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In the present paper, the stabilization problem for the uncontrollable
with respect to the first approximation nonlinear system with power princi-
pal part is solved. A class of stabilizing controls for the nonlinear approxima-
tion of this system is constructed by using the Lyapunov function method.
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attraction to the origin is given.
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1. Introduction and Problem Statement

The stabilization problem for nonlinear systems is an interesting and difficult
problem. The most commonly used approach for solving this problem is the
method of stabilization with respect to the first approximation [1-4]. The present
work is devoted to the stabilization problem for nonlinear systems uncontrollable
with respect to the first approximation [5-12].

Consider the system

{”:“:“ . (1)

xi:@i_l(t7$,u)7 222,...777,7

where z € R", R" is n-dimensional Euclidian space with the norm || - ||, u € R is
a control, ¢;(t,0,0) =0 for all t > 0,7 =1,...,n — 1. The functions ¢;(t, z,u)
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are continuous with respect to all their arguments and are such that in some
neighborhood of the origin ||z|| < p they can be represented in the form

wi(t,x,u) = Cix?ki'H + filt,z,u), k= %, i=1,...,n—1, (2)
(3
where p; > 0 are integers, ¢; > 0 are odd integers, ¢; are real numbers such
n—1
that [] ¢ # 0. The functions f;(t,z,u) are continuous with respect to all their
i=1
arguments and Lipschitz continuous with respect to x and u, f;(¢,0,0) = 0 for
alt>0,2=1,...,n— 1.
Assume that there exists s such that 0 < s < n—2 and the following condition
holds:
ki=0, i=1,...;s and 0<ksp1 < -+ <kp_1. (3)

We also assume that for some a; > 0 the functions f;(¢, z, u) satisfy the estimates

[filt, 2, )] < a2 4 af g 2 (4)
for [|z|| < p,i=1,...,n— 1. For s = n — 2, condition (3) means that
_ Pn—1

ki:O, 1=1,....,n—2, kn—1 > 0.

dn—1
For the case k; € N, for some special class of functions ¢; (¢, z, u), the represen-
tation (2) can be obtained by using the Taylor series expansion. As an example,
we can take the system

i"l = u,
To = x1 —sinxzq,
T3 = T9 — T2 COSTo — SinTo + %sin2x2,

which is studied below.

The stabilization problem for system (1) is to construct a control u (¢, z) such
that the equilibrium point x = 0 of this system is asymptotically stable in the
sense of Lyapunov when u = u(t, x).

For the case k; = 0,71 =1,...n — 2, k,_1 € N, the stabilization problem for
system (1) was solved in [6]. We present an approach for solving the stabilization
problem for nonlinear system (1) in more general case. The approach is based
on stabilization of the nonlinear approximation of system (1). For this nonlinear
approximation the stabilizing control is constructed in the form v = u(z) and it is
proved that this control solves the stabilization problem for the original nonlinear
system (1).
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Consider the system

Ir1] = u,
{20 )
Ty = Ci—12;_1 , L= 4,...,1N,

as a nonlinear approximation of system (1) with right-hand side (2) satisfying
conditions (4). This system is uncontrollable with respect to the first approxi-
mation.

We will call system (5) with ¢; = 1,7 =1,...,n—1 the canonical system with
power nonlinearities. System (1) is called the system with power principal part
if its right-hand side satisfies conditions (4). For the case k; =0,i=1,...,n—2,
kn—1 € N, the stabilization problem for system (5) was solved in [7].

We note that the terms cix?kiﬂ are principal for representation (2). We mean
that, under conditions (4), system (1) with right-hand side (2) is stabilizable
independently of the functions f;(t,z,u), ¢ = 1,...,n — 1. Namely, there exists
a control u = u(z), which solves the stabilization problem for system (1), such
that for all functions f;(t,z,u), i = 1,...,n — 1 that satisfy estimates (4) there
exists a common domain of attraction to the equilibrium point x = 0.

Similar systems were studied, for example, in [9-12]. The main assump-
tion was that the functions f;(t,x,u) are of bounded growth with respect to t,
T1,...,¢,1=1,...,n—1, and u, i.e.,

[filt, z,u)| < M ([zipa [P 4o+ enfP), i=1,n =1

with some additional restrictions imposed on the numbers p;. The last condition
is an analog of triangularity [13, 14]. In contrast, conditions (4) mean that the
functions f;(t,x,u) are of bounded growth with respect to t, z,, and w.

The approach for solving the stabilization problem, which was used in [9-
12], is based on a step-wise Lyapunov function and a stabilizing control design.
As a result, the Lyapunov function and the stabilizing control were obtained
recursively. That is why the practical construction of the stabilizing control is
difficult.

In the present work we show that it is possible to construct a Lyapunov
function as a quadratic form and find a stabilizing control in an explicit form.
The paper is organized as follows. In Sec. 2 the stabilizing control for system (5)

with ¢; = 1,4 =1,...,n — 1 is constructed in the form v = u(z). In Sec. 3 it
is shown that this control solves the stabilization problem for system (1) with
n—1

¢i=1,i=1,...,n— 1. Finally, the case [] ¢ # 0 is considered.
i=1
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2. Stabilization of Canonical System with Power Nonlinearities

In this section we solve the stabilization problem for system (5) for the case

c=14i=1,...,n—1. We begin with considering the nonlinear system:
I = u,
. 2k1+1
by =t (6)
2kn 141
Tn = Tp_1 ' )
where k; = % (pi > 0 are integers, ¢; > 0 are odd integers), i = 1,...,n — 1

satisfy condition (3).
We introduce the following feedback control law:

n—1

u(z) = a1x1 + agxe + -+ + apxy, + Z an_s+ia:?ki+1, (7)
i=s5+1
where {ai}?ﬁfs_l are negative real numbers, which will be defined below.

Our goal is to provide sufficient conditions under which this control solves the
stabilization problem for system (6). To this end, we use the Lyapunov function
method. The Lyapunov function V' (z) will be found in the form

V(.Z’) = (anw)v (8)

where F' is some positive definite matrix.
We use the following notation:

ap ay ... Qs Qsi1 ... ap
1 0o ... 0 0 ... 0
A= , (9)
0 0 0 1 0 0
0 0 0 0 0
0 0 0 0 0 0
hi = (@n—s4i-1,0,...,0,1,0,...,0)7 is an n-dimensional vector (1 is in the i-th

7
row), i =s+2,...,n, Ais an (n X n) matrix.
Suppose that the control u = u(z) is applied to system (6). Calculating the
derivative of V() along the trajectories of the closed-loop system (6), we obtain
n—1
= (ATF+ FA)x,2) +2 Y (Fhiy,z)a]" (10)

V() :
1=s+1

(6)
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Note that because the matrix A is singular it is impossible to choose the
positive definite matrix F' such that the matrix A*F + F'A is negative definite.
So we try to choose the positive definite matrix F' such that the matrix A*F+ F A
is negative semi-definite. To this end, we consider the Lyapunov matrix equation

ATF + FA=-W, (11)

where W is some given positive semi-definite matrix, the matrix A is given by (9),
F' is an unknown matrix. We define the matrix F' as a positive definite solution
of equation (11). Equation (11) is called a singular Lyapunov matrix equation.

In general, matrix equation (11) is not solvable in the class of all positive
definite matrices F'. Therefore we consider equation (11) under the assumption
that the matrix W has the form

+2

w11 cee Wis4+1 wls+1 W1s+1

as+1 as+l
+2
W1s+1 ce Ws+1s+1 ws+ls+1 Qo1 Wt 1s115 . +1
a? 12)
as42 +2 +2a - (
Wis+1 fl2+1 ws+ls+1 p +1 Ws+1s+1 a;+1 Tt Wstls+1 22 1n
S
s+2 n CL%
W1s+1 a5+1 ws+15+1 2 +1 Ws+1s+1 Ws+41s+1 a2+1
S

In this case, equation (11) has a positive definite solution F', but this solution
is not unique. In Theorem 1 we describe the class of positive definite solutions
of matrix equation (11). First we need the following lemma.

Lemma 1. If the matrix

Wil o Wistl
W5+1: (13)

Wis+1 - Ws4ls+1

is positive semi-definite, then the matriz W given by (12) is positive semi-definite.

P r oo f. To prove that matrix (12) is positive semi-definite, we show that
all principal minors of this matrix are non-negative. By MZ 1o ZZ *, we denote the
principal minors of the matrix W. These minors are formed by rows and columns
with the numbers 1 <11 < ... <4 <n.

From the positive semi-definiteness of the matrix Wy, 1 we obtain that

M >0 1<y <o <ip < s+ 1. (14)

Uyl —
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Taking into account that the last (n — s) rows and columns of matrix (12) are
linearly dependent, from inequality (14) we obtain that

JY AR R =0,1<i1 < - <ip<s+1, s+1<ipig < <im<m,

U1 5eeslh sl d 150w esbm
where m > k+12>1, and

2

. . a’ i .
Ulyeeslloy Tkl CkF1 g ri1yeenik, S+1 ; ; ;
My i = 52 M lilsn 200 1S <o <ip S8, s+ 2Sdp S,
a’s—l—l
where k > 0. Thus the lemma is proved. [

Theorem 1. Let the matrices A and W be defined by (9) and (12), re-
spectively. Suppose that the matric Wiy given by (13) is positive definite, the
etgenvalues of the matriz

ar az -+ Qs QAgi1
1 0 0 0

Agr=| 1 ot (15)
o o --- 1 0

have negative real parts. Define the matriz Fy 1 = { fi; Zs';il

definite solution of the equation

as a unique positive

AST+1F5+1 + Fop1Asp1 = Wiy, (16)

Then the Lyapunov matriz equation (11) is solvable, and the matrix

i e Jis+1 from g™ o flegty
fisrr o feret forsgE o feprera gy
F = As+2 As42 ’ (17)
f15+1 asy1 fs—i—ls-‘,—l Qsi1 fs+25+2 T fs+2n
fls+l ajzl e fs+ls+1 aZj_l fns+2 o fnn

where the elements {fij}ZjZS+2 are arbitrary real numbers, is a solution of this
equation. Moreover, there exist numbers {fij}Zj:s+2 such that matriz (17) is
positive definite.

P r o o f. Due to the assumption that the matrix A has the form (9), the
matrix F = { fij}z ;=1 is a solution of equation (11) if and only if the matrix
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Fep1 = {f”}fjil satisfies equation (16) and the elements f;;, i = 1,...,s + 1,

j=s42,...,n satisfy the system

friaj + fijai + fiv1; = —wi,
1=1,...,8, j=s8+2,...,n,
(18)
friaj + fija; = —wij,
i=s+1,...,5, j=84+2,...,n,

where w;; are the entries of the matrix (12).

Note that the last statement is true for equation (11) with an arbitrary sym-
metric matrix W = {wij}zj':l on its right-hand side. In general, for an arbitrary
matrix A, equation (11) does not split into the Lyapunov matrix equation (16)
and system (18).

Since the eigenvalues of the matrix A,,1 have negative real parts, matrix
equation (16) has a unique positive definite solution Fs; for an arbitrary positive
definite matrix Wsy,. We recall that this solution can be represented in the form

00
T
Fory = /6A5+1tW5+16As+ltdt.
0

Because the matrix Fyy; = { fm}f;il is a solution of equation (16), its ele-
ments satisfy the linear system

{ Jrias11 + aifisi1 + fivisp1 = —wisy1, i=1,...,8+1, (19)
20541 f1s41 = —Wst1s+1-
From (12) and (17), we have
a; a; . .
Wij = Wis+1 ! s fij:fis+1 . ;o 1=1...,s+1, j=s+2,...,n,
As41 As41
= G =542 = s+ 2 2
Wij = Wsi1s41 5> i=5+2,...,n, j=s5+2,...,n. (20)
aerl

First we show that the elements of the matrix F' defined by (17) satisfy sys-
tem (18). Using relations (20), we rewrite system (18) in the form

_ a4
fit1s+1 = — g5 Wist1,

1 aia; a;j
flla_] + fis41 + o

Gs41 As+1

1=1,...,8 j=84+2,...,n,

2 a;a;

f __aiaj w
Asi1 1s+1 — a§+1 s+1s+1;

t=s+1,...5, 5=8+2,...,n.

Multiplying both sides of the first equation by afl—jl and both sides of the second

2
as . . .
aiz;, we obtain that the last system is equivalent to system (19).

equation by
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Thus the elements of the matrix F' defined by (17) satisfy system (18). Therefore
the matrix F' is the solution of matrix equation (11).

Now we prove that there exist the numbers f;;, i =s+1,...,n,j=1,...,n
such that the matrix F' defined by (17) is positive definite. Suppose that the
elements { fiﬂ'}z imst2) for ¢ # j, are chosen to be arbitrary fixed numbers such
that fi; = fji. We denote by M;; the determinant of the (n —1) x (n — 1) matrix
that results from deleting row ¢ and column j of the matrix F'. Then the leading
principal minors A(F;) of the matrix F' are defined by

i1
A(F;) = fuA(Fio1) + Z(_l)j+ifjiMji7 j=5+2,...,n.
=1

We recall that A(Fs11) > 0. Now choosing f;; one-by-one so that

i—1

1 — s .
fii > max O,W E (=17 My 8, i=s5+2,...,n,
N
=1

we obtain that A(F;) > 0,7 = s+ 2,...,n. Taking into account that the matrix
Fs41 is positive definite, we have that A(F;) > 0,i=1,...,n and the matrix F'
is positive definite. This concludes the proof. ]

Now we find sufficient conditions under which the control v = u(x) defined
by (7) solves the stabilization problem for system (6).

Let the matrix Wyy; = {w”}fjil be positive definite. Suppose the matrix W
is defined by (12). We define the matrix F' as a positive definite solution of the
Lyapunov matrix equation (11). Therefore, using Theorem 1, we obtain that (10)

takes the form

n—1

=—(Waz,2) +2 Y (Fhi,z)2]" ", (21)

V() ;
=541

(6)

where the matrix F' is given by (17).
Let us introduce the following notation b* = —Fh;, i = s +2,...,n. Then
a;

bji:_ <f1] an—s+i—1+fjs+1>’ jzla"'75+17 ’i28+2,...,n, (22)
As4+1

- a; . .
bj = — <f15+1]an—s+i—1 +fji> s J=s+2...n, i=s5+2,...,n. (23)
As41

We chose the numbers a,—si—1, s +2 <i <mnand fj;, s +2 <i < j < nsuch
that .
b!=0, j=d,...,n, i=s8+2,...,n.
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Solving the last system, we obtain

an_5+,~_1:—a5+1 fii, 1=8+2,...,n, (24)
a; fls+l
fii= gy j=i+1,...n, i=s+2,...,n—1. (25)
a;

Thus the matrix { f;; }?j:s 49> Which is formed by the last (n—s-1) rows and the
columns of the matrix F' given by (17), takes the form

as+3 a
fs+23+2 fs+25+2 a:+2 T fs+2.s+2 as-7:2
As4+3 a
fs+2s+2 a:+2 fs+35+3 T fs+35+3 asis
a a
fs+2s+2 asi2 fs—|—3s+3 aSIS e fnn

It is easy to show that under conditions (25) the matrix F' given by (17) is
positive definite if and only if

a2

fii > aTZ‘fiflifb i=8+2,...,n. (26)
i1

From (22), (23), and (24) it follows that

o asy1 ((fijfi a? 4 ,
b= “ ( ; _f 11)’ ]:17"'78+17 Z:S+27"'7n7 27
77 \ e a2, 0

- 2
b;:‘”(fii—fjj%>, j=s41,...i—1, i=s+2,...,n. (28)
a; (Ij

We choose f;; >0, i=s+2,...,n such that condition (26) holds. Therefore,
using (28), we obtain

2
; a;—1 as .
1= —— <fu‘ - fi—11—121> >0, i=s+2,...,n.

a; a;_q

Finally, we obtain that (21) takes the form

n 1—1

V(:c)‘(ﬁ) = —(Wx,a;) -2 Z Zb}:ﬂjx?ﬁ_ﬁl, (29)

i=s+2 j=1
where bg are defined by (27) and (28).
2pita) i1, n—1

We note that :c?kﬁz > 0 for = # 0 because 2k; +2 = o
is a ratio of even and odd numbers.
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Consider the case n = 2. It follows from (28) and (29) that

V(az)‘ — —(Wa,z) — 2022272 <0 for ||z|| #0.

(6)
To prove that the last inequality holds, we consider the following two cases. If
2
x1 # 0, then the last inequality is true because b? = Z—; <f22 — fllz—%) > 0 and
1
the matrix W given by (12) is positive semi-definite. If 1 = 0, then — (Ww, a:) =
2
—wllz—% x% < 0 for 9 # 0 and the inequality holds.
1
Let us introduce the following notation I, ,,—s = diag(l, o, 1,0, .. ,O) is an
——
n—s
n x n diagonal matrix, Iy1q,; = diag (1,...,1,0) is an (s + 1)x (s + 1) diagonal
matrix, Is41 is the identity matrix of dimension (s + 1) X (s + 1).
Now we consider the case n > 3. Since the matrix Wy, is positive semi-
definite, then the following estimate holds

Wei1%,9) = Amin(y,y), y € RST (30)

where Apin > 0 is the smallest eigenvalue of the matrix Wsy;. Using esti-
mate (30), we obtain that

((Ws+1 - Amin-[s+1,l)xax) = ((Ws+1 = Aminlst1)Y, y) + )‘minxi—i-l >0,

where y = (21,...,2s11)7, i.e., the matrix Wyi1 — Mpinlsi11 is positive semi-
definite.

Let us show that the matrix W — A\yin Iy n—s is positive semi-definite. Indeed,
the matrix W1 — Apinds+1,1 is formed by the first (s+ 1) rows and the columns
of the matrix W — A\pyindn n—s. Since W1 — Apinds1,1 > 0, using Lemma 1, we
obtain that the matrix W — Apint n—s is positive semi-definite, that is,

(W = Amindpn—s)z,z) >0 (31)

for all x € R".
Let us rewrite equality (29) in the form

. S
V(IL‘)‘ = _((W - )\minIn,nfs)ma :L‘) — Amin Z 1'22—
(6) i=1
n—1 7 . ki1 (32)
-2 > > ijH:L‘j;vl- EA
i=s+1j=1
We recall that according to Young’s inequality for any a,b,r > 0 we have
1 r 1
b< —a'tm 4 —— pite, 33
w7 +7r @t 1+7 (33)
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Below we will show that V(z) © is negative in some deleted neighborhood

of the origin. Let us choose the real numbers r; > 0, j = 1,...,n — 1 such that
the following conditions hold:

0<r; <2ksy1, j=1,...,s, (34)
2kzj+1<rj<2k:j+1+1, j=s+1,...,n—1. (35)
Using inequality (33), we obtain the following estimates:

1
x]$2k1+1 < |.CC]’ |.CC ’2]6 it1—r; | ’rj <= (’xJ‘Q + ‘$z|4k i +2— 27‘])|x ’r] (36)

where j=1,...,5,1=s+1,...,n—1, and

21+ 2Rt
|| A (37)

) X s
gy < | L
1+ Tj 1+ rj

where j=1,...,i —1,i=s+1,...,n— 1.
From (32), using (36) and (37), we obtain

V@) < (7~ AminTan-a),2) —~ Amin 3 72— 2 R ik

(6) =1 1=s+1
S
5 Z!b’HIvag\Qlﬂle”Hw [t ) (38)
2 s+1]
1 2]€ +1+2k +1
12 5T (a4 ).
i=s+2 j=s5+1
It is easy to show that
‘ l+1| rj+1 _ ‘b ‘ ri+1
ZZHTIJIJ ZZ S
i=s+2 j=s+1 i=s+1 7= z+2

Therefore inequality (38) takes the form

’ n—1 )
V(x)’ < —((W = AminInn—s)z,2) = 3 (/\mm - > !bfﬂ\ \:Uﬂ”)a:f
(6) = S
-9 S bi+1 _ 1 2 bi‘i’l . 2]61'—7‘]‘ _ 2 ‘b ri—2k;—1 39
2 b 2 2 b5 il > o il (39)
1=s+1 j=1 j=it2
i—1 2k;+1-r;
1 s 2k;+2
X bl e
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Using the notation

1

. )\min mi .
G; = min . , j=s+1,....,n—1,
Poasiss | \(n—s— 1) BT

we have

n—1
Amin — 3 b7 o) >0, i=1,...s (40)
Jj=s+1

for x; such that |z;| < 8;,j=s+1,...,n—1.
Consider a family of functions g; : R — R of the form

gi(z) = 2b+! — ZS: b fa 2R — 2 i J%I e 2ki=1
J=1 j=i+2 '

i—1 . ] 2k +1—7;
-2 ¥ g el v, i=s+l.n-1
j=s+1

From (34) and (35) it follows that
2k —r; >0, j=1,...,8, i=s+1,...,n—1,

2k, +1 -7
Ty

ri — 2k — 1> 0, >0, j<i, i=s+1,...,n—1.

Therefore the functions g;(z), ¢ = s+1,...,n—1 are continuous, symmetric, and
gi(x) have their global maximum at the point = 0. Moreover,

gi(0) =21 >0, i=s+1,....,n—1. (41)

We denote by x} the smallest positive root of the equation g;(x) = 0. Then,
using (41), we obtain

gi(x) >0 for |z|<z;, i=s+1,....,n—1 (42)

From (39) we obtain
X s n—1 i1
V(.%')’ < _(<W - )\minIn,n—s)waw) - Z (/\mm - Z ‘bz ‘ ]mﬂ”)xf
(6) i=1 j=s+1

n—1
- > 1gi($i)$?k"+2 <0 (43)
1=s+

for x € R™ such that |z;| <min{8;,z}},i=s+1,...,n—1, and ||z| # 0.
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Let us show that the last inequality holds. Indeed, consider the following two
cases. If z; # 0 for some i such that 1 < i < n — 1, then it follows from (31),

(40), and (42) that inequality (43) is true. If x; =29 =--- = z,_1 = 0, then
az
—((W — )\min-[n,n—s)x7x) = —Wst1s+1 GQ—”lxn <0 for z,#0
s+

and inequality (43) is true.

Inequality (43) implies that the control u = wu(z) defined by (7) solves the
stabilization problem for system (6).

Let us construct an ellipsoidal approximation of the domain of attraction to
the equilibrium point x = 0 for the case n > 3. To this end, we find the largest
¢ > 0 such that the ellipsoid (Fx,z) < ¢ is contained in the set

Q={xeR":|jz;|<7y,i=s+1,...,n—1},

where v; = min {§;, 2]}, i =s+1,...,n — L.

In this connection we consider the extremal problem of finding a minimum of
the function (Fx,z) under the restriction (x,e;) = 7;, where i is a fixed number
such that s +1 <7 <n —1, ¢; is the i-th column of the n x n identity matrix.
Let us introduce the Lagrange function

L(z,\) = (Fz,z) — M(z, &) — 7).

Let z* be a point of global minimum. The necessary condition of the extremum
gives that L, (2%, \) = 2Fz*—Xe; = 0. Thus we have % = 1A\F~le;. Substituting

x* in the restrictions, we get %)\(F_lei, e;) = ;. Finding A from the last equation,
2
we have z* = ﬁF‘lei. Finally, we obtain (Fz*,z*) = (F—Yilel,el)
So we have proved that, for n > 3, the domain of attraction to the equilibrium

point z = 0 of the closed-loop system (6) contains the ellipsoid

2

: Vi
P = R™: (F = =rrie 44
{$ S ( $,.’L‘) <¢ ¢ S+1I§nil%1nfl (F_leiyei)} ( )

Now we can summarize the previous discussion and formulate the main re-

sult of this section. In the following theorem we describe the solution of the
stabilization problem for system (6).

Theorem 2. Suppose a; < 0, 1 = 1,...,s + 1 are real numbers such that
the eigenvalues of the matriz Asy1 given by (15) have negative real parts, and
a; <0,i=s+2,...,n are arbitrary real numbers. Suppose Wqy1 given by (13)
is an arbitrary positive definite matriz. Let the matriz Fsy1 = { fw}fjil be a
unique positive definite solution of the equation (16). Choose the numbers fi;,
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i=17,...,n, j =58+2,...,n such that the conditions (25) and (26) are satisfied.
Define the matriz F by (17); and define the numbers ap—s+i—1, 1 = S+ 2,...,n
by (24). Then the control w = u(z) defined by (7) solves the stabilization problem
for system (6). Moreover, the domain of attraction to the equilibrium point x=0 of
the closed-loop system (6) contains ellipsoid (44) in the case n > 3 and coincides
with the whole space in the case n = 2.

3. Stabilization of Systems with Power Principal Part

In this section we solve the stabilization problem for system (1). First consider
the case ¢; = 1,i=1,...,n— 1. Then system (1) takes the form

( ilzzu,

. 2k1+1
T2 = Tq vt + fl(taxvu)v

iy = 23+ falt 3, ), (45)
. k141
( En =2, "+ fami(t, x, ),
where k; = %, p; > 0 are integers, ¢; > 0 are odd integers, i =1,...,n — 1.
As before, we assume that the numbers k;, ¢ = 1,...,n — 1 satisfy condi-

tion (3). Moreover, we assume that the functions f;(¢, x, u) satisfy conditions (4),
i.e., for some a; > 0 we have

2kn7 1 +2
n—1 %

[filtz,u)| < ai(aF P2 4 23R g i=1..,n-1

when ||z|| < p, p > 0.

We take system (6) as a nonlinear approximation of system (45). Below we
will prove that the control u = u(x), constructed in the previous section, solves
the stabilization problem for system (45).

Let the control w = u(x) defined by (7) solve the stabilization problem for
system (6), and let the conditions of Theorem 2 hold. Let us show that this
control solves the stabilization problem for system (45).

Assume that the control u = u(x) is applied to system (45). Calculating the
derivative of the Lyapunov function V(x) given by (8) along the trajectories of
closed-loop system (45), we obtain

n—1 n—1
V(.%') ‘(45) = (W':Ua .CC) +2 i:%;l (Fhi—‘rlv x)$7,2k1+1+2 ; (Fei—‘rla .%') fz(ta €, U), (46)

where e; is the i-th column of the n x n identity matrix.
Consider the case n = 2. Then s = 0. Thus we have

V(az)‘ = —(Wax,z) — 2022212 4 2(Feq, x) fi(t, x, u).
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Using estimates (4), we deduce that

V(x)’ —(Wa,2) —2(b% — 1| Feal| ) a2*1+2 < 0

(45)

for 0 < ||z|| < L1, L1 = min {p, #;@H}

Let us show that the last inequality holds. Indeed, if 1 # 0, then the inequal-
ity holds because the matrix W is positive semi-definite and b ? —a || Fes|| ||| > 0
for [|z]| < W;’@H If x1 = 0, then we have —(Wzx, z) = —WQQ%%$5 < 0 for zg #0
and the inequality holds.

Now we consider the case n > 3. Using (43), from (46) we obtain

. s n—1 .
V(@) o) <~V = AminTun-o),2) = 5 (Amin = 50717 )a?

(45) Jj=s+1
n—1
Zlgz(xz) AR Z (Fez—i—l? )fi(taxvu) (47)
i=s+

for z € R™ such that |z;| < min{f;,z}},i=s+1,...,n—1, ||z|| #0.
Let us choose the numbers ¢;, i = 1....n — 1 such that

0<e <Amin, t=1,...,8, and 0<£i<bﬁ+1, 1=s+1,...,n—1.
Let Z; be the smallest positive root of the equation ¢;(z;) = €;, i = s+1,...,n—1.
It is obvious that z; <z}, i =s+1,...,n — 1.

Then the following inequalities hold:

Armin — Z DI |y > e, i=1,... s, (48)
Jj=s+1

for |z;| < m;, where

1

Mo — £ T
f)\’l/]: min < men EZA |> ; j:S—i-l,...,TL—l,

1<i<s (n—s—1) ]bg“
and
gi(x;)) >¢e; i=s+1,...,n—1 (49)
for |z;| <Zj,i=s+1,...,n— 1.

Thus, from (48) and (49), it follows that inequality (47) takes the form

V(l‘)‘ S*((VV*)‘minIn,nfs) ) Zslaz — Z EiT 2k1+2
(45) i=s+1

+2 nz_:l (Feit1, ) fi(t, z,w) (50)
i=1
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for z € R™ such that |z;| < m;, where m; = min{z;,m;}, i =s+1,...n — 1.
Using estimates (4), we have

n—1 n—1
> (Feiry,x) filt,z,u) < aul Feaa | 2] lyl1?, (51)
=1 i=1
ko141 T n—1 ,
where y = (x]flﬂ,x];?“, o ’xnn_llJr ) 7 HyH2 _ Zl x?kﬂrZ.
1=

Using the notation

€= min ¢, m= min my,
1<i<n—1 s+1<i<n—1

from inequalities (50) and (51) we deduce that

n—1
V@), <~V = AminTnno2) = (= X aullFecal ) [l <0 (52)
i=1
for 0 < ||z|| < L2, where Ly = min ¢ p, H;,m
> il |[Feipl]

1=1
Let us show that inequality (52) is true. To this end, we consider the following

two cases. If ||y|]| # O, then € — > «yl|Feit1] ||z|| > 0 for ||z|| < L2. Hence,

i=1
combining the last inequality with inequality (31), we obtain that inequality (52)
is true. If ||y|| = 0, then
a2
—((W = Amindnn—s)2, ) = —Wet1s41 a5 <0 for z, #0
@41

and inequality (52) is true.

We have shown that the equilibrium point = 0 of the closed-loop system (45)
is asymptotically stable, and thus we have proved that the control u = u(z)
defined by (7) solves the stabilization problem for system (45).

Let us construct an ellipsoidal approximation of the domain of attraction to
the equilibrium point = 0 of the closed-loop system (45). To this end, we find
¢ > 0 such that the ellipsoid (Fz,x) < c is inscribed in the ball ||z|| < L, where

L= Ly, n=2 . It is easy to verify that this ellipsoid has the form
Lg, n > 3

d={zeR": (Fr,z)<c, c= )\mm(F)L2}, (53)

where A (F) > 0 is the smallest eigenvalue of the matrix F.
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Now, basing on results obtained in this section, we state the following theorem.

Theorem 3. Suppose that the conditions of Theorem 2 hold. Then the control
u = u(z) defined by (7) solves the stabilization problem for system (45); and the
domain of attraction to the equilibrium point x = 0 of the closed-loop system
contains ellipsoid (53).

Finally, we solve the stabilization problem for system (1) for the case where

n—1
¢i, © =1,...,n — 1 are some real numbers such that [[ ¢; # 0. So system (1)
i=1
has the form
T =u,
. 2k 141 : 54
{ Tj = Ci—1T;_1 o —|—fi,1(t,$,U), Z:2,...,7’L. ( )

We recall that the numbers k; satisfy condition (3) and the functions f;(t, z,u),
i=1,...,n — 1 satisfy conditions (4).

The following theorem provides a way to solve the stabilization problem for
nonlinear system (54), which is uncontrollable with respect to the first approxi-
mation.

Theorem 4. Suppose that the conditions of Theorem 2 hold. Put

- b

L; = min P . = ’ -

max ¢; "=l

1<i<n Y @il Fei |

=1

, Lo =min ,Mm

max ¢; a1 Fesl|
1<i<n

~2k;+2
oo

— ma , and ¢; are defined by the following relations
|Cit1] 1<j<n—1 7

where 0; =

2k;_1+1
)

a=1 @c=c, ¢=c-1(¢-1) 1=3,...,n.

Then the control

as a n—1 T 2k;+1
n K3
w(z) = a2 + = T2+ + —xp + g An—s+i | =
ey e A Ci
1=S8

solves the stabilization problem for system (54). Moreover, the domain of attrac-
tion to the equilibrium point x = 0 of the closed-loop system (54) contains the
ellipsoid

o= {a: eR": (C'FC'z,2) < Amm(F)E2} ,

where C = diag (51, Co,. .. ,En) is a diagonal matriz of dimension nxn, Apin(F) >0
. . . - El, n =2
s the smallest eigenvalue of the matric F and L =< ~ .

LQ, n > 3
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P r o o f. Suppose that the control u = u(z) is applied to system (54). The
change of variables # = Cy (¥; = Gyi, i = 1,...,n) maps system (54) to the
system

v =v(y),

. . 55
yi:kaz 1+1+ fl 1(t Cya )a Z:2,...,TL, ( )

~

where v(y) = u(Cy), y = (Y1, ..,yn)’. From estimates (4) it follows that

1 A .
|afl(tvcyv Z Czyl 2k+2<alzy2k+2 Zzlv"')n_l
)

|CZ+1‘

p

max ¢

1<i<n

Thus, using Theorem 3, we obtain that the control

for [[yl| <

n—1

’U(y) =a1y1 + a2y + -+ apyn + Z Ay S_Hkal-q-l
1=s+1

solves the stabilization problem for the open-loop system (55). Moreover, the
domain of attraction to the equilibrium point = 0 of the closed-loop system
contains the ellipsoid

{y eR": (Fy,y) <e¢, c= )\mm(F)EQ}.

Making the reverse change of variables y = C ~12, we obtain the stabilizing control
for system (54) and the ellipsoidal approximation of the domain of attraction to
the equilibrium point z = 0 of the closed-loop system. [

Example 1. Consider the system
.T'Ul = u,
G =21 — 1 5 sin 2z, (56)

T3 = To — 332 cosSTo — sinxo + %sin 2x9.

In this case
1
e1(t,z,u) =1 — 3 sin2x1, a(t,x,u) = x9 — o cOS T2 — Sin Ty + 3 sin 2z9.

Using the Taylor expansion formula, we obtain

! — x5 + fa(z2),

2
Sol(ta%u) = *$?+f1("171), 902(157:1:7“) 12

3
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2 1
where |fi(z1)| < 7ela1]? and | fa(w2)| < o5l

— 90
2
Thus system (56) takes the form of (54) withn =3, k1 =1, ka =2, 1 = 3
1 2 1 2 8
C2 127 a1 157 (8%) 907 P , S 0 €n c , €2 37 C3 799

1
Put a; = -1, ag = =2, a3 = —g Wi = 2. Then, according to (9) and (12),

we have

1
1 -2 - 2 4 1

2
A=| o0 o o w=| 8?2
12 !
0 0 0 2

From (17) and (25) we obtain that the solution of matrix equation (11) when
faa =5, fs3 =1 has the form

1o 2
2
5
F=|2 5 2
1

1
L5y
2 1

Thus, according to Theorem 4, we obtain that the control

Fig. 1. Phase trajectory z(t) in R3,
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729 5 243
u(z) = —x1 — 3x9 — e ixi’ - Ex%
solves the stabilization problem for system (56); and the domain of attraction to

the equilibrium point = = 0 of the closed-loop system contains the ellipsoid

~ )~

T
@z{xER3:(Fy,y)§0.0891...}, where y:<$1 3327533)
C1 C2 cC3

Numerical analysis shows that we can take a point out of this ellipsoid. For
example, let 29 = (—0.1,—0.3,0.15)7 be the initial point. This point does not
belong to the ellipsoid ®, but it belongs to the domain of attraction to the origin.
Graphic of the phase trajectory is shown in Fig. 1.
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