4.5) and (4.18) immediately yield that ¢2 and ¢3 have
the following forms:

P

¢pa2(P,x) = Nl(w,xo)m exp (/wgiypwl),
- Qo
P

0(z(P, (x
¢3(P,z) = Nz(%%)me}(p (/wg’;ypm)-
= ’7 QO

Considering the asymptotic expansions of ¢ and ¢3 near Pu, , Pooy; Pooy, We have

1 0(e(Pcy 22))) (9
'LL31(.’L‘) - Nl(l‘; IEO) Q(E(Poopg(-x))) p ( 1,001 (QO)) ,

Tl o OGP @)

2 U31 (.’,U) - NQ( ) 0) 9(§(P0017E($))) p ( 2,001 (QO)) s
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Lup(z) _ o 0&(Pooy, 2(2))) - (3)
2um(o) = G ) P (Al @)
L 0GP )

u32(3:) B NQ( ’ 0)9<§(P0027ﬁ($))) P ( 2’002(Q0>> ’ (4 36)
_ _ 0(2(Poos, U())) (3

U13(~T) = Nl(xa xO)a(é(Poo;gaﬂ(x))) €xXp <€1,oo3(Q0)> )

0(2(Psos, € (x
(o) = N o) g 0 e (e, (@0)
which together with (4.31) and (4.32) show the expressions (4.25)—(4.33)

5. Algebro-Geometric Solutions of the Entire Hierarchy

In this section, we extend the stationary Baker—Akhiezer function to the time-
dependent case, from which all the results obtained in Sections 3 and 4 are
generalized to the time-dependent case. In particular, we obtain Riemann theta
function representations for the time-dependent Baker—Akhiezer function, the
meromorphic function, and algebro-geometric solutions.

In analogy to (3.4), we introduce the time-dependent Baker—Akhiezer function

Yo (P, z, x0,ty, tor) = Ulu(z, t,); )\(P))l/)(P,a:,a:O,tr,t07r),

U, (P, 20, try tor) = VO (u(z, t,); NP (P, z, 20, tr, to.r),

V) (u(z, t,); N(P ))w(P x ZL‘o,tr,t()r) = y(P)Y(P, z,zo,tr, o),

Y3(P, zo, zo, to,r, to,r P=(\Ny) € Kno1\ {PooisPooss Py}, v €C,

(5.1)

with the conditions apfy # 0 and &OBO # 0 in the Lax matrices V() and 17(”),
respectively. The compatibility conditions of the first three equations in (5.1)
yield that

Uy, — V&) 4 [0, V0] = 0, (5.2)
V" 4 [U,v™] =0, (5.3)
_Vt@ + VO, vm) =o. (5.4)

A direct calculation shows that yI — V(™) satisfies (5.3) and (5.4). Then the
characteristic polynomial of the Lax matrix V(™ for the hierarchy is a constant
independent of the variables x and ¢, with the expansion

det(yl — V™) =% + 45, (\) = Tin (M),

where S,,,(\) and T, (\) are defined as in (3.2). Then the curve K, is deter-
mined by
Kim-1:Fm(\y) = 4* + ySm(A) = Tn(X) = 0.
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Closely related to ¢(P, z, zo, t,, to) are the two meromorphic functions ¢ (P, z, t,)
and ¢3(P, x,t,) on K,,—1 defined by

wl(Pam)‘TO?trutOT’)
P xt,.) = ~—~ P M1, ) .
¢2( " ) 1/13(P,.’E,:E0,tr,t07r) ek 1, £ € c (5 5)
wQ(Pax7$07tT7t0T)
P r) = —~ P m—1, , .
¢3(P, x,tr) s (Pt a0 T fo0) €K1, z€C (5.6)

which imply from (5.1) that

¢o(P,x,t,) = Vs 2, t) + Cn (N, 2, 1)
y‘/?)(;) ()‘a Ly t'r) + Am(A, T, tr)
= F(A\ x,t,) .
2V1(2 )\ x, tr yCm()\,.lT,tr) + Dm()\’x’tr)
_ (N2, t.) — yAm(\ z,t,) + B(\, 2, t,)
B E()\, $’ tT‘) 9
(Pt — WO 1) +Cnl\ )
?JVS(")()\, )+ An(\ L)
= F(\ z,t,) -

2V n) ()\ x,ty) — yAm(\, x, t) + B (A, t,)
—E(\ z,t,) '

where P = (\,y) € Kp_1, (2,t,) € C?, and A, (N, 2, t,), Bn(A, 2, 1), Con(\, 0, t.),
Dp(\ z,ty), Am(N x,t), Bn(Ax,t), Cn(A z,tr), Dn(A z,tr), ENx,t),
F(\ x,t,), F(\ z,t,) are defined as in (3.9)—(3.11). Therefore, (3.12)—(3.18) also
hold in the present context. Similarly, one can write F/, F' and F in the following
form:

m—1
E(\ x,t,) = 20z0u;))1(x tr)usa(z, ty) H (A — pj(z, tr)), (5.9)
7j=1
m—1
F(\ z,t,) = aguiz(z, t,)uis(z, t, H (5.10)
7=1
m—1
F\ z,t,) = —adugs(z, t,) H (A =¢&i(z,t)) (5.11)
7=1
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Defining

Am(ﬂj(x7 tr)7 z, tr)
3(2n) (M](x7 tT’)7 x, t'r)

A (i (e, t:), 2, t
31 (Mj(x7t7’)7x7t7‘)
(5.12)

_ C;TZ)(VJ(SU’tT)?xJT) ) € K1,
Vig (vj(z, ty), , 1)
(5.13)

(. t) = (v, )y (@, 1)) = (v ),

fj(l',tr) _ (fj(-f,tr),y(gj(l’,tr))) :(gj(.%,tr), B Cm(gj(x,tr)aiv,tr)

V21 (gj(matr),fﬁ,tr)
1<j<m=1,(t)eC (5.14)

one infers from (4.1), (4.2), (5.7)—(5.11) that the divisors (¢o(P,x,t,)) and
(¢3(P7x7tr)) of ¢2(P7$7tr) and ¢3(P7 JI,tr) are given by

(D2(P 2, 1r)) = Dp, o1 (ate)im (@tr) L) = Do fia @t oosfion 1 () (P
(5.15)
(¢3(P7377tr)) = DPooS,él(a:,tr),...,ém_1(x,tr)(P) - DPOO2,ﬂl(x,tr),...,ﬂm,l(x,n)(P)'
(5.16)
That is, Peos,?1(z,tr),. .., m—1(z,t) are m zeros of ¢o(P,z,t,) and P,
a1(z,ty), ..., fim—1(x,t,) are m poles; Pm3,él($,tr), . ,ém_l(x,tr) are m zeros
of ¢p3(P,x,t,) and Pso,, ft1(,tr), ..., fim—1(z, t;) are m poles.
Differentiating (5.5) and (5.6) with respect to ¢, and using (5.1), we have

brs = (i;»r

VD Ve Vs )
B _ _ ?/)3~ B B ¢§
= VO + (V0 = VD)o + VD5 — Vi 62 — Vi s,
e = (2,
t L

_ Va1 + Vg s + Va3 s _ o

_ _ U3 _ B B 1/13,
= VO + (VD — Vb3 + VD g — V62 — Vi b,

2‘73({)1/)1 + ‘7;3(5)%02 + ‘73(;)%03

(5.17)

3‘7:3(f)¢1 + ‘73(5)% + ‘N/g,(g)iﬁs
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Then we list the properties of ¢o(P, x,t,) and ¢3(P,x,t,) as follows:

¢2,$(P7 x7t7‘) + u31(x7t7")¢§(P7m7t7“) + u32($7tr)éQ(P7x7t’f)¢3(P7xat7”)
_()\ - 'U)Cbg(P,l',tr) - u12($7t7')¢3(P7$7t7‘) - Ulg(l’,tr) = 07

(5.18)

¢3,1<P7x7t7“) + u32($7tT)¢§(vaatT) + U31(£L',tr)¢)2(P,$,t',«)¢3(P,I’,tr) (5 19)
+()‘_U)¢3(P7x7t1“)_¢2(P7x7t1“)_u23($7t7") :O) '
Ora,(Powsty) = Vi + (R = Vg oo + Vi o5 = Vi 63 — V) 6as,

(5.20)

bua, (Povty) = Vi) + (Vo) = Vi) + Viy b2 — Viy 63 — Vi >¢2¢?é .
F(\ x,t,) '

r *7 s by **7 s by :_%7 22

d2(P,x,ty)po(P*, x, tp) o (P, 2, t)) EOvo.th) (5.22)

* *k _ f()‘7x>t7')
d3(P,x,ty)p3(P*, x, t,)p3( Pz, t,) = EOvot) (5.23)

VI (N, 2, 4:)Sm(N) — 3Bm(A, 2, )
B E(\ z,t) ’
(5.24)
2V 2, 1) S (A) = 3B (A, 7, )
N E(\ z,t,) ’
(5.25)
usi(x, tp)[d2( P, x,t,) + d2(P*, 2, t,) + o (P, x, t,)] + usa(x, t,)[¢d3(P, z,1,)

E.(\ x,t,
+Oa(Ph 1) + a (P b)) = o,

¢2(Pal'at1“) + ¢2(P*7x>t7") + ¢2(P**7mat1“) =

¢3(P7'Iat1”) + ¢3(P*,5L’,t7») + ¢3(P**7'I7t7”)

(5.26)
1 1 1

+ +
¢2(P,l',t7») ¢2(P*a:l:7t7“) ¢2(P**7x>t7')
300 — )V (N, 2,t,) — Bupa(z, t) VIV (N, 2, 8)
= n n 5.27
ulZ(xvtT)‘/i(g)()\vxvtr) *u13(x7t7')‘/1(2)(>\7$7t7”) ( )
‘G(g)(Aaxvtr)Fx(A,I,tr)
w2 (2, )V (N, 2, 8) — wns (@, ) VS (N 2, 6) F (N, 2, 8)
1 n 1 n 1
¢3(P7xatr) ¢3(P*ax7tr) ¢3(P**7xatr)
30— )V (A, 2, t,) + 3V (A, 2, 1)
== = 5.28
O ty) — uss(as )V O 2 ) (5.28)
Vi O 2, ) Fu(A, 2, )

VAN, 2, ty) — was (2, ) VA (N, 6)] F (N, i, )
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d)Q(Pawvtr) ¢2(P*7337t7") ¢2(P**>$7t7“) ‘/Q(n)()‘7x>t7')
¢3(Pyz,ty)  ¢3(P* z,t)  ¢p3(P**, 2, t,) V(")()\ z,t)

VQ(I” Oz, ) Fo( 2, t) + 3[(N — ) VAV (N 2, ) + VD (N, @, 6)] FON, 2, £
)

VA (N, 2, t,) — ugs (@, ) VD (A, 2, )] F (A, 2, )
3‘/5(2/\73”57“) (5.29)
Vor ()‘ , tr)
o3(Paty)  ¢s(P*.awty) | d3(P™ aty) _ Vig (Ao, ty)

L@ — +
$2(Pw,t) 2P wtr) 2P 2, ty) (N 2 t,)

V2 t) FoA 2, 1) =3[ —0) Vi (2, t) —wia(, ) Vi N t) [F O 2, 1)
iz (e, )V O\, 1) = (e, 6V O, 8)[F (A, 2, 1,)
EAARCEAD

' (5.30)
V(1)
Lemma 5.1. Let (Aamvtr) € CS. Then
M) _ )T
By (vaty) = Bo(h t) 2221~ Va1 Voo
uz1 Vay | — w32V
~ () o (r)
+E{3(Vyy) — u?’ﬂ%) “31‘/3(1) v L
uz2Vyy — uz1 Ve
M) 7(r) _ 1 ()17
Ft. (A2, tr) = Fz(A,x,tr)V Vl(z) . ‘(/>
ulz‘/l?? _u13‘/12
+ F(\ x,t,) 3(V(’") “13V1(2 - U12V1(3) V("))
y Ly bp 11 u V(n) . V(n) 11
13V12 u12Vy
—3(A =) Vl(??)vl(;) - ‘G(;)Vl(g) }
“12‘/1(:?) - u13V1(§)
(W) )
For 0o ty) = Falh 2, £,) 23 (Vn'z)l Vm(gzg
Vas ' —uasVy
~ () ()
Vos ' —u23Voy
AR VACONR AR VA ()
T3 — o) (5.31)
‘/23 _’LL23V21
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P roof. Differentiating (5.26) with respect to t,, we have

(=), = 0.0, (InE) = [u31(d2 + @5 + ¢5°) + usa ¢z + @5 + ¢5%)]¢,.
= Jusrg, +us (Vi = Vi) + unaVs! ) (02 + 65 + 05)
Husas, +us2(Vag) — Vis)) + usi Vi3 (03 + 05 + 657
—us Vi[85 4 (03)2 + (6392 — us2Viy (63 + (63)2 + (657)2)
—(uz1Viy) + uza VD) (s + 05653 + 057 65%) + 3(usViy) + uzaViy))

— (Vi (Ga+ &%+ 37) + Via) (63 + 05 + 65%) + 3V .

Thus, without loss of generality, we choose the integration constant as zero

B, (M E(\, 2, 1,)) = Vi (9o + 65 + 63%) + Vid (63 + 6% + 63%) + 3V

By Vi Vel = Vi)
E U31V3(;) _ u32v3(1")
() ()
~(p uza Vo' — uz1 Vo n
+ 3(‘/3(3) _U32Vs3 31 3(2n) ‘/3(3 ))7 (532)

g2V — uz1 Vg

which implies the first equation in (5.31). Differentiating (5.22) with respect to
t, and using (5.22), (5.27), (5.30), we have

F Kk ¢2 t/r- ¢; tr ¢2 St
_( - Ty
(E)tr ¢2¢2¢ ( ¢2 ¢§ ;* )
s s T7(T) 1 (r) ¢3 ¢3 ()
_ Vi + V8 +3V,
¢2¢2¢2 [ 13 ((b ¢2 ) (¢ ¢2 ) 11
— Vi (62 + 65+ 057) — V) <¢3+¢3+¢3 %3%%"]
_F Vl(g)vl(Q) V1(2n)V1(3) By 3(\ —
- FE (n) (n) [F (A=)
U12V13 — ’LL13V1
7 (r) i7(r)
u1sVyy’ — uiaVia E
+3(V) - s VIT))—E“}- (5.33)
U13V12 ulel

Thus we get the second expression in (5.31). The last expression can be proved
in the same way.
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Next, we will display the properties of 3(P, z,zo,t,,to,) in the following
Lemma immediately.

Lemma 5.2. Assume (5.1), (5.5), P = (A, y(P)) € Kin—1\{Poo, s Pooys Poos }
and let (A, x, 0, t;,to,) € C°. Then

T

P3(P, x, xo,tr, to,r) = €xp (/[u31($/,tr)¢2(P, 2 ) 4 use (2, )3 (P, 2, ty)]da
o
t,

* /[‘73({)()" xo,t,)¢2(P, ant/) =+ %(§)<)\,x0,t/)¢3(P, xO’t/) + ‘73(?:,)(/\,x07t/)]dt/>'

tO,'r

(5.34)

In analogy to Lemma 3.1, we will show that the zeros {p;(x,t,)}j=1,. m—1 of
E\ z,t), {vj(x,tr) }j=1,...m—1 of F(\, z,t.) and {&;(z, t,) }j=1,.. .m—1 of F(\, z, 1))
obey the following Dubrovin-type equations.

Lemma 5.3.

(i) Suppose the zeros {pj(z,t)}i=1,...m—1 of E(\ x,t.) remain distinct for
(x,tr) € Qu, where Q, C C? is open and connected. Then {mj(x, tr) iz, m—1
satisfy the system of differential equations

_ [’LL32({L‘, tT)V3(1n) (,u]'($, tr)a z, tr) - u31(13a tr)Vg(Qn) (Nj(l‘a tT)a z, tr)]

), X )tT -
Hya (T r) 20uzy (2, tr usa(, )
20 ‘
H (,Uzj(xa tr) - ,U/k(xa tr))
k=1
k£
Vvl = Vv
i (1) = P

2a8U31(x,tT)U32(:c,t,~)
" [3y* (f1j (, 7)) + S (s (2, )]

m—1
H (:U’j(xa tr) — pe(,tr))

k=1
k#j

1<j<m—1; (5.36)

(1) Suppose the zeros {vj(x,t;)}j=1,...m—1 of F(X\, z,t,) remain distinct for (z,t,)
€ Q,, where Q, C C? is open and connected. Then {vj(x,t)}j=1,..m—1 satisfy
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the system of differential equations

[wia(z, t)ViS) (i (2, b)), 2, ) — was (@, 6 )V (v (2, 1), 2, 1))

V‘Z‘ x, t’!’ =

(@, tr) aduia(x, ty)urs(z, ty)
2 .

y [Bym( 1]($ b)) #Sms@ )]y
H (l/j(l‘,tr) - Vk(xa tT))
k=1
k#j
(5.37)
VEVE -V L
) t,) = —
Vitr (,tr) agum(l’atv«)uli’)(%tr)
2 D ;

H (vj(z, ty) — vp(x, ty))
(=

(1ii) Suppose the zeros {&j(x,ty)}j=1,...m—1 of F(A, x,t,) remain distinct for (x,t,) €
Q¢, where Q¢ C C? is open and connected. Then {&(z,tr)}j=1,.. .m—1 satisfy the
system of differential equations

[uss (2, t) V) (€ (2, 1), @, t0) — Vo (€, ), @, )]
a%uzg(x,tr)

% [3y (f ("L‘ tr)) +Sm(£j(zatr))]

Ej,x (mv tT)

) L 1<j<m—1,  (5.39)
H (5](3371:7") - 5k($)t7“))
k=1
k#j
TV VT
e 1r) = ajugs(z,t,)
2(¢. .
H (@(x,tr) - €k($,tr))
k=1
(=%
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For the sake of convenience, we introduce the notations

o Z VioNk, i =1,2,3,
(7
‘/3] - ~(T7071) T ~(071) r—k ; ’
T = 2 N =123
k=0
where w)
‘/3(]0}{:1) - 3] k|a0 lﬂg 0,a1,.. ’C“ngly 7BT€R7 ] = ].,2,37
VE‘J k= V?’J k|O‘O:07ﬁO:170¢17~~~7O¢r7517~~~7ﬁreR7 j=12,3,
and the corresponding homogeneous cases

= (r,1,0) T =(1,0)
= Z V3j,k AT_k? j = 172737

=(r) 3j 0
33 =\ =01 I =(01)
V3j - Z V3]k )\Tﬁk, ] = 1,2,3,
k=0
with
=(1,0) ~ .
- (o) = Vsjklag=1,p0=0.61=-=tr=pr==fr=0> J = L,2,3,

V?’]k _‘/E)’]k|oc0 0[30 l,a1==ar= ,81— —ﬂ =0’ j - ]' 2 3.
From (5.34), one defines a function I,.(P, z,t,) by

IT’(P7 CC, tT’) = ‘A}S({) ()\7 .’L', tT)¢2(P7 ‘Ta t’l") + ‘73(;) ()\7 CU, tr)¢3(P7 .’L', t?") + ‘73(;:)(/\: .'1:'7 t'I‘)J
(5.41)
and the associated homogeneous function I,.(P, z,t,) by replacing Vg(lr ), V3(; ), V?g )
with the corresponding homogeneous polynomials XN/;?, 17;2), V:();), that is,
_ =(r) =(r)
IT(Pv €, tr) = V31 ()‘7 €, tr)¢2(Pa €z, t?‘) + V32 ()" Z, tr)¢3(Pa €T, tr)
L O ty). (5.42)
Lemma 5.4. Assume (z,t,) € C2, X\ = (! denotes the local coordinate
near Poo;, j=1,2,3. Then

e L = (1,0)
¢ " V31r+1+0(07 P — Py,
7(1,0)
I = e 1 =10 4
-+ UTQV:Q,TH + 0(¢), P — Py,, (5.43)
O(C), P — POO37
1 =(0,1)
_%ng u V31 r+1 + O(C): P — POOlv
7(0,1) _ = (0,1)
Iy = _r ) 44
_%C + va32,r+1 + O(C): P — POO27 (5 )
"+ 0(0), P — Pu,.
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Proof. We just prove (5.43) and accordingly obtain (5.44). By (5.42), it
is easy to see that

ffl’o) = u3102 + u3203
1 =)
¢ —TV31,1 + O(¢), P — Py,
<00 (5.45)

- _C_l + uiv32’,1 + O(C)? P— P0027
=(1,0) 9
—V331 ¢+ O(C7), P — Peos.
So (5.43) holds for r = 0. With the aid of (5.1), (5.2), (5.18)-(5.21), we arrive at

O, I O(P 3, t,)

= (r,1,0) = (r,1,0) = (r,1,0)
= 8&3[‘/31 ()\,l’,tr)qbQ(P,CC,tr) +V32 (A7$atr)¢3(P7x7tT) +V33 ()‘73371;7‘)]
= 8tr [U31 (x, tr)¢2(P, x, tr) + U32($, tr)qbg(P, X, tr)]. (5.46)

I. When P — P, by investigating (5.45), one can assume that 1:51’0) has
the expansion

o
I_ﬁl’o) (P,z,t) gzo ¢ Z§1j($,tT)Cj, as P — Py, (5.47)
for some coefficients {<1;(z,t,)}jen,. Suppose that (as P — Pu,)
G2 =220k g3 =200 xa5¢, (5.48)

where k1 j_1 and x; are defined in (4.1) and (4.2). Inserting (5.47), (5.48) into
(5.46) and comparing the same powers of ¢ imply

Sl = (ugikiy +usaxij)e., 4 =0,1,2,3...,
1 =10
S0 = (us1K1,0 + us2X1,0)t, = [_uT,l 31,0417
Sty = (ug1ki, + ugaxi,1)e. (5.49)
— =(1.0) 2u31,0 —2vu31 —u32 =(1,0) 1 00
= —[Vagp1 + TV?A,H—I 3uar (Va2,ra1
~(10)
+2V31 40)les
from which one infers
1 =10
sio(w,tr) = 61,0(tr) T Uy LD
~ 17 ) 2 z—2 — ;(1,0) 1 ’:’(170)
si(@,tr) = ealty) = [Vagppr + Wv31,r+l + 2a7 (Vo1
=(1,0)
+2V31 ,40)]s
(5.50)
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where €1 (t,), €1,1(t;) are integration constants. Noting that the coefficients of
the power series for ¢o(P, x,t,) and ¢3(P, z,t,) near Ps,, and the coefficients of

the homogeneous polynomials ‘73er 1+1(¢, ,t,) are differential polynomials in w,
with no arbitrary integration constants in their construction, and the definition
of 1—51,0)7 it follows that it also can have no arbitrary integration constants and
must consist purely of differential polynomials in . All the above considerations
mean €1 (t,) = €1,1(t,) = 0. Hence one concludes

=(1,0 e 1 =(1,0) = (1,0) 2’LL317 — 2vu3] — U39 = (1,0)
I )(P, r,ty) = (7 1*7‘/31,r+1* Va1 + - 5 31,741
us31 2u31
L =00 = (1,0) )
+m(v32,r+l + 2V31,T+2)]< + O(C )7 as P — Pool'
(5.51)
On the other hand, we have
(1.0 = (r+1,1,0) = (r+1,1,0) = (r+1,1,0)
I£+1)(P’957tr) =V 2+ Vi3 ¢3+ Vg
. = (1,0) = (1,0) = (1,0)
=¢ llﬁl’o) +Viai,41902 + Vg 193+ Vs
1 =(1,0)
= C’T’2 — U—V3L,,+2 +0((), as P — Pu,. (5.52)
31

II. When P — P, by investigating (5.45), one can assume that 1:7(170) has
the expansion

o]
fﬁl’O)(P?x¢tT) = —C_T_1+Z§2j($atr)cj7 as P_>P°°2’ (553)

0
- pare

for some coefficients {¢2;(x,t,)}jen,- Suppose that (as P — Px,)
P2 = D72 KaiC7, ¢3 =D oo x2j-1¢7 7, (5.54)

where kg ; and X2 ;—1 are defined in (4.1) and (4.2). Substituting (5.53), (5.54)
into (5.46) and comparing the same powers of { imply

S©je = (us1k2j+uzaxe;)e. J=0,1,2,3...,
1 =(1,0)
©0e = (usik20+ us2x2,0)t, = [ui 32,7"+1]E7
32
©1e = (uz1k2,1 + uzax2,1)t, (5.55)
;(170) 2u 25— 21 (170) =~ (170)
_ 32,0 +2vU32—u12u3] 1
= Vg, + 22, Vg st + oy, (W12V 31,41
=(1,0)
—2V39 r19)]as
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from which one infers

1 =(1,0)

so(z,t;) = 62,0(75r)+gv32,r+17
~11,0) iy 4 20— ~(1,0) ~(1,0)
(. t) = carlty) = Vg + Mttt Uy e (1
=(1,0)
32,r+2)]7 ( )
5.56

where €2(t,), €2,1(t,) are integration constants. Manage together, we find that
€2,0(tr) = €2.1(t,) = 0. Therefore,

- 1 =(1,0) =(1,0) 2 + 2 — uz1 =(1,0)
LQLO)(P,UUJT) = —Vy 1 — Vs T 2 vu232 s 32,41
e —10 =00 P2 |
+2u32 (U12V31 R 2V32}+2)]C + O(C ), as P — Pu,.
(5.57)
On the other hand,
=(1,0) = (r+1,1,0) =~ (r+1,1,0) =(r+1,1,0)
Ir+1 (Pyx,ty) = Vg ¢2 + Vg 93+ Vs
_ =(1,0) =(1,0) =(1,0)
S Vil ,102 + Vag 103 + Vaz o (5.58)

L, 1 =00
= —¢ +u732V32,r+2+O(C)7 as P — Py,.

ITI. When P — P, by (5.45), one can assume that I has the expansion

TP, g, tr Zq),] z,t,)¢?, as P — Pu,, (5.59)

for some coefficients {3;(x,t,)}jen. Assume that (as P — Pu,)

$2 = D52 Ka ¢, ¢3 =D 721 X3,i¢7, (5.60)

where 3, and x3; are defined in (4.1) and (4.2). Inserting (5.59), (5.60) into
(5.46) and comparing the same powers of ¢ imply

S3jx = (U31/€3’- + u32X3, e, j=1,2,3...,
" ’ ’ =(1,0) (5.61)
1z = (us1ks1 +us2xsi)t, = [~ Vs i1l

from which one infers

=(1,0)
1w, tr) = e31(tr) — Vag i (5.62)
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where €31(t,) are integration constants. In the same way, we conclude that
€3.1(ty) = 0. Thus,

_ = (1,0
Iﬁl’O) (PaxvtT) = _V:(33,T')+1C + O(CQ)a as P — POO3' (563)
On the other hand, we have
= (r+1,1,0) = (r+1,1,0) = (r+1,1,0)
I£+1)(P z,ty) = Vg b2 + V32 ¢3 + V33
&(10 &(1,0 70 (5.64)

= (~ 11(1 0 + V31 T+1¢2 + V32 r+1¢3 + Vs
= 0(¢), as P — Pu,.

To sum up, we complete the proof of (5.43). Similarly, we can show that (5.44)
holds.
From (5.1) one gets

(P, t) Zar JHO(P sty +Zﬁr 1OY(P x,t,). (5.65)
Thus,

T T
- -1 1 ~ _ usy(x, t
tr _tO,T)(Z ar—l< ! 1_§Zﬂr—l< l)+lnM
=0 =0

usi(x,to,r)

—/U(:El,tr)dl‘,—i-O(C:), as P — Py,

tr , %0 i
~ - 1 P _ 'LL32(.’L‘ tr)

L(Px,t)dt = { —(t, —t G2 ¢4 22,
[npatiar = 3 oI35 3 A
to,r - -

+/v(x',tr)d:c'+0((), as P — Pu,,

o

(tr - tO,r) Brflcil + O(<)7 as P — POO3'
=0

(5.66)
Let wgoll ;J €N, 1=1,2,3, be the normalized differential of the second
kind holomorphic on /Cp,—1 \ {Px, } with a pole of order j at Py,

wgzgol i(P) =, (C7+0(1)d¢, as P — P, (5.67)
Furthermore, we introduce the normalized differential of the second kind
a0 o @) IS5 0@
Q4P Z a1 (14 1)( oy 42 WPOOQ,HQ) D) Zﬁr—ll(w&ol,lﬂ
=0
2 2
- w;olwl — 20 ). (5.68)
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In addition, we define the vector of b-periods of the differential of the second kind

~(2
7,
~ (2 ~ (2 ~(2 ~ (2 1 ~(2
02 =0, ..., ), U£+)1,k:27m- 0% k=1,...m-1
by

Integrating (5.68), we have

,

Zar TORE Zﬂr € +EP(Qo) + 0(0), as P — Py,

P
/65231 = Zar lC_l 1y - Zﬁr zC —1—6(22)(620)—1—0(0, as P — Puo,,
Qo

- Zﬂr—lc_ + é3 (QO) + O(C)) as P — P0037
=0

(5.70)

where é 61 (Qo) ~(2 (Qo), € (Qo) are constants.

Given these preparatlons, the theta function representations of ¢o(P,x,t,),
¢3(P,z,ty), ¥3(P,x,x0,t, to,), and the algebro-geometric solutions of the entire
hierarchy read as follows.

Theorem 5.5. Assume that the curve KCp,—1 is nonsingular. Let P = (\,y) €
K1\ {Posoys Poogs Poos } and let (x,x0,tr,to,) € CL. Suppose that gu(zt ) or
Dy ,t,) or D; is nonspecial. Then

&)
P

do(P, z,tr) —Nl(x,xo,tr,toyr)zgzg :E ) ;;i eXp</w§§ol37Poo1>, (5.71)
B Qo

P

0(z(P,&(x, t,
¢3(Pyx,t,) = N2(x’$0’tT’t0’T)9§z((P ,g((a: iri)))) exp (/wgol?)’PmQ), (5.72)

Qo
(P i 6))B(=(Poy, 0, o))
UslPow 3.t tor) = o p i 6)))0(P, im0, for)
P P
xexp ((e7(@0) — [0 = 20) + @ (Q0) - [ 2 ~tan), (573)
Qo Qo
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where c(x, xg, t,) = exp(ffo v(a', t,)dx'),

usa (20, tor) 0(2(Pooy, (o, to,r)))0(2(Pooy, &(2, 1))
2u31 (20, to,r) 0(2(Pooy, f1(0, to,)))0(2( Py, £(, 1))

< exp ((e7(Qo) = 5”(Qo)) (@ — o) + (&7 (Qo) = &7 (Qo)) (& — o,
X exp (e;?go2(Qo) 653301@0)), (5.74)

A, x0, 1) = —

1 e(é(POONE(xOﬂtO,T)))e(é(Pooaﬂg(x7t7’)))
U31(x0)c(.%' L0, tT) e(g(POO:‘wE(:CO?tO,T)))e(g(POOuQ(x? tT)))

< exp ((e? (Qo) — e (Qu) (@ — z0) + (&7 (Qo) = & (Qu)) (t- — t0,,))
X exp (—efOOI(QO)> ,

Nl(l‘, o, tr, tO,r) =

(5.75)

1 0(2(Pooy , (0, to,r)))0(2(Pocg, i1, 1))
2u31(w0)c(@, To, tr) O(2(Pooy, jt(0, to,r)))0(2(Pooy, £(, 1))

xexp ((e1(Q0) = e Q)@ = o) + (&7 (Q0) — &7 (Q)) (t- — to.))
X exp (—eg?OOI(QO)> .

NQ(J:MTOa trvto,r‘) —

LR
2 (@

(5.76)
Finally, uia(z,t,), uis(x, t,), uss(z, ), us1 (x, t,), use(x, t,), v(z, t,) are of the form

0(2(Poogs 2, £)))0(2(Pocy (a1, 1))

O(e(Prcy, 20, 1)Ll Py (. 1))

xexp(eﬁ,ooQ(Qo) e’ (Qo) + €5, (Qo) = e, (Q0) )
(5.77)

1 G(E(Poosvg(xatr))) (g( 0017:U’(x07t07”)))
u31($0’t01“) (x :L“o,tr) e(g(Pml,Q(l’,tr))) (Z( ooz, M (xo’t()?")))

ulg(az, tr) = —4

u13($,t7~) = -

xexp ((e17(Qo) = 5 (Qo))(@ = o) + (7 (Qo) = &7 (Q0)) (& — to,) )

X exp <e§203(@o) - 65?:001 (QO)) )
(5.78)
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1 e(g(POOm 'xatr)))g(é(POONE(xOvtO,T)))
€T, tT)))H(z(Poosa ﬂ($0, tO,T)))
x exp ((ef” @) - @) - 75) + (@) - A @ - to.))

X exp (6%?3)03(@0) — 65201(620)) ;

UQ3<HT t )

[
u31($,t7~) = U31(ZL'0,750,7’)C(£C,1:0,7§T) E

xexp (57 (Qo) — e Qo)) — o) + (7(Qo) — ¢

v(x,t,) = 0z Inc(x, xo, tr). (5.82)

Proof. The proofs of (5.71), (5.72) and (5.74)—(5.81) are similar to those
of Theorem 4.3, so we just need to prove (5.73). Let ¥3 be defined by the right-
hand side of (5.73). We intend to prove that ¢35 = W3 with 13 given by (5.34).
For this purpose, one computes by using (5.7) and (5.8) that

usi (x,t,)pa( P, x, ty) +U32(967tr)¢3(P IL‘ )
yQ%(S) —yAm+Bm 2V3 — yAm + Bn,
— U32 E

= us

*{[u31V3(2)—U32V3(1 Ny? — [uz1 A — uga Ay

2
+3Em 2m+3(U31V},(2)—u32V )Sm},
_1E, +2[u31v?f2>—u32v38 (3 + Sm)

v

uz1Vsy yly )] — uga Vi) yly +

V]

/Lj,:v(xvtT)
SL KL oLt
A= (w,tr) A— Mg (.%',tr) ( )
= 0y ln()\—ﬂj(a:,tr))—i—()(l),
A—pg(@tr)

Journal of Mathematical Physics, Analysis, Geometry, 2015, vol. 11, No. 4 395



H. Wang and X. Geng

and

VDO 2, ) 60(Paty) + VD (N 2, )3 (P ty) + Vs (A, 2, £,)

+ ‘75(;)
POV VD VE) —y (V) An—Vig A + 3 i, = 3 (VS VA VD V) S,

_ 1B, 2V - Vg VeB3y? + S)
3 F 3 E

Vi Vil yly + 2] = Vs Viyly + 2]
32 31

E

/'Lj:tr(l"tT) +O(1)

Ao (atr) A= py(a, tr)

= O, In(A — pi(z,t)) + O(1).
ey PO = () 4 O()

Consequently,

¢3(P7 Z,Xo, t'r‘y tO,T‘)

T

— exp ( / g1 (2, 1) o (P, 2’ ) + usa (2, )3 (P, o, 1) de’
o
tr

+/ (‘73({) ()\7 Zo, t/)ng(Pa Zo, t/) + ‘73(5) ()\’ Zo, t,)¢3(P7 Zo, t,) =+ ‘,73(37‘) ()‘? Zo, t/))dt/>

tO,'r

A=, te) A= py(xo,ty)

= o(1
)\/\— Nj<3(707tr>))\_ﬂj(x07t0,r) o
— Hy x,ty
=————-0(1
A— Mj(l“o,to,r) ( )
(A — pj(z,t,))O(1) for P near [i;(z,t,) # f1j(zo,t0,),
=< 0(1) for P mear f[j(x,t.) = f1j(x0,tor),
(A — (o, to)) "tO(1) for P mear f[ij(xo,tor) # fi(x,tr),

(5.83)
where O(1) # 0. Therefore, all zeros and poles of 3 and W3 on K \
{Pso,s Py, Pxs } are simple and coincident. In the same way as in Theorem 4.3,
we can show that 93 and W3 have the same essential singularities at Pso, , Pooy, Poos -
Then the Riemann—Roch uniqueness implies W3 = 1)3.
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