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Introduction

The scattering theory is not only the source of new non-traditional mathe-
matical methods in the realm of perturbations of linear operators but it is also
an important instrument for solving some problems of mathematical physics and
performing calculus [1, 2|. Along with the problems of scattering theory, such as
the existence of wave operators and their completeness, the properties of scatter-
ing matrix etc. (the Kato-Birman theory), the inverse problem, contained in the
reconstruction of the initial operator system by the physically measured scattering
data, plays an important, if not the main, role [1-6].

In this paper, the scattering problem for the pair of selfadjoint operators
{Lo, L} is solved under the assumption that L — Lg is a trace-class operator. Sim-
ilar problems were also studied in [8-10|. For simplicity sake (although this does
not complicate significantly the considerations mentioned below), the operator
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Lg is assumed to be bounded. The main goal of the paper is to construct the
scattering operator S for the given pair {Lg, L} and solve the inverse problem.
The paper consists of 5 sections, in the first of which the wave operators W
and the scattering operator S are calculated using the methods of [2]. In Section
2, for the operator system {Lg, L} under study, the Friedrichs-Faddeev model is
constructed and the scattering matrix S(x) is calculated. The main properties of
S(z) are proven and the link between S(x) and the function of spectral shift £(x)
is determined (the Birman-Krein Theorem). Section 3 is dedicated to the study
of the Friedrichs-Faddeev model {Q, L}. The eigenfunctions of the operator £
are described and the type of spectral projectors of absolutely continuous part of
the spectrum of the operator L is defined. In Section 4, the main integral equa-
tion of the inverse problem (an analogue of the Marchenko equation) is obtained.
The last section is dedicated to the solution of the inverse Riemann scattering
problem for the case where dim FF = 1. Similar problems for one-dimensional
perturbations are studied in [19-21]. Notice that the statement of the problem is
not traditional: the Friedrichs—Faddeev model is unambiguously restored by the
scattering data. The solution of the inverse problem for the case dim E' > 1 will
be the subject of further publications.

1. Scattering Operator

I. In a separable Hilbert space H we consider a pair of bounded linear selfad-
joint operators {Lg, L} such that

LY Ly — ¢ Ry, (1)

where ¢ : H — E (FE is a separable Hilbert space); R = R* is an operator in E.
It follows from (1) that

Ro(A) = R(A) — Ro(A)¢"RpR(A) (A ¢ o (Lo) Ua(L)),
where Ro(\) = (Lo — M) " and R(A) = (L — AI)~!, and thus
PR(\) = (I = V(N)R) 'oRo(N),

where V() is a Nevanlinna [9] operator-function in E,

V(D) E oRy(N)e". 2)
Thus
R(\) = Ro(A) + Ro(A)@" N(A)@Ro(N), (3)
where
NN Y RI-VO)R) ™. (4)
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Theorem 1. The function N(X\) (4) is Nevanlinna [12], (N(\) — R) is
holomorphic at the infinitely distant point and the following statements are true:
N = (I - RV(N) " R;

2) N*(A) = N (A);

8)N(\) = N(w) = NOV() — V()N (w) (5)
(A = w)N(A)pRo(A)Ro(w)e* N (w);

4) the representation

~— —

=l

b
Ny=ns [0

a

is true, where X\, w belong to the analyticity domain of N(\); V(A) is given by
(2); Ro(N\) = (Lo — AI)™*; o(t) is a nondecreasing operator-function of bounded
variation in E; —o0o < a < b < 00.

Proof. Relation 1) follows from the identity (I —RV(A\))R = R(I—-V(\)R).
Equality 2) follows from 1) and from the fact that R = R*, V*(\) =V ( ) Since

N(A) = N(w) = (I = RV(A))'R[V(A) = V(w)|R(I =V (w)R)™"

= NMVQA) = V()N (w),

3) is a corollary of V() — V(w) = (A — w)pRy(A) Ro(w)p*. Taking into account
that

N(A) = R+ RV(NR(I = V(NR)™, sup lyV (@)l < o0,

we obtain 4) in view of the well-known [12] representation for the Nevanlinna
functions. u

For a selfadjoint operator L in H and for all € > 0,
/ei’\te_itLe_stdt = —iR(\ + ig), / e~ Meitbe=etqr — iR(A — i) (6)
R R

take place, where A € R and R(\) = (L — AI)~!. Consider an operator-function

SO\, ) %f QLM{R(A +ie) = RO —ie)} = SRO+iRO—ie) (1)
(AER, &> 0), then 2]
/5(/\,s)d)\ =1 (8)
R
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IT. We define the wave operators [1 — 3|,

Wy s . lim exp{itL} - exp{—itLo} Py, 9)
—F 00

where F§ is an orthoprojector on an absolutely continuous subspace of the oper-
ator Lg. The Kato—Rosenblum Theorem [1, 2] yields that if R is of trace-class,
then the limits (9) exist and Wy are complete, i. e., Wi H = P*H where P® is an
orthoprojector on an absolutely continuous subspace of the operator L. The oper-
ators Wi (9) are partial isometries from P§H on P*H [1, 2| and they intertwine
the absolutely continuous parts of the operators Lg and L,

LWy = We L8, (10)

where L§ = LoP§, L* = LP® The existence of W4 (9) yields that the limits
W exist in the weak convergence sense and these limits coincide. Use the weak
convergence by Abel [2].

Theorem 2. If the limits Wy (9) ewxist, then
(Wefo, f) = lim / 2ee™ %" (exp{FitL} exp {*itLo} fo, f) dt, (11)
e—s
R4

Vfy € P¢H, Vf € PeH.

Proof Let usshow that A — 0 as e — +0, where

AW fo, ) — 2 / e (e fo, f) di =
R4

. / =2 (W — citbemitho) fo £ dt.

Ry

For all § > 0 there exists N = N (4, fo, f) such that [((W_e"le "E0) fo f)] <&
takes place for t > N, therefore

25/6_26t <(W, - eitLe_itLO) fo, f> dt| < de~2N,
N

Taking into account the unitarity of e’ e and the isometricity of W_, we

obtain

N
2¢ / e P ((Wo — ebe M) fo, £y dt| < 2lfoll - LFI (1 —e7*).
0
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Using the obvious inequality 1 — e~ < §, which is true for all § € R, we have
|A| < 672N 4 4eN | foll - || f]l. Let € be such that eN < 6. Then |A] < C§

(€ = max {1, 4] foll - [IF1I})- u

Theorem 3. Let R in (1) be of trace-class, then for the wave operators Wy
(9), the following representations are true:

W oo ) = (oo )+ Jim) [ (Ro(d i)' N £ ie)pdaNe)fo, £) db, - (12)
R
where fo € P{H, f € P*H; the functions N(X) and §(\,€) are given by (4) and
(7), respectively; Ro(\) = (Lo — M) ™"
Proof. Since

W_fo, f) = EEIEO e~ 2t <e—i75130f07 e—ith> dt
R

in view of (11), then using the Parseval inequality for the Fourier transform and
(6), we obtain

W oo ) =t = [ R+ io)fo, RO+ i) ) d
R

Taking into account (3) and (7), we have

(W_fo, f) =

= Jim 3 [ Gl fon ) ar+ [ (Ro(A i) N\ = i)l ) fo FHA b
R R

which, in view of (8), gives us (12). For W, formula (12) is proved in a similar
way. ]

Formula (12) implies

(W3t o) = (o fo) + Jim [ (e 2) N i) Rolia £ 19 f, fo) . (13)
R

Define the scattering operator [1-3],

S wrw.. (14)
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The operator S maps F§H onto itself isometrically, and
SLy = LgS (15)

in view of (10), where L§ is an absolutely continuous part of Lg.

Theorem 4. The scattering operator S (14) of the pair {Lo, L} (L is given
by (1), R is of trace-class) is given by the formula

((S—1)fo,90) = —2mi lim [ (do(A, €)p" N (A —ig)pdo(A, €) fo, go) dA,  (16)

e—+0

R

where fo, go € P§H; N(X) and 6o(X, €) are given by (4) and (7), respectively.

Proof Formulas (12), (13) imply

(S o g0) = (W-fo, W o) = (o Wagn) + tim, [ (Ro(h o)™ N (A — ie)y
R

x00(A, €) fo, Wigo) dX = {fo, 90) +811LH}FO/ (00 (1,€1) @"N (p —ic1) @
R

X Ro (1 —ic1) fo, go) dpe + Elilfrlo/ (Ro(A — ig)p" N (X —ig)pdo(A, €) fo, go) dA
R

+ lim lim [ dA / dp (0o (1, €1) "N (1 —ie1) pRo (1 — ie1) Ro(A — ie)p™
e1—+0e—+40
R R

XN()\ — iﬁ)g&&o(/\, 5)f0,go> .

The double integral, in view of 3) (5), is equal to

Bd:ef/d)\/dﬂ <50 (M,El)@*N(M_iel) —N()‘_ie)gp50()\,5)f0,go>.
R R

p—A+i(e—er)
Calculate the expression

/ dA 5(M)_1/ dA / dE,
p—A+i(e—e) 7 T omi ) p—A+i(er—e) r—X—ie

R R R

_/ dE, _1/ dE, / 1
r—A+ic [ 2mi) x—p+ile —2e) A\ —x + i

R R R
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B 1 A\ _1/ dE, / 1
A—p+i(er —¢)) 2mi ) x — p+ieg A—x —ie
R R

e —eJ ‘“}'

If € > €1, then
1 1
A—x+ie A—p+i(er—e)
1

J [
1
- X =
/{)\—:p—is M—)\+i(51—5)} 0
R

] d\ = —2mi,

and i
/M A+i(e —61)60(H’E) =—Ro(n—i(2—e1)) (e>e1).
R

Analogously,

du -
R/M—)\Jrz‘(a—a)(som’gl)_RO()“_E) (e>e1).

Calculate the double integral

B= —/du (00 (1,21) ©* Ro (11 — i (2¢ — €1)) fo. go)
R

= [ AR = ) N O = iE)pBa(N o g0).
R
Substituting this expression into the sum for (S fo, go), we obtain

(S=1I)fo,90) = lim [ du(0(p,e1) ¢* N (1 —ie1) px

e,e1——+0
R

x {Ro (11— ie1) — Ro (141 (2 — 1))} fos go) .

Proceeding to the limit as ¢ — €1 + 0 (¢ > ;1) and taking into account (7),
we obtain (16). For €1 > ¢, the considerations are similar and we again obtain
formula (16). [
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2. The Friedrichs—Faddeev Model
ITI. Consider the subspace H; (C H),

H % span {Ro(\)¢*E : A € C\o (Lo)}, (17)
where Ro(\) = (Lo — AI)™'. The subspace H; reduces the operators Lo and L
(1). Since Hi- C Ker ¢, then L|Hf_ = LO‘Hd_ and the wave operators W (9) cor-

responding to these restrictions coincide with the projector P{ (Pf* is a projector
on the absolutely continuous subspace of Lo|y %). The scattering operator S (14)

on Hi is a trivial one; S|H1L = P{'. Therefore the supposition that H = H; (17)

is reasonable, and thus ¢*E is the generating subspace of the operator Lg [13].

In E, specify a non-descending operator-function, F(x) = pE,¢*, where E,
is the resolution of identity of the operator Lg. The operator Ly being bounded,
the support of the measure dF(x) is finite. Define the Hilbert space

def

L (B, dF (z)) flz) e E: /(dF(x)f(w),f(QC» < oo (18)
R

obtained as a result of the closure of the class of continuous vector-functions f(x)
from E. If Hy = H, then the operator U : L4(E,dF(z)) — H, given by the
formula

f=Uf@), 1% / dE" f () (19)
R

(f € H, f(z) € L3(E,dF(z))), specifies the unitary isomorphism between H
(= Hy) and L&(E,dF(z)) (18).

Theorem 5. Let H = H; (17) and U : L3(E,dF(x)) — H be given by (19),
then the operators Q = U*LoU and L = U*LU are

(@N(@) D af@), (£h) D af(@) - R [ar@)s) (20)
R
where f(z) € LA(E,dF(x)).
P roof. The representation of Q (20) follows from the equality

LoUf () = Lo / dE, " f(z) = / AE, " (xf(x) = UQS (x).
R R

Since ¢ = U is given by

f(x) = / dF (z) f(z),

R
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then, taking into account that @* is the operator of enclosure of E into L2 (E, dF(x)),
we obtain the representation of £ in view of (1). [

Formulas (20), well-known in the scattering theory [2, 4|, are called the
Friedrichs—Faddeev model.

The scattering operator S (14) corresponds to the operator of multiplication by
the operator-function S(z) = U*SU in E (U is given by (19)), which is commonly
[1, 2] named a scattering matrix. The above follows from the commutativity
of U*SU and Q (20) in view of (15).

Further, we will suppose that the operator ¢ from (1) belongs to the Hilbert—
Shmidt class. Denote the function F(x) = @E,p* which also belongs to this
class for all z € R. Moreover, we suppose that the function F(z) is absolutely
continuous in the sense that there exists a nonnegative integrable (by Bochner)
operator-function a(-) : R — B(FE), (B(E) is the space of bounded operators in
E), such that

F(A) = /a(gz)dac (a(z) > 0)
A

for any Borel set A from R. Formally, we write this condition of absolute conti-
nuity in the form

dF(z) = a(x)dz. (21)

Theorem 6. Let H = Hy (17), and the function F(x) = ¢E,¢* be absolutely
continuous, moreover, we suppose that R in (1) is of trace-class and ¢ belongs to
the Hilbert-Schmidt class. Then the scattering matriz S(x) = U*SU correspond-
ing to S (14) is given by

S(x) =1—-2miN_(z)a(z) (x€R), (22)

where N_(x) = N(x —i0) are the boundary values on R from C_ of the function
N(A) (4).

Proof Let

fo = / B, fol) (fo € LA(E,dF(x)). (23)
R

Then (16) implies
((5 = 1) fo,90)

e——+0

= —2mi lim <60()\, )" N (X —ig)pdo(A,€) /dExgp*fg(x), gg> dA.
R R

Journal of Mathematical Physics, Analysis, Geometry, 2017, vol. 13, No. 1 11
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Since

©do(A, €) /dExgo*fo(:U) = i_gp/dEzgo*fo(x)
R R
€

€ dF(x) fo(x 1
S K vre R Rt

R R

then, using the properties of the Poisson kernel |2, 14, 15|, we obtain
o) [ dE fo@) = VoY) (= +0)
R

Taking into account [13, 14|,

(oA 2),0) = S AEAfg) (= = +0),

and the existence of the boundary values N(\ —ie) — N_(A) (= N(A —i0)) as
e — 40 [11, 12], we obtain

(S — 1) fo. go) = —2ri / (@Brp* N (Na(\) fo(A). go) -
R

Hence,

Sfo= / dExp™ {T — 2miN_(Na(N)} fo(A) = ULI — 2xiN_(\)a(\)} fo(N),
R

which gives us (22). ]

Let
St =5 wrw,. (24)

Then, similarly to (16),
(ST =1) fo,90) = 2mi Elilfrlo/ (60(N, €)™ N (A +ie)pdo(A, €) fo, go) dA,
R
and thus the scattering matrix S*(z) = U*STU can be written in the form

ST(x) =1+ 2miN,(z)a(z) (z€R), (25)

where Ny (z) = N(z +i0) are the boundary values on R from C of the function
N(A) (4).

12 Journal of Mathematical Physics, Analysis, Geometry, 2017, vol. 13, No. 1
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It is obvious that as x ¢ supp a(z) the matrices S(x) (22) and ST (x) (25) are
equal to the identity operator, moreover,

a(x)ST(x) = S*(x)a(z) (v €R). (26)

Hence, ST (z) is adjoint to S(z) in the metric of L2 (E, dF(z)).
Let us find the functional realizations of the wave operators W4 (12). Substi-
tute fo (23) into representation (12) for W_, then

(W_ = 1) fo, f)

= lim <R0()\—z’g)cp*N()\—is)goéo()\,E)/dEst*fO(I)af> dA

e——40
R R

) N(\ —ie)
— dE,o* | 2227 oo dE, " fo(x), ) d,
et < L ey el ’E)/ 7 hte) f>
R R

R
which gives

(V=1 so.fy =~ | <dExso* ma<x>f<A>dA,f> .
R

R

Theorem 7. If H = Hy (17), the function F(x) = @E.p* is absolutely
continuous (21), the operator R from (1) is of trace-class, and ¢ is a Hilbert—
Schmidt operator, then the wave operators Wy = U*W,LU are

(Wef) @) = £@) — [ 2N a sy, (27)

—xZFiOQ
R

where f(z) € L (E,dF(x)).
Using (22), (24), we obtain

(W-1) () = 1) = 5 [ =22 i,

2mi J A—x—10
(W) )= 50 - 55 [ 3-2L=Lrgan (28)
which, by the Sokhotsky formulas [16], givi us the representations
(7-1) @) = 51+ 50050 - 5 [ 52 rjan
(29)

R
(Wer) @ = 3 (s +1) s - o [0
R
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The intertwining conditions follow directly from (10),
LWy = Wi Q% (30)

Construct a direct proof. Using (27), we get

(7-07) (@) = wf0) ~ miN-(@a(@ias @) — [ T arrey
R

. Wf /N (A)dA.

Taking into account the identity N(\) = R+ RV (A)N(\), we obtain

(70 @) = (W-s) @) = & [ar) - [ {muw / j“)f}

R R R

XN-(Na(W)f N =z (W-f) (2) - R / a(N) {f(A) = wiN-(\)a(A) f(\)

R

/N_ )dx}d)\ E“(Wf)()

Equalities (30) show that W (27) are the transformation operators [4, 5|.

IV. The absolute continuity of F(z) (21) and (7) imply

a(z) = 5135.1 @do(A, €)@ QLM EE}IEO[V(ZC +ie) — V(z —ig)],
thus
Vi(x) = V_(z) = 2mia(z), (31)

where Vi(x) are the boundary values on R from Ci of the function V(A) (2).
Equality (31) coincides with the Stieltjes-Perron inversion formula [2, 12| and
may also follow from the Sokhotsky formula [16] for Vi(x).

Using 3) (5) and (31), we obtain

Ny(z) = N_(z) = 2miNy (z)a(z) N (),

Ni(z) — N_(z) = 2miN_(z)a(x) N4+ (x), (32)

where N4 (z) are the boundary values on R from Cy of the function N(\) (4).

14 Journal of Mathematical Physics, Analysis, Geometry, 2017, vol. 13, No. 1
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Theorem 8. If the representing measure F(x) of the function V(\) (2) is
absolutely continuous (21) and the suppositions of Theorem 6 take place, then

1) S*(z)a(z)S(z) = a(z), (ST(2))"a(z)S*(z) = a(2),
2) St (x)S(z) = S(x)ST(z) =1,

(33)
where S(x) and ST (x) are given by (22) and (25).
P roof. The definition of S(z) from (22) implies
S*(x)a(z)S(x) = a(x) — 2mia(x) N_(x)a(x) + 2mia(x) N4 (x)a(x)—
—(2mi)*a(x) N4 (x)a(z)N-(z)a(z) = a(z)

in view of (32). We prove the second relation from 1) in a similar way. Taking
into account (22), (25), and (32), we obtain

SH(x)S(x) = [-2miN_(z)a(z)+27iNy (z)a(z)—(2m8)? Ny (z)a(z) N_(z)a(z) = I
in view of (32). [ |

Corollary 1. The equalities 1) (33) prove that the reciprocal matriz-functions
S(z) and St (x) are unitary in the metric of the space L3 (E,dF(x)) (18) when
dF(z) = a(z)dz.

Using (22) and (31), we obtain
S(x)=I-(I—RV_(z))"' R(Vi(2) - V_(x)) = (I - RV_(x))"" (I — RV, (x)),

therefore
S(z) = (I = RV_(2))"' (I = RV (x)).

Thus,
S(x) (I = RVy(x)) ™" = (I = RV_(2))"", (34)

which, in view of 1) (5), gives us
S(x)Ny(x) = N_(x). (35)

Theorem 9. Let the suppositions of Theorem 6 be true. Then the Nevanlinna
function N(X) (4) is the solution of the Riemann boundary value problem [16],
(35), the coefficient of which is the scattering matriz S(x) (22).

The equalities 2) (33) are dual to (34),

ST (2)N-(z) = N (2), (36)

where ST (z) is given by (25).
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V. From (3) and the fact that N(\) (4) is of trace-class we have
tr {R(\) — Ro(\)} = tr {pREN)@*N(\)} = tr {V/(A)N(\)} .
Using (4) and the formula from [17],

9 det(I - AN) = — tr { AT — AN,

A
we obtain p
tr{VNMN} = =D,
where
D) ¥ det(I — RV(N)) (37)

is the perturbation operator [17| of the pair of operators Q, £ (20). The
existence of (37) is determined by the fact that R is of trace-class.
The following statement belongs to M. G. Krein [2, 18|.

Theorem 10. Let R be of trace-class. Then for D(X) (37),

InD()) = —/f(_x))\dx (Im A # 0) (38)
R
takes place, where &(x) is the spectral shift function /2, 18/,
@)% L tim arg D(x + ie). (39)
T e—+0

The limit (38) exists almost everywhere for x € R, and

/ £(@)lde < |R]L: / E(@)dz = tr R
R R

(||R]|1 4s the trace-class norm of R). Moreover, {(x) < ki (&(x) > k—) almost
everywhere if R has exactly ki positive (k_ negative) eigenvalues.

Using this theorem, we obtain

i {RON) — Bo(\)} = / mdz (Im A £ 0),
R

which implies the well-known Krein trace formula |2, 18].

Theorem 11 (M. G. Krein). Let R be of trace-class and f()\) be a holo-
morphic function as A € o (Ly) Uo (Ly), then

t {f(L) — [ (Lo)} = / £(@) ' (2)dz.
R
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The link between a scattering matrix and a function of spectral shift was estab-
lished by M. Sh. Birman and M. G. Krein [2].

Theorem 12 (M. Sh. Birman, M. G. Krein). If R is of trace-class, then
for almost all z € R the formula

det S(z) = exp{—2mi{(z)} (40)

is true, where S(x) is the scattering matriz (22), and {(x) is the function of
spectral shift (39).

Proof. Equality (34) yields
det S(z) = D(x +i0)D~(z — i0),
where D()) is given by (37). To conclude the proof it remains to use definition
(39) of the function &(x). [

3. Scattering Matrix

VI. We proceed to the analysis of the Friedrichs-Faddeev model (20) assuming
that F'(x) is absolutely continuous (21). To find the resolvent Rz (\) = (L—\I)~1,
we denote (£ — M)~ f(z) = g(x). Then

(x— Nglz) — R / a(t)g(t)dt = f(z).
R

In terms of G(z) = (z — A)g(z) this equation takes the form
t
Gla) — R/a(t)tG_(z\dt ~ ).
R
Multiplying this equality by a(z)(z — A)~! and integrating it, we obtain

[a0 2% ae v [ a2 Sa = [ oI a

T— A
R R R

Hence,

/a(x)f(_a?\dx (I —VOR)! /a(x) 1@ 4o
R R
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Theorem 13. The resolvent Rz (\) = (L — M)~ of the operator £ (20) is

given by
(Re ) = L5+ T [ L, (41)

T—A xT—=A t—A
R
where f(z) € L3(E,dF(x)), the function F(z) is absolutely continuous (21), and
N()N) is given by formula (4).
The description of the discrete spectrum o,(L) of the operator £ (20) lies in
the following.

Theorem 14. Suppose that the function F(x) = pE,p* is absolutely con-
tinuous and R is of trace-class. Then the eigenfunctions Lf\(x) = Afx(x) of the
operator L (20) are given by

by

fa(z) = T\ (42)

where hy € Ker(I — RV (X)) and it does not depend on x, besides, dim Ker(I —
RV (X)) < oo; the eigenvalues A lie outside the suppa(x) and are zeroes of the
Junction D(X) (36), D(A) = D (X); the order of the values A is dimKer(I —
RV (X)); the eigenvalues N € o,(L) have the limiting points of the “absolutely

continuous closure” [8] of the set og := {x €R:x € supp a(:v)} as their accumu-

lation points. The operator R on the subspace Ker(I — RV (\)) is invertible.
Proof Equality Lfy\(z) = Afy(z) implies

(2 — N fr(@) - R / a(t) fr(t)dt = 0,

R

and for hy(z) = (x — ) fa(z) we obtain

ha(t)
t— A

ha(x) — R/a(t) dt = 0.

R

It is seen from the relation that hy(z) = hy does not depend on z and [I —
RV (A)]hy = 0. The finite dimensionality of Ker(I — RV ()\)) provides the total
continuity of the operator R. Taking into account that (I—RV(X))* =I-V (A\) R
(in view of R = R*, V*(\) =V ())) and using det(I — AB) = det(I — BA) [17],
we can prove that D(A) = D (X). There are no complex roots of D()) (37) as £
is selfadjoint.

It remains to prove that R is not degenerate on Ker(I — RV())) in view
of dimKer(I — RV()N)) < oo. If hy € Ker(f — RV (X)), then hy = RV (A)hy.
Assuming the contrary, Rh) = 0, we obtain
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[BAll? = (ha, ha) = (ha, RV(A)hn) = (Rhy, V(A)ha) =0,

and hence hy = 0. [ |

The singularities of N () (4) consist of an absolutely continuous part coincid-
ing with og := {ZE ER:z Em} (32), (00 C [a,b], —00 < a < b < o0, in
view of the boundedness of Lg), and a discrete part which is the eigenvalues of £
that are zeroes of D(\) (37) and lie outside {:c eR: m} Thus,

o(L) = oo U op, (43)

where

op & 0,(L) = {560 €R: D (5,) = 0}. (44)
The sets 09 and o, (44) do not intersect with each other except the limit points.
Notice that if o¢ consists of the finite (denumerable) number of not-intersecting
segments from [a, b], then the point spectrum (44) of the semiaxes (—00,a) and
(b,00) is in the lacunas between these segments and probably has some limit
points of these intervals as its accumulation points.

If 2, € 0, (44), then the subspace

Fp ¥ Ker (I — RV (5,)) (45)

. .. . . . def ;.
is nontrivial and finite-dimensional, m,, = dim F,, < .

Lemma 1. Suppose that

1)suppa(z) = [a,b]; 2) ﬂ Kera(z) = {0}. (46)
z€[a,b]

Then the subspaces F,, (45) do not intersect each other, F, N F, = {0} (k # n).

Proof. Let there be a nonzero vector h € F, N F,, (k # n). Then
R7'h =V (34,) h = V (54) h, in view of the invertibility of R on B F}, (Theorem
14). Therefore, ({V (3¢,) =V (3e)} h, h) =0, i. e.,

(200 — 2a1.) / ( {a(@)h, h) dx = 0.
R

x — ) (T — )

Since 7, # s, (n # k) and the integrand has a constant sign (s, s € [a,b]),
then (a(z)h,h) = 0 for all = € [a,b]. Taking into account that a(z) > 0, we obtain
a(x)h = 0 for all = € [a,b], which contradicts condition 2) in (46). [
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Corollary 2. If condition 1) (46) does not hold, then the statement of the
lemma is not true. Let for dim E =1 and suppa(x) = [a,c]U[d,b] (a < c<d <
b), the equation 1 = RV (\) always have two roots: s € (—00,a) and 3 € (¢, d)
as R> 0, or 51 € (¢,d) and 52 € (b,00) as R < 0. Then the equality

c b

/ K -0
(w—%l x — 9) (z — 1) x—%g)

a d

does not imply a(zx) = 0.

Let s, € 0p (44). Then the eigenfunctions of the operator £ (Theorem 14)
have the form

y =_—70 1<s<my,neN),
()=t (1<s<mpneN)

where {h3}"" is the orthonormal basis in F;, (45), and D (35,) = 0 (D(\) is given
by (36)). It is obvious that

(foe @), f2, (@) o = (V' Gan) by, Bl o (1< 5,p < min),

where V' (3z,) is the value of the derivative of the function V' (\) as A = 5¢,. Show
that V'’ (55,) is non-degenerate on F, (45). Assuming the contrary, we suppose
that there is a vector h € F, such that V' (s¢,) h = 0. Since R~'h =V (55,) h,
then for all f € E we have

() f) |

T — xp

(R, £)[2 = [V (520 by )2 = /

R

< [COND) 4y [(at@rs,pye = (V' Gay ) [tates, fyie =
R R

(x — %n)Q J

The arbitrariness of f € E implies R~'h = 0. Consequently, h = 0 (R is invertible
on F,, by Theorem 14).

Hence, the operator P,V’ (sz,) P, is positive and invertible (P, is an ortho-
projector on F, (45)). Therefore there exist

WPV (6 P E (neN), (47)

where M,, > 0 and rank M,, = m,,. Then the vector-functions

M,hi
fs(%n,:):):xin (1 <s<myu,neN) (48)
s,
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form the orthonormal basis in L% (E, a(z)dz) corresponding to the eigenvalue s,
(for all n € N).

The functions f* (54, ) (48) are orthogonal for different sz, as the eigenfunc-
tions of the operator L. Therefore,

1 ) i
R/ (x =) (& = 74) <a(x)M"hn’ Mlhf> dr =0,

where {h3}"" and {hf};m are orthonormal bases in I, and Fj (44), respectively.
Hence,
MiA{V (50,) =V ()} My =0 (Y30, # 59).

Show that this equality holds automatically. Formula (45) implies P, = RV (3¢,,) P,
or R™'M,, = V (»,) M, in view of the invertibility of R on F},. Taking into ac-
count M;R™' = M,V (54), we have

M{V (5,) =V (59)} M, = MyR™*M,, — M{R™'M,, = 0.

Theorem 15. Suppose that the operator R is of trace-class; the representing
measure dF(x) of the function V(X) (2) is absolutely continuous (21); {5,}7° are
the set of zeroes of the function D(\) (37), D (54,) =0, and >, & 0.

Then the function N(X) (4) is given by

= M? b(x
N()\):R—i—z%n_)\—kfm(_)/\da:, (49)
n=1 oo

where b(x) > 0, supp b(x) = 09, and M, are given by (47). Moreover,

/b(m)dx < 00; iMfL < 0. (50)

o0 n=1

Proof Let us turn back to representation 4) (5) of the function N(\)
(4). Then the absolute continuity of do(t) on og follows from (32) and the Kato—
Rosenblum theorem [2]. It is necessary to prove that discontinuities of the measure
do(t) at the points s, coinside with M2.

Write the Laurent expansion of N(A) (4) at the point s, € g, (44),

On

N\ = +R+ ..,

My — A
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where 0, > 0, and substitute the obtained equality into the identity N () =
R+ RV(A\)N()). Then

On On

My — A

+R+...:R+RV(A)< +R+...>.

My — A
Multiplying the last equality by (s, — A) and passing to limit as A — 3z,, we
obtain that o, = RV (36,) 0y, (V (52,) exist since 3, &€ 0p). Show that oy, :
F,, — F, and 0, F;- = 0. The definition of F}, (45) implies P, = RV (5,) P, (P,
is an orthoprojector on F),). Then

amdwwm%sz%wm+&ﬂ%:a%+mq%ﬂﬁm

where P = I — P,. Therefore, P o, = RV (5¢,) Pi-on, or (I — RV (5¢,)) Pi-oy,
= 0. Thus, Pnlonf € F, for all f € F,, and PnLo*nPn = 0, which proves that o, :
F, — F, and O'n‘FnL =0, in view of the self-adjointness of o,,.

Now we have to prove that o, = M2 (47). First, we multiply the equality
R = (I — RV(A))N(X) from the right by P,. Then, taking into account the
invertibility of R on F},, we obtain

R —V(\)

My — A

(3w — \) N(A)P, = P,

Using the Laurent expansion of N () at the point A = 5, and passing to limit as
A\ — 32, we have V' (5¢,) 0, P, = Py, which gives us M, 20, = P, (0,P,, = Pnoy).
The convergence of the integral and the series in (50) follows from the finiteness
of variation of the measure do(t) at representation 4) (5) of the function N(\). m

VII. Find the resolution of the identity EY corresponding to the absolutely
continuous part of £ of the operator £. Then

d
25 (B0 = Jim 50,9 1),

where §(\, ) (7) corresponds to the operator £. Using (41), we obtain

1

(0N e)f, f)= L {(Re(\+ie)f, [) — (Re(N —ie) f, f)} = — < f(z)

T — \—ie

N(X +ie) a(t) 1 f(z) N(X —ig)
+x)\is/t)\ief(t)dt’f(x)>_27ri<x)\+i5_:v)\+z'5

27 27

a(t) _ R
X / mf(t)dt’ f(95)> = Ac + B: + B,
R
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where,
def 1 €
ngi/<Nu+mg/th1kﬂw /xjfﬁwﬂ>M>

Lemma 2. For all A € R, the formula
Ao + Bo + Bo = (a(N) f(N), F(A)) = 7° (a(A)N=(N)a(A) f(A), N-(N)a(A) f(A))

+Re <[N1(/\) + N_( /ta xz\f > (51)
R
+ <a()\)N_()\) / taft) £)dt, N_( / ta t)A £(1) >
R R

is true, where Ao (Bo) = A: (Be)|,—,q, and N+()\) are the boundary values on R
from C+ of the function N(\) (4).

P roof. The property of the Poisson kernel [14, 15| yields
A = Ag = @(NFN), SN (= — +0).
Using the Sokhotsky formulas [16], we have

By = —2mi <N+(A) {;a()\)f()\) + 21”/ ta(t))\f(t)dt} ,

R
1 1 a(t)
——a(N)f(N) + — t)dt .
{ 5a ) + 5 A5 50 }>
R
Finally, after elementary transformations, taking into account (32), we obtain
(51). [

Theorem 16. Suppose that the suppositions of Theorem 6 take place. Then
for the identity resolution EY of the absolutely continuous part L* of the operator
L (20), the representation
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is true, where ST(X\) is the scattering matriz (25), and N1 ()\) is the boundary
value on R from Cy of the function N(X) (4).

Proof. Since N_-(A) = Ny(A) —2miNL(AN)a(AN)N_(A) (32), then the third
summand from (51) is given by

: <[N+<A> =N A s, a<A>f<A>> - <N+<A> J 20
R R
a)FO) + <a<A>N_<A> J 3 syt min- (a5 ).
R

Substituting this expression in (51) and taking into account that S(A)N4(A) =
N_(X) (35) and S*(N)a(A)S(A) = a(A) 1) (33), we obtain

Ao + By + By = (a(N) f(N), f(N) = {a(\)miNL (N a(A) f(A), miNL (N a(A) f(N))

+ <a<A>N+<A> J 2w | t“(tlf<t>dt>.
R R

Hence, after elementary transformations we obtain

Ao+ Bo+ By = <a<A> {f(A) + TN FO) + NV [ t“flf(t)dt} ,

{f(A) +mING (a3 + N0 [ t“<tlf<t>dt}> ,
R

which gives us (52) in view of (25). [ |
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4. Equation of the Inverse Scattering Problem

VIII. Associate every function f(z) € Li(E,dF(x)) (18) with the Fourier
coefficients,

£ (o) = (f (@), f° Gany2)) (1< 5 < mp,neN), (53)

corresponding to the discrete spectrum o,(L) (44) of the operator £, where
1% (5en, x) are given by (48). Then

() = < / ;L_(:C})fnf(w)dw,Mnhi> , 69

R

where {h2}]"" are the orthonormal basis in F), (45), and M,, are given by (47).
In the case of absolutely continuous spectrum of the operator L,

a(t)

def1
) = t— A

IO

(14 5700) ) + Ny 5 pejar (55)

R

are the “Fourier coefficients” of the function f(z) € L4(E,dF(x)) by Theorem
16. The space L3(FE,dF(x)) is the orthogonal sum of two subspaces, the first of
which is the eigenfunctions (associated states) of the operator £, and the second
subspace corresponds to the absolutely continuous spectrum of £. Write the
Parseval equality [4],

o0 M

() 9N g maren = 22D F* (o) 7 o) + (TR 2 iy B9
where f, g € LA(E,dF(z)). (54) implies
o4 s 7. _ 5 a(z) a(y)
> 1 o) 3G = ﬂzde/dy (322 ), ()
since {h3)]" is the orthonormal basis in F},. Using
1 ! 1 1
(x—sm) (y =) -y |:y_%n _x—%n] ’
we obtain
o P(z) — P(y)
P a7 Gt = = [an [ ay (PO= 0 o)), 0)).
22 Jf T
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where

P(z) ¥ i . M’i . (57)

n=1

By the condition of (50), the series of (57) converges.
Equality (55) implies

)/ <a(A>N+<A> [ 50 1+ 57 gm> "

t
R

R
a(t) a(t)g(t)
+/<N_()\)a()\)N+()\)R/t_)\f(t)dt,/ 0 dt> d\.

R R

Using (26), (32), (33), we obtain

1

B = (f(2),9(x)) 2(B.ar@) + 5 / (a(A) [ST(N) +S(N) = 21] f(A), g(N)) dA
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Taking into account (22), (25), and (35), we have

B = (/) 9()) 2 gmariey + / N (N)a(\) FN), g(0)) dA

2
R R

o <[I—S(A)]N+(/\) / ) oy =Y (t)dt> mn

R R R

= <am [ L SON — T+ SEING) f(t)dt,g<x>> N

The last integral from this sum may be written in the form

o L / / < WV [ t“ftlf<t>dt,a<x>g<x>>.

R
Using the Poincare—Bertrand formula [16] for rearranging the order of integration

in improper integrals,

1 o(T,€)
T—t 5 = mip(t,t) /d{/ p—l _TdT,

we obtain

L f 2 SR ) eyt = will - SN (w)ala) 1 (2)
R

U (040N
R R
Therefore,
= f%i (I - S@IN, (2)a(a) f (x), ale)g(x))dz
27m </M r—t a(t) £ (1)t afa )g(af)>,
where
M (z) d:ef/ (I—SA(A_)):CM(A)M (58)
R
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Finally, we have

= (f(2),9(@)) 12 (B.ar ()

;/<a / L+ 5(t [;\T+S(/\)]N+()\)a(t)f(t)dt,g()\)>d)\
R

2m < /M _i4 a(t) f(t)dt, g()\)> dA.

Substituting the obtained expressions in the Parseval equality (56), we have

—/d)\ <a()\)/]3(32:f(>\)a(a:)f(x)dm,g(/\)>

R R

L <am [ SN o) = L SN ) dm’gm>
R

T — A
R

*2% / dA <G<A> / Wa(w)f(w)dx,gu)> 0.
R R

Let

2m

G % _p(y) — 7[1+5 4L / C9)
R

Then the last equality takes the form

/ <a<A> / Wa<x>f<x>dm,gu>> =0,

R R

that, in view of the arbitrariness of g(x) € L&(E,a(x)dz), gives
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for an arbitrary h € F, in view of the self-adjointness of G(A) (59), since S(A\) Ny (\) =

N_()\) (35). Thus,
G(z) -GN
T — A
and G(A) is a constant operator

h=0 (Vz,\),

G = —P() ~ Ny () + 51— SOV, () + 5 / ) gy,
R

G(A)Z—P(A)—N+(A)+2lm/[j SO 4 (remy
R

in view of the Sokhotsky formula [16], therefore

_ 1 [ [I-S@)Ny(a)

G(A\)=—-P(\)—N(\) + 27”/ T dr (A eCy). (60)
R

Let A =iy (y > 0), then the first and the third members of this sum converge to

zero as y — +o00 and N(iy) — R (y — o) in view of 4) (5), and we get B = —R.

Theorem 17. Let f, g € LA(E,dF(z)), where F(x) is absolutely continuous
(21), R is of trace-class, ¢ is a Hilbert-Schmidt operator, and f* (s¢,), f()\),
and g° (52,), G(N), are the corresponding Fourier coefficients (54), (55) of these
functions.

For the Parseval equality (56) to be fulfilled, it is necessary and sufficient that
the relation

1 1 I—S(x)|N.
R—P(\) — [T+ SN)|NL(N) + / [ (@) +(x)dx =0 (AeR) (61)
2 2m T —A
R
hold, where P(X) is given by (57); s, are zeroes of D(X) (37); My, are the finite-
dimensional positive invertible operators (47) such that series (50) converges;
N (\) are the boundary values on R from Cy of the function N(X) (4); S(\)

is the scattering matriz (22).

Corollary 3. Taking into account S(A\)Np(A) = N_(\) (35), we write (61) in
the form

R—F(\) — % N, () + to / V(@ iv Dgw =0, (62)
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In view of the Sokhotsky formula [16], (49) implies

M3

My — A

Ni(\) =R+ i + m’b()\)—i—/ b@) 4y (A €R). (63)
n=1

T — A
R

Substituting N+ () (63) into (62), we obtain an identity.

Relation (61) should be considered as an equation with respect to N4 () which
is an analogue of the Marchenko equation for the inverse scattering problem [4-7].
Besides, we ought to search solution (61) in the class of Nevanlinna functions 4)
(5).
Let N4 (A) be the solution of equation (61), and N(A) be its analytic contin-
uation into C1 in view of (60). Continue N(\) into C_ in a natural way, then,
using the Sokhotsky formula and (61), we obtain

1

NaO) = R - F) £ 3(I - SOONe + - f [ = S@)N; ()

T— A

. 4
2mi de (64)
R

This implies the statement.

Theorem 18. Suppose that the suppositions of Theorem 6 are true, Ny(X\)
is the solution of equation (61), N(\) is its holomorphic extension into Cy, and
N_(X) is a boundary value on R from C_ after the natural extension of N(\) into
C_. Then the Riemann boundary value problem S(A)Ni(\) = N_(\) (38) takes

place. If
1

2i
then N_(X) = NI(A).

(I =SA))Ne(A) 20 (AeR), (65)

Proof The Riemann problem follows from (64) after the subtraction of
N_(X\) — N4(N). Condition (65) is natural in view of (32). The fact that (65)
implies N_(X) = N (\) is obvious in view of (64). ]

5. Inverse Problem

IX. Let dim E = 1 and o be the segment oy = [a,b] (—o00 < a < b < 00).
The discrete spectrum o), (44) is formed by the zeroes of the equation 1 = RV ().
Taking into account monotonicity of V() as A € R\[a,b], we see that the root
1 = RV () is unique since » € (—o0,a) for R > 0, and » € (b,00) for R < 0.
Thus, o, = {» €& [a, b]}.

Corollary 4. The set 0, can be empty depending on the number R and on the
behavior of the representing measure dF(x) = a(x)dzx of the function V(\) (2) at
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the end points of the segment |a,b]. If, for ezample, a(z) = a(x —a) (a > 0),
then

dx
r—A\

b
V) = a(b—a) + a() — a)/
The equation 1 = RV (\) has no roots when R > {a(b—a)}~! as V(a —0) =
ab—a).
In this case, the Riemann boundary value problem (34) can be written as

A+TA— 2
A—1 A+1

RV =220 RV )T (6)

SO\

A—

Axi o
has no zeroes and singularities in C4, besides, it tends to 1 at the infinity. Using
the standard method [16] of the solution of the boundary problem (66) and the
Sokhotsky formulas [16], we obtain

(1 — RVi(X\) ™! is holomorphically extendable in C4 and

Each function

N~ 5 1 In [S(x)x+z]
- T —1

R
Let

W(x) = laurct 1 (xeR 1 <(x) < 1) (68)
o & T2 - 27
Then, taking into account (39), we have
T+ .
§@) 25 = exp{-2mi(e(r) — ()},

where £(x) is the function of spectral shift (39). Equality (67) can be written in
the form

_ A
(1—RVO) ™ =<

+i §(x) — ()
R
The function (1 — RV(A))~! maps C, into C4 as R > 0, and — C_ into C_ as

R < 0. For definiteness sake, take R > 0. Then the argument on the right-hand
side of equality (69) belongs to [0, 7] as A € C,. This argument is

w3+ [ (e — o (70)
R
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where A = x+iy € C4. Each of the summands in this sum is a harmonic function
in C4, in view of the maximum principle, and its maximum and minimum values
are achieved on the boundary A = z +:0 € R. Taking into account the properties
of the Poisson kernel [12], we obtain that the boundary value on R from C; of
sum (70) is () + 7(&(x) —(z)) = m€(z). And thus 0 < {(x) <1forallz € R
when R > 0.

Theorem 19. Let dimE = 1, og and o, (44) be given by o9 = [a,D]
(00 < a < b < o0) and 0p = {3 € R\[a,b]}, and the scattering matric
S(z) = exp{—27&(x)}, where {(x) is the function of spectral shift (39).

Then V(X\) (2) is given by

V) =R 11— /E\__’_};exp /de (A eCy), (71)
R

where
0<¢@) <1 (R>0) (—1<&(@) <0,R<0), (72)

the function @(x) is given by (68), and R~ = V().

It should be noticed that in (66) we could choose ia (a > 0) instead of 7.
Either for ia or ¢ the final result is the same: formula (71) does not depend on a.

By the scattering data, the scattering matrix S(z) = exp{—2mi¢(z)}, and the
number » € oy, using (71), we construct the Nevanlinna function V(X) where
the constant R = V(r). Next, knowing V' (\), we find its representing measure
dF(z) = a(z)dz, using which we define the space L(E,dF(z)) (18) and the pair
of operators {Q, L} (20). Thus, the Friedrichs—Faddeev model is unambiguously
defined by the scattering data {S(z), >} (20).

X. Let dim F =1 and oq be given by
oo = [a,c1] U ez, e3] U. ..U [cm, b] (73)

(w0 < a < e < < ... <y <b< oo, meN). Then the discrete
spectrum o, (44) may consist of m points {s,}]" that are zeroes of the equation
1 = RV(A) and are in the lacunas of the set o (73). Besides, there are two
possibilities: either s € (—00,a), 52 € (c1,¢2),..., #m € (¢m—1,¢m) as R > 0;
or s € (c1,¢2), »2 € (c3,¢4), ..., 7m € (b,00), when R < 0. The roots {5¢,}]" in
the lacunas of the set og (73) depend on the behavior of the representing measure
dF(x) = a(z)dz of the function V(\) (2) at the extremities of zones, i. e., at the
points a < ¢ < ... < ¢p < b, as well as on the value of number R.
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Similarly to (66), in this case, we write the Riemann boundary value problem
(34) as

_ N — A
(1— RV, (N)) 1=g -

(1—RV_(N)"*. (74)

/\+i>m T\ — g
7
k

S(M(/\—i Lo+

Using again the considerations of the previous section, we obtain the unique so-
lution for this boundary problem,

(1-RV(A) ‘= exp /de (AeCy), (75)
where £(z) is the function of spectral shift (39), and v (z) is given by (68). In this
case, Theorem 19 can be formulated as follows.

Theorem 20. Let dim E =1 and oo be given by (73), and the set o), (44) be
op = {5, € R\oo,1 < k <m}. Then the function V(X) (2) is defined unambigu-
ously by the collection {S(x, {>4}]"},

vy =R 1] AA_J:;’“ exp / de (AeCy), (76)
k=1 R

&(x) is the function of spectral shift (39) (S(x) = exp{—2mi&(x)}) and
0<&(z)<1 (R>0); (-1<¢(x)<0,R<0), (77)

where o(z) is given by (68), and R~ =V (5,) (1 <k < m).
We can conclude that the Friedrichs-Faddeev model {Q, £} (20) is defined un-
ambiguously by the scattering matrix S(x) and the collection of numbers {s,}7".
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