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We present an important contribution to the noncommutative approach
to the hydrogen atom to deal with Lamb shift corrections. This can be done
by studying the Klein—Gordon and Dirac equations in a non-commutative
space-time up to first-order of the noncommutativity parameter using the
Seiberg-Witten maps. We thus find the noncommutative modification of
the energy levels and by comparing with the current experimental results
on the Lamb shift of the 2P level to extract a bound on the parameter of
noncommutativity, we show that the fundamental length (\@) is compatible
with the value of the electroweak length scale (I). Phenomenologically, this
effectively confirms the presence of gravity at this level.
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1. Introduction

The standard concept of space-time as a geometric manifold is based on the
notion of a manifold whose points are locally labelled by a finite number of
real coordinates. However, it is generally believed that this picture of space-
time as a manifold should break down at very short distances of the order of
the Planck length. This implies that the mathematical concepts of high energy
physics has to be changed or, more precisely, our classical geometric concepts may
not be well-suited for the description of physical phenomenon at short distances
[1-3]. The connection between the string theory and the non-commutativity [4—
7] motivated a large amount of work to study and understand many physical
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phenomena. The study of this geometry has raised new physical consequences
and thus, recently, a noncommutative description of quantum mechanics has
stimulated a large amount of research [8-15]. The non-commutative field theory
is characterized by the commutation relations between the position coordinate
operators themselves, namely,

[2H,2Y] = iOM, (1)
and the star Moyal product * is defined between two fields ¥ (z) and ¢ (z) by

_ igmw 9 0
b (2) % (@) exp<2® 527 By

) b ()0 (9) Ly @)

where ©#" are the noncommutative constant parameters in the canonical non-
commutative space-time.

The issue of time-space noncommutativity is worth pursuing on its own right
because of its deep connection with such fundamental notions as unitarity and
causality. Much attention has been devoted in recent times to circumvent these
difficulties in formulating theories with ©% #£ 0 [1, 2, 16, 17]. There are similar
examples of theories with time-space noncommutativity in the literature [18-20]
where unitarity is preserved by a perturbative approach [21].

The most obvious natural phenomena to search for noncommutative effects
are simple systems of quantum mechanics in the presence of a magnetic field,
such as a hydrogen atom. In the noncommutative time-space one expects the
degeneracy of the spectrum levels to be lifted, and therefore one can say that the
noncommutativity plays the role of the magnetic field. The study of the exact
and approximate solutions of the relativistic hydrogen atom has proved to be
fruitful and many papers have been published [22-25]. In this work we present
an important contribution to the noncommutative approach to the relativistic
description of the hydrogen atom. Our goal is to solve the Klein—-Gordan and
Dirac equations for the Coulomb potential in a noncommutative space-time up
to first-order of the noncommutativity parameter using the Seiberg—Witten maps
and the Moyal product. We thus find the noncommutative modification of the
energy levels of the hydrogen atom and we show that the noncommutativity is
the source of a magnetic field resulting in the Lamb shift corrections. We also
note that the effect of noncommutativity confirms the presence of gravity at the
very short distances.

In a previous work [26, 27], by solving the deformed Klein-Gordon and Dirac
equations in a canonical noncommutative space, we showed that the energy is
shifted, where the correction is proportional to the magnetic quantum number,
which behavior is similar to the Zeeman effect as applied to a system without
spin in a magnetic field, thus we explicitly accounted for spin effects in this space.
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The purpose of this paper is to study the extension of the Klein—Gordon
and Dirac fields in canonical noncommutative time-space by applying the result
obtained to a hydrogen atom.

The paper is organized as follows. In Sec. 2, we propose an invariant action of
the noncommutative boson and fermion fields in the presence of an electromag-
netic field. In Sec. 3, using the generalized Euler-Lagrange field equations, we
derive the deformed Klein-Gordon (KG) and Dirac equations for the hydrogen
atom. We solve these deformed equations and obtain the noncommutative mod-
ification of the energy levels. Furthermore, we derive the non-relativistic limit
of the noncommutative KG equation for a hydrogen atom and solve it using the
perturbation theory. Finally, in Sec. 4, we draw our conclusions.

2. Action

The canonical noncommutative space-time is characterized by the commuta-
tion relations of coordinate operators satisfying relation (1). In order to preserve
this relation, the infinitesimal gauge transformation is generalized by the follow-
ing relation:

o (A4) + 8507 (4) = ¢4 (A +6,4) (3)

where &A = (flu,z/;) is a non-commutative generic field, flu and 1[1 are the non-
commutative gauge and matter fields, respectively, A is the U(1) gauge Lie-valued
infinitesimal transformation parameter, dy is the ordinary gauge transformation
and 55\ is a non-commutative gauge transformation which are defined by:

Oyt =iXwth,  Oyp =iy, (4)
A=A+ [NA L BAL = a0 (5)

Now using these transformations one can get at second order in the noncom-
mutative parameter O the following Seiberg-Witten maps [4]:

b=v+9'+0(8%), (6)
A=A+ 2 (N4, +0(87), (7)
Ag = Ag + Af (Ag) + 0 (07), (8)
Fle = Fue (A£)+Fﬁg (4¢) + 0 (07), 9)
where
9 = —20°({A0, 950} + 5 ([6, Aa] Ag}), (10)
A= 09,04, (11)
A = %@aﬁAa (0:Ap — 2034, , (12)
Fie = —0%(Aa85Fu¢ + FuaFpe) . (13)
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and
F, =0,A, —0,A,. (14)

To begin, we consider an action for a free boson and fermion fields in the
presence of an electrodynamic gauge field in a noncommutative space-time. We
propose the following action [28]:

1. .
S:/d4a: (,CMB—F»CMF— 4FMV*F‘HV>7 (15)

where Ly and Lyr are the boson and fermion matter densities, respectively, in
the non-commutative space-time and are given by

A T
Lam =1 (Dug) + Dup+m23t+ ¢, (16)
and _ R R
Lae =+ (19" Dy = m) * 9, (17)

where the gauge covariant derivative is defined as 13“ =0, + ieflu.
From the action variational principle the generalized equations of Lagrange
up to O (6?) are [29]:

a—@—aHLEAJFaMa,,LAJrO(@?) =0, (18)
02 "9 (9,9) 9 (9,0,%)
where 1
£:£MB+£MF_ZFMV*FMV- (19)

3. Noncommutative Time-Space KG Equation

Using the modified field equation (18) , with the generic boson field ¢, one
can find in a free non-commutative space-time and in the presence of the external
potential A, the following modified Klein-Gordon equation:

(n** 0,0, — mg) © + <ien””8ﬂfly — 6277“”,21“ s« Ay, + 21'677“”14“8”) $ =0, (20)

where the deformed external potential flu (_%/ T’) in free noncommutative space-
time is [30]:

N e & Ok 2
- et ik 2
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for a non-commutative time-space, ©% = 0 and ©F = 0, where i,k = 1,2,3. In
this case, we can check that

9,0, = _83 + A, (23)
and
A 2¢2 et 04
2ien"" A,0, = i780 + 2iﬁ® T2;00, (24)
and
2 ,U,IIA A et e’ 07
—e 77 'u* V:Tﬁ—i_Qﬁ@ l'j, (25)

then the Klein-Gordon equation (20) up to O (@2) takes the form

9 o et 2e? et 0j eb 0j .
—05 + A —m; +r—2+2780+21ﬁ® $j80+2ﬁ@ zj| ¢ =0. (26)
The solution to equation (26) in spherical polar coordinates (7,0, ¢) takes the

separable form
1. .
Pr,80,6.1) = - R(VY (6, 0) exp(~iE). (21)

Then (26) reduces to the radial equation

2 ll+1)—¢t n 2F¢?

ar? r2 r +

4 . 6 . A
YEX - m?+ QE%@ijj + 2%@%]- R(r)=0. (28)

In (28), the Coulomb potential in noncommutative space-time appears within
the perturbation terms [31]:

(S
Hpert

2F ¢! oY ¢ 0

=2E—30%z; + QﬁG xj, (29)
where the first term is the electric dipole-dipole interaction created by the non-
commutativity, the second term is the electric dipole—-quadruple interaction. These
interactions show us that the effect of space-time noncommutativity on the inter-
action of the electron and the proton is equivalent to an extension of two nuclei
interactions at a considerable distance. This idea effectively confirms the pres-
ence of gravity at this level. To investigate the modification of the energy levels
by equation (29), we use the first-order perturbation theory. The spectrum of H
and the corresponding wave functions are well-known and given by

[ a n! 1/2 11
R = v —xz/2 [2v+1
ni(7) n+v+1 <F(n+2y+2)) voe n (@), (30)
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where the relativistic energy levels are given by

Me (n—l—é—l— (l—i—é)Q—a?)
E=E,; = - (31)

{(”+§)2+(l+§)2+2(n+5) (H%)Q_O‘Q]Q

and L2*1 are the associated Laguerre polynomials [32], with the following nota-
tions:

3.1. Noncommutative corrections of the relativistic energy

Now to obtain the modification to the energy levels as a result of the terms (29)
due to the noncommutativity of space-time, we use the perturbation theory. For
simplicity, first of all, we choose the coordinate system (¢,7,6, ) so that % =
—07% = 969, such that % xj = Or and assume that the other components are
all zero and also the fact that in first-order perturbation theory the expectation
values of 1/r% and 1/r* are as follows:

(nlm | r=2 | nim/) = /Ril(r)r_3dr6mm/
0
4a3n! r

2v—-1 _—=x 2v4+1 2
- L A2y

(n+y+1)r(n+2y+2)/$ e [ n ($)] LOmm
0

C(ntv+ DI (n+20+2) [T(n+1)T (20 +2

(e o]

B 4a3n! [ T (n+2v+2) )]2

X /1221/_16_&: [F(—n;2v + 2;2)]* dzd
0
2a3 n

:V(2V+1)(n+u+1){1+(,/_|_1)}5mm’:f(3)7 (33)

4a* 1 3n
@ - D@+ 1) (ntv+l) [ MY
3n(n—1)

+(1/ T 1) (21/ T 3):| Omm/ = f(4)a (34)

(nlm | v~ | nim/) =
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Now, the correction to the energy to first order in © is

oW

0 0
nlm pert

nlm> .

E®W = ( (35)

where Hr‘iﬁ) is the noncommutative correction to the first order in © of the

perturbation Hamiltonian, which is given in the following relation:

4 6
() _ op© e
Hyp! = 2E-50 +2-,6. (36)

pert

To calculate E®M), we use the radial function in Eq. (30) to obtain
E®W =20a? (ES f (3) + af (4)).

Finally, the energy correction of the hydrogen atom in the framework of the
non-commutative KG equation is

E©(1)
2F

= 0a? (f <3>+;;lf<4>>. (37)

AENC —

This result is important because it reflects the existence of Lamb shift, which
is induced by the noncommutativity of the space. Obviously, when © = 0, then
AFENC =0, which is exactly the result of the space-space commuting case, where
the energy-levels are not shifted.

We showed that the energy-level shift for 1.5 is

AES = 0a” <f1s (3) + Eiofls (4)) - (38)
1,0

In our analysis, we simply identify spin up if the noncommutativity parameter
takes the eigenvalue +0 and spin down if the noncommutativity parameter takes
the eigenvalue —O. Also we can say that the Lamb shift is actually induced by the
space-time noncommutativity which plays the role of a magnetic field and spin
in the same moment (Zemann effect). This represents Lamb shift corrections for
I = 0. The result is very important: as a possible means of introducing electron
spin we replace | — =+ (j + %) andn —-n—j5—1-— %, where j is the quantum
number associated to the total angular momentum. Then the [ = 0 state has the
same total quantum number j = % In this case, the noncommutative value of

the energy levels indicates the splitting of the 1s states.
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3.2. Non-relativistic limit

The non-relativistic limit of noncommutative K-G Eq. (26) is written as
33, 34]:

I+ 1)  2mee? et eb
W - 7‘2 + , +2me€+2meﬁ@+2ﬁ

0| R(r) = 0. (39)

In this non-relativistic limit the charged boson does not represent a single charged
particle, but is a distribution of positive and negative charges which are different
and extended in space linearly in v/©. The absence of a perturbation term
of the form ©/r? in the noncommutative Coulomb interaction shows that the
distribution of positive and negative charges is spherically symmetric. This can
be interpreted as the spherically symmetric distribution of charges of the quarks
inside the proton.

Now to obtain the modification of energy levels as a result of the noncommu-
tative terms in (39), we use the first-order perturbation theory. The spectrum of
Hy (© = 0) and the corresponding wave functions are well-known and given by

2

MeQr
e (40)
and
1 /(n=1-1)! 2 41 —a/2 7 2041 _ 2
Ry(r) = - (a CEi] > e Lo (2), T = %r, (41)

where a = h?/(m.q) is the Bohr radius of the hydrogen atom. The Coulomb
potential in noncommutative space-time appears within the perturbation terms

HE, =200 (T4 +53) +0(67), (42)

where the expectation values of 1/r% and 1/r* are as follows:

2

-3 / , 4
4(3n* —1(1+1))
l —4 l / —
(nim [ 7= | nim >0 [a4n5l(l TR+ 12+ 3)
35 (3n% —1(1+1
+ (3n 1+ 1) O - (44)
3l-—1)(I+2)2l—1) (2l +1)(20 + 3)
Hence the modification to the energy levels is given by
AENC = 002 { f(3)+ mi f (4)} +0(0?). (45)
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We can also compute the correction to the Lamb shift of the 2P level where we
have
AENS =0.243156 © (MeV)? . (46)

According to [35], the current theoretical result for the Lamb shift is 0.08 kHz.
From the splitting (46), this then gives the following bound on ©:

O < (8.5TeV) 2. (47)

This corresponds to a lower bound for the energy scale of 8.5 TeV, which is in
the range that was obtained in [36-39], namely 1-10 TeV.

4. Noncommutative Time-Space Dirac Equation

Now, concerning the Dirac equation in the free non-commutative time-space
and in the presence of the vector potential A, and using the modified field Eq.

(18), with the generic field ¥, we can find the modified Dirac equation up to
(@) (@2) as

(i7" 0y — me)  — ex™ Ath — eyt AL + %@aﬁwaa/xuam& —0.  (48)

For a noncommutative time-space (@ki = 0, where i,k = 1,2,3), in this case we
can write:

iviO, — me = i*yoag + 7 0 — me, (49)
i e? 0 el 00k
—eY Ay =y 4 gy 0, (50)

; 2 0k
ie ec 0%
5 0% 00 Auds = —i7" =

9. (51)

Then the noncommutative Dirac equation (48) up to O (@2) takes the following
form:

728y + 7' 0; — me + 6:70 + iwﬂ@ﬂkxk — 2'62270 0%z d|lh=0. (52
We can write this equation as
H (t,7,0,0) = 0ot (t,7,0,¢) . (53)
Then replacing R X
¥ (t,r,0,0) — exp (—iEt) ) (r,0, ) (54)
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gives the stationary noncommutative Dirac equation

Hy (r,0,¢) = EY (1,0,¢),

where E is the ordinary energy of the electron and H is the noncommutative
Hamiltonian of the form

H = Ho+ HY,, (55)
where Hj is the relativistic Hamiltonian for the hydrogen atom
~ = 62
Hy = ai. (—iv) + Bme — =, (56)
r
and HO pert 18 the leading-order perturbation
~ E e e, 7
S} t
HS . = <2 - r) e? T (57)

The leading long-distance part of H, pert behaves like that of a magnetic dipole
potential where the noncommutativity plays the role of a magnetic moment.
So the noncommutative Coulomb potential is the multipolar contribution and
this means that the distribution is not spherically symmetric. In the above the
matrices & and (§ are given by

where o* are the Pauli matrices:

L (01 o (0 —i 5 (1 0
"‘(10)’ J_<i 0)’ 7=\o0 -1 )

To investigate the modification of the energy levels by equation (57), we use
the first-order perturbation theory, where, by restoring the constants ¢ and #,
the spectrum of Hy and the corresponding wave functions are well-known and
are given by (see [35, 40-45]):

_ ¢(T7 9’ 90) _ f(?") leM (97 90)
w(r’e’(p)_<x(n ,¢)>_<Q(T)szM(97s@) ) (58)

where the bi-spinors ;57 (0, ) are defined by

:F\/ j+1ég2)+q(t1f1 L2 Yit1/2,m-1/2 (0,0)

Qi (0 :
\/%inl/lMJrlﬂ (0, )
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with the radial functions f (r) and g (r) given as

f(r _ (e 21 he (Ex — mec?v) n! o
(9(7’)) B < h) V\/(m602)2a(%—u)F(n+2y) .
hiaLy " (2) + L3 (2)
(et om0 ) (00

where the ordinary relativistic energy levels are given by

2
E=Ey; == V) o012 (61)

a2 4 (n+v)?

and LY (z) are the associated Laguerre polynomials [32], with the following no-
tations:

1

2
_ 2\2 2 _ 2\2 2
a= mec?)” — F T = —1/(mec?)" — E*r
mecg ( € ) ’ hc ( € ) )
1
< 5 v=1\/x?—a?
f2:%—V7
2% v’
MeC
a(x—v) e?
gl:—E s gQ:hi:a'
> — Ml C
MmeC

In the above, m, is the mass of the electron and « is the fine structure constant.

4.1. Noncommutative Corrections to the Dirac Energy

Now to obtain the modification to the energy levels as a result of the terms
(57) due to the noncommutativity of time-space, we use the perturbation theory
up to the first order. With respect to the selection rule Al = 0 and choosing the
coordinate system (t,7,6,¢) so that ©% = —@*0 = ©5%! we have

AE) = AE) + AED), (62)
where
Al = / 08 [ v (0. b 10,9
0
FE 1
= O (50 (63)

2hc
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and
4 47 00
6 J—
AET(I?]) = —% / @dQ / d7'7’ Q[wlle (T’, 0, QO) T/Jnj’l’M’ (7‘, 9, Sp)]
0 0
et 1
= —— 1 {— 4
hC@MM <7‘3>7 (6 )
where
1 mec \3 > (QE% — mECZ)
—) = 2hc a , 65
<T2> ( h > [(mec2)2a1/ (402 — 1)] (65)

mec?)? v (402 —1) (12 — 1)

(mee?)’ (2 1) ] | (66)

(mc >3 [( 3B (Esx — mec?)

C(mec®)? v (2 — 1) (12 — 1)

From Eq. (62) we obtain the modified energy levels in noncommutative space-
time to the first order of O as:

© _ (& 2 mectad
Abnj = (hc) v(4v? —1) .
(2E% — mecz) 3 (E% — mecz) 2
X | Ex ( o2 — (1/2 — 1) + (me@) Onn- (67)

The selection rules for the transitions between the levels (N lj-\/[ — N léw ,) are

Al =1 and AM = 0,41, where N = n + |»| describes the principal quantum
number. The 25} /5 and 2P, /; levels correspond respectively to

(N=1,j=1/23=+1,M==+1/2). (68)
From (67) and (68) we can write
AE;§3/2 = 1.94464 x 10780 (MeV)?, (69)
AE;’EE/Q = £2.16075 x 10770 (MeV)?. (70)
The non-commutative correction to the transition follows as

e —
ABY), (2Pyjs — 251/) = 2160715 x 1070 (MeV)®.
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Now again using the current theoretical result on the 2P Lamb shift from
[39], which is about 0.08 kHz, and from the splitting (69), we get the bound

0 < (0.25TeV) 2, (71)

Restoring the constants ¢ and A in (71), we write the bound on the non-commutativity
parameter as
0 < 1.7 x 1073 m?. (72)

It is interesting that the value of the upper bound on the time-space noncom-
mutativity parameter as derived here is better than the results of [12, 21, 36, 46].
This value is only in the sense of an upper bound and not the value of the pa-
rameter itself for which the fundamental length VO is compatible with the value
of the electroweak length scale (£,). This effectively confirms the presence of
gravity at this level.

5. Conclusions

In this work we started from quantum relativistic charged scalar and fermion
particles in a canonical noncommutative space-time to find the action which is
invariant under the infinitesimal gauge transformations. By using the Seiberg—
Witten maps and the Moyal product, we derived the deformed KG and Dirac
equations for noncommutative Coulomb potential up to first order in the non-
commutativity parameter ©. By solving the deformed KG and Dirac equations,
we found the ©-correction energy shift. This proves that the non-commutativity
has an effect similar to that of the magnetic field. The corrections induced to the
energy levels by this noncommutative effect and the Lamb shift were induced and
compared with experimental results from high precision hydrogen spectroscopy to
obtain a new bound for the noncommutativity parameter of around (0.25 TeV)fQ7
for which the fundamental length v/© is compatible with the value of the elec-
troweak length scale (£,,). This effectively confirms the presence of gravity at this
level.
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