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We consider the n? x n? real symmetric and hermitian matrices M,
which are equal to the sum m, of tensor products of the vectors X* =
BY*@YH"),p=1,...,m,, where Y are i.i.d. random vectors from R"(C")
with zero mean and unit variance of components, and B is an n? xn? positive
definite non-random matrix. We prove that if m,, /n?> — ¢ € [0, 4+00) and
the Normalized Counting Measure of eigenvalues of BJ B, where J is defined
below in (2.6), converges weakly, then the Normalized Counting Measure of
eigenvalues of M,, converges weakly in probability to a non-random limit,
and its Stieltjes transform can be found from a certain functional equation.
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1. Introduction

Sample covariance matrices appeared initially in statistics in the 1920s-1930s.
Nowadays these random matrices are widely used in statistical mechanics, proba-
bility theory and statistics, combinatorics, operator theory and theoretical com-
puter science in mathematics, as well as in telecommunication theory, qualitative
finances, structural mechanics, etc. (see, e.g., [2]).

We consider the sample covariance matrices of the form

1
M, = -XTX", (1.1)
n
where X is an n X m matrix whose entries are i.i.d. random variables such that

E{X;;} =0, E{X]}=1, (1.2)
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and T is an m x m positive definite matrix. We begin considering the ensemble
of random matrices with studying Normalized Counting Measure of eigenvalues
which is defined by the formula

Ny (A) = Card{i € [1,n] : \; € A}/n,
where
—00 <A1 <L <A, <00

are the eigenvalues of M,,. Also let o, be the Normalized Counting Measure of
eigenvalues {r;}/", of T

The first rigorous result on the model (1.1) was obtained in [9], where it was
proved that if {m,} is a sequence of positive integers such that

My — 400, 1 — 400, ¢, = my/n — ¢ € [0, +00),
and the sequence o, converges weakly to the probability measure o,
lim o, = o,
n—oo

then the Normalized Counting Measure N,, of eigenvalues M,, converges weakly
in probability to a non-random measure N (N(R) = 1). The Stieltjes transform

fof N,
)= [ MY g0

is uniquely determined by the equation

To(dr) ) -1
z2)=lc| ————~—2z) .
1= ( /1+Tf(z)
By now, a number of ensembles have been considered. We mention two versions
of ensembles of sample covariance matrices that are similar to (1.1). The first is

BXX*B, (1.3)

where X is an n X m matrix whose entries are i.i.d. random variables satisfying
(1.2) and B is an n x n matrix. Note that while studying the eigenvalues of (1.3)
we can consider the matrices X*B2X instead of (1.3) coinciding with (1.1) for
T = B2. The second version is

(R, + aXy)(Ry + aX,)", (1.4)
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where X, is an n X m matrix whose entries are i.i.d. random variables satisfying
(1.2), @ > 0 constant, and R,, is an n X m random matrix independent of X,,.

Numerous results and references on the eigenvalue distribution of these ran-
dom matrices can be found in [3], [4].

The paper is organized as follows. In Section 2 we present our result. In
Section 3, we give the proof of the main theorem and in Section 4 we prove all
the technical results which we use in Section 3. We denote by C, ¢, etc., various
constants appearing below, which can be different in different formulas.

2. Problem and Main Results

Let us define multi-indexes i = (i1,i2), where 41,72 = 1,n, and inversion in
multi-indexes i = (ig,41). Let

be an n? x n? real symmetric or hermitian matrix.

We consider the real symmetric or hermitian random matrices
1 m
M, = ﬁz:X“@X“, (2.2)
pn=1
where the vectors X* are given by the formula (cf. (1.3))
Xt=BY'*Y"),u=1,...,m, (2.3)

and Y# = {Y/'}" ,, p=1,...,m, are the vectors of R" (or C") such that {V/'}
(or {RY,3Y/'}) are i.i.d. random variables for all i = 1,n, p = 1,m, and

B/} =0, B{Y/'V/} = 0udu (2.4)
in the real symmetric case, and
E{Y/'} =E{Y/'V/} =0, E{Y/'Y['} = du (2.5)
in the hermitian case. Introduce the n? x n? matrix
Jp.a = Opq + pa; (2.6)

and denote by N, and o, the Normalized Counting Measure of eigenvalues of
M, and BJB, respectively.

In what follows, by saying that the matrix is bounded, we will mean that its
euclidian (or hermitian) norm |...| < ¢ for some constant c¢. The main result of
the paper is
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Theorem 1. Let M, be a random matriz defined by (2.1)—(2.2). Assume that
the sequence o, converges weakly to a probability measure o,

lim o, = o,
n—oo

B is bounded uniformly in n, and {m,} is a sequence of positive integers such
that

My — +00, 1 — +00, ¢, = my/n? — ¢ € [0, +00).

Then the Normalized Counting Measures N, of eigenvalues of M,, converge weakly
in probability to a non-random probability measure N, and if f(O) is the Stieltjes
transform of o, then the Stieltjes transform f of N is uniquely determined by the
equation

L N e—af(z) = 1)L
) e )

in the class of Stieltjes transforms of probability measures.

f() = £O (

3. Proof of the Main Result

We will prove the theorem for the technically simpler case of hermitian matri-
ces. The case of real symmetric matrices is analogous. The next Proposition sets
a one-to-one correspondence between the finite nonnegative measures and their
Stieltjes transforms.

Proposition 1. Let f be the Stieltjes transform of a finite nonnegative mea-
sure m. Then:

(i) f is analytic in C\R, and f(z) = f(Z);

(77) Sf(2)Sz > 0 for Iz #0;

(732) |f(2)| < m(R)/|Sz|, in particular, ngriloon]f(in)] < o0;

(iv) for any function f possessing the above properties there exists a nonneg-
ative finite measure m on R such that f is its Stieltjes transform, and

A nlf(in)] = m(R); (3.1)

(v) if A is an interval of R whose edges are not atoms of the measure m, then
we have the Stieltjes-Perron inversion formula

e—=4+0 T
A

m(A) = lim 1/%f()x+i5)d)\;
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(vi) the above one-to-one correspondence between the finite nonnegative mea-
sures and their Stieltjes transforms is continuous if we use the uniform conver-
gence of analytic functions on a compact set of infinite cardinality of C\R for
Stieltjes transforms and the vague convergence for measures in general and the
weak convergence of probability measures if the r.h.s. of (3.1) is 1;

For the proofs of assertions see [1, Section 59] and [5]. Now recall some facts
from linear algebra on the resolvent of real symmetric or hermitian matrix:

Proposition 2. Let M be a real symmetric (hermitian) matriz and
GM(Z) = (M - Z)_lvgz 75 07

be its resolvent. We have:
(4)
G (2)] < ISz (3.2)

(7) if G1(2) and Ga(z) are the resolvents of real symmetric (hermitian) ma-
trices My and Mo, respectively, then

GQ(Z) = Gl(z) — Gl(z)(Mg — Ml)GQ(Z); (33)
(#i7) if Y € R*(C"), then

G __a _ Gu(Y®Y)Gy
ey T T GuY )

Sz # 0. (3.4)
In what follows, we need
}/i#("') — YiM1|Y.“|§T\/ﬁﬂ }/i#("')o — }/i#("') o E{YZN(T)}
It is easy to see that these random variables satisfy the conditions

E{V7° = B{y"7°)2 =0, E{V/7°)P} =140(1), n— +o0, (3.5)
E{‘Y;M(T)o‘k} < n(k—2)/27_k—2. (36)

Similarly to X* and M, we can define
XM = B(yrre g yrney -y = = ZX/L(T) @ XA,

2

Consider the n? x n? matrices

1 & _ o~ 1 & _
annzzlcw@c#, Kn:nQZIC“@XM,
f— IL]‘:
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where

Z Bip(Yi Y (1= 6y o) + YETOYET00, ). (3.7)

Here and below Z Z Z

p1=1p2=1
We need the followmg simple fact, a version of the min-max principle of linear

algebra (see [7], Section 1.6.10).

Proposition 3. Let My and Ms be the n x n hermitian matrices and N
and Ny be the Normalized Counting Measures of their eigenvalues. Then for any
interval A C R, we have

|N1(A) - NQ(A)| S rank(A1 - AQ)/TL (38)

Let N, NY(LI) and ]Vr(Lll be the Normalized Counting Measures of eigenvalues
of matrices M,,, K,, and K,, respectively. Then, according to (3.8) and (3.7), we
have

[Ny = NV < [Ny = NV + [ND = N (Y|
< rank(M - K w)/n% + rank([? — K,)/n?

=2 (fank{Z B ,p{Z Doy — VY E)8p 5 X patia

+rank{z{z CH(TrnegEne _ gy ql,qz}p,qu,i}p,i>

qul

1 Yo -
< nf(rank{ g Y“ e =YY}, )0p1 02 X tpoa
pn=1

2
+ rank{z Ch( Y“(T OY“(T)O YEYE) g1 00 }p,Q> ==
n

q17 q2

Lemma 1. Let G )(z) and G"(z) be the resolvents of the matrices K, and
M, respectively. Then

BTG (2) — G ()} = of1), n — +ov.

Proof. Consider the (n?+m) x (n?+m) block matrices M, and Mg such

that
~ (0 A\  ~— [0 (AT
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where A, AT are the n? x m matrices, and
) b
N e} e | u(T)
Aipy=n""Cy, Af,=n X .

Denote by G (z) and CN}T(z) the resolvents of the matrices M, and Mg , respectively.
Using the formula of inversion of block matrix, we get

Tr(GM(2?) — G7(2%)) = —%Tr(é(z) —G"(2)). (3.10)
Now we should estimate the last expression. From (3.3), we have
ITr(G — G7)| = |Te(GG™ (M, — M))|
< (Tr(GGTG*G™))Y2(Tr(M,, — M) (M — M7*))'/2.

Here and below we drop the argument z. Relations (3.2) and (3.9) imply

~ T n T * T\ %
(@ - &) < @m(m—ft (A — (A7) )2
- LY e - 1)
_n\szz ! i)
p=1 i
= 5 (220 3 Biall — b)Y — VAN )
w=1lip,q
v u(7)oy u(7)o 1/2
X Bq,i (1 —5(11’(12)(1{11}2’; Y;ﬁ( ) Y;g( ) ))
1 (o] T)0
— o (22 X B ORVATAT: - va T
u=1p17#p2
Q#q2
oy (7)o T)o T)ovy u(T)oy (7)o 1/2
— VAYATAOOY R 4 yp ey oy ey ) 1

Notice that in view of (3.5) and (2.5), the entries where one of the indexes
{p1,p2,q1,q2} differs from others are equal to zero. Thus,

ITe(G — G7)| < J22( ZZB (YEypyryk — yrmeyrmeynyr

P17 Pp274q17 Q2 p1 q17= q2
1P q
ypypyneleyue | yM(T)OyM(T)Oyu(T)Oyu(T)O)) vz
Relations (3.5) and (2.5) imply
E{V P2 = VAT Y SO aYE — YEYEVEC LD 4 [y v ooy
=1-(1+0(1) = (1+0(1) + (1+0(1) = o(1).
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Combining all above, we get

~ ~ m 20(1))1/2 m
LBTe(@ - Gy < COTUBPANT )
Finally, in view of (3.10), we have
BTG - () < o) = o)

It follows from Lemma 1 that for our purposes it suffices to prove Theorem 1
for the matrix M. Hence below we will assume that M, is replaced by M. To
simplify the notations, we drop the index 7 and denote

G(z) = (M, — 2)", G"(2) = G |xu=0, N = 1.

In the proof of the main theorem we need some results

Lemma 2. If F' is a non-random N x N matriz such that |F| < ¢, then
(4)
E{(FG'X",X")} = Te(FG"BJB),

Var{N ' (FG'X" X")} = o(1), n — +oc; (3:11)
(i)
%|TrF(G —GM| =O(NYy; (3.12)
(iid)
Var{N"'Tr(FG)} < % (3.13)
The proof of the lemma is given in Section 4..
According to (3.4), we have
(GHX1)i(GHXH);

o= H N1
le.l - Gi,j N 1 _i_N—l(G;LXy’Xp)'

Hence,

(GFXH);
By, —
(GXP)s 1+ N-YGrXH XK
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Take any N x N bounded matrix K. Then

Tr(KGM) = N2ZZ H(GXM);

p=1 1ij
(KGrXm); XY u KG“X“ XH)
- N? ZZ 1+ N-Y(GHXH, Xu B Z_: LGrxe, Xm) (3.14)

To analyze the r.h.s. of (3.14), let us show first that if C and D are random
variables such that E{|C|? + |D|?} < ¢ and

C=E{C}, ¢c°=C—-C, D=E{D}, D°=D-D,

then
C C_ |Co|2 ’fDo‘2
E<—7,==+0(E — — . 3.15
{5y=5+0 (e {5 o (319
Indeed,
> o ~ o o o\ 3
c_c+ce (Crepe (D)
D D D2 D
Thus,

C g C°D° |D°J3 C |c°|? |D°|?
E ==+E — O = <=4+ Eq—= = .
)55 o5 ) <5l
The last inequality implies (3.15).

Let C = N"YKGrXH XH), D=1+2N"YGFXH XH). Since the matrix K
is bounded, it follows from (3.11) that

E,{IC°1*} = Eu{|D°"} = o(1), n — +o0.

This, (3.14) and (3.15) imply

1 — N-'Tr(KGMBJB
*E{TI(KGM N /;1 ( {1 FN- 1(Tr(GMBJB)) } + 0(1)>' (3.16)

In the r.h.s. of (3.16) result (3.12) allows us to replace G* with G,

enN-VTr(KGB.J B)
1+ N-'Tt(GBJB) o(1))}

—E{Tr(KGM)} E{ (3.17)
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The last step is to replace N~'Tr(KGBJB) and N~ 'Tr(GBJB) in (3.17) with
their expectations. We use again (3.15) with C = N~'Tr(KGBJB), D = 1+
N-'Tr(GBJB). 1t follows from (3.17) and (3.13) that

cn NT'E{Tr(KGBJB)}

1
FE{TR(KGM)} = N IE{T (GBI +o(1). (3.18)

Notice that
%E{Tr(KGM)} _ %E{Tr(K(G(M _ ) 4+G))) = %E{TrK} + ZB{TH(KG)}.
This and (3.18) imply that for any bounded matrix K
%E{TrK} = %E{Tr(KG(cnbngJB —2))} +o(1), (3.19)
where
b, =1+ N'E{Tr(GBJB)}. (3.20)
Taking K = (¢,b,!BJB — 2z)~!, we obtain
%E{Tr(cnbngJB ~ ) = fu(2) + o(1), (3.21)
where

gu(2) = $THGR),  falz) = Blga(2)}

It follows from (3.19) with K = I that

1 Cn
NE{Tr(I+ 2G)} = E(bn — 1)+ o(1).

Then we get
L 2fa(2) = enll = 30) + o(L).
Now we can find b,:
e zfn(zc)n— 1+o(1) (3.22)
This and (3.21) yield
RO =10 (ot ) G D o), G23)
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where

1
FO(z) = VE(T(BJB - 2)71.
The sequence {f,} consists of the functions that are analytic and uniformly
bounded in n and z. Hence, there exists an analytic in C\R function f and
a subsequence {f,,} that converges to f uniformly on any compact set of C\R.
In addition, we have

Sfn(2)Sz >0, Sz #0,

and thus f(2)3z > 0, Sz # 0. By Proposition 1(vi) and the hypothesis of
the theorem on the weak convergence of the sequence o,, to o, the sequence f,(LO)
of their Stieltjes transforms consists of analytic in C\R functions that converge
uniformly on a compact set of C\R to the Stieltjes transform f ©) of the limiting
counting measure o of matrices BJB. This allows us to pass to the limit n — +oo
in (3.23) and to obtain that the limit f of any converging subsequence of the
sequence f,, satisfies the functional equation

(

and Sf(2)Sz > 0, Sz # 0. The proof of the uniqueness of solution of the
equation in the class of functions, analytic for Sz # 0 and such that Sf(2)3z >
0, Sz # 0, is analogues to that from [9]. Hence, the whole sequence f,, converges
uniformly on a compact set of C\R to the unique solution f of the equation. Let
us show that the solution possesses the properties Sf(2)3z > 0, Sz # 0 and
ngrfoon|f(z’17)| = 1. Assume that Sf(z9) =0, Jzp # 0. Then (3.24) implies that

f(z) = 1O (HZZ)_J (c—=f) 1) (3.24)

S do(}) — 0370 (5) =
/(C—l)A—Zo(f(Zo)—l) BB =6

where C' is some real constant and $z # 0. This is impossible because, according
to Proposition 1(ii), 3£ (2) is strictly positive for any nonreal z. Since | f(in)| <

n~1, we have

i) = tim oL

=1
n—-+oo n—+oo | (c— 1)\ —in—inf(in)

This and Proposition 1(iv) imply that f is the Stieltjes transform of a probability
measure. [
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4. Proofs of Lemma 2

() It follows from (2.5) that
E,{(FG'X" X")} = Te(FG"BJB).
Denote
it = (FGMXH, X") — Te(FG"BJB).
We need to show that E,{(N~1r#)?} = o(1), n — +o0. Rewrite

= 2 (FGBipBas(VAYEYEYE = Jpa)

P17 P27 G172
i,j,p,a

= > (G5 ( D BipBa (VA PIVAE —1)
i,j P

+ 3 BipBpi (VA PIVAR = 1) + 3 BipYh v By Vv
p P#q
pP#q

=3 FG (Y Bip(IB)ps (VA PIVAP 1)
i,j P

+ 3 BipYi VB, Y“Y)

P17 p2 q1 7 q2

P#d
P#4

Since G* is independent of Y#, we obtain

BV = B (S F6n) (X BialI B (V7

1 7J

2
+ 3 By pYl Y BViY ), ) }

>~

P17 P2 q17 g2
p7d
p7#q
LS ey
7.] 1/ i/
VIIAvITES oy
< (X2 X BioViVABa Vi By w V) Vi By VY )
p#qpfq
p'#d

{ZZ (FGH);5(FGr),y

Ly iy
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X 33 Bip(IB)piBy o (T B (1Y PIVAR = 1) (1Y IV - 1) }

P p
2 _
+ 7B DD (PG (FGr)
ij iy
2y 2 e
<32 3 B Blpa (WAPWAP = 1) By VY BV ) |
P p'Ad
p'#d’
1
=t g (B1 + Ry + Ry).
Denote
H = BFG:UB,

and introduce an N x N matrix A such that
Aij = 6iyjy0ijy -
It is easy to check that for any N x N matrix A

Aigiy jrja = (AA)i 5,

(4.25)
Aiyig joji = (AD)i 5.

Let us define the set E = {p1,p2, q1,q2, P}, 05, ¢}, ¢5}. Notice that if in the set E
there are more than 4 different numbers, then
HYBYEYRYEYEY By B —
E#{YmYPQYtIlY:D};’I Y;D/QYq’l Y;1’2} =0.

Hence we need to consider the sets I1, Iz, I3 and I of all multi-indexes {p, q,p’,q’}
of the special form:

1= {{p.a.p’.q} = {(a,b). (a. <), (d,b). (d: )} }.
I = {{p.a.p. '} = {(@.b). (c.d). (a,b). (e D)} |
where the numbers a, b, c and d are all pairwise different,
I3 = {{p, q,p’,q'} : there are 3 different numbers (i, j, k) in the set E},
I, = {{p,q, p’,q'} : there are 2 different numbers (i, j) in the set E}

or any inversion in the multi-indexes of the same form. Since B, F', A and GV
(in view of (3.2)) are bounded, then there exists a constant ¢ such that |H| < c.
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Hence, in view of (4.25) and (3.6),
Ry < EM{ZHp’qu,7q,‘Yaﬂ|2|}/b“|2|y'cﬂ|2|yd”|2 + Hp,qu’,q’|Yau|2|YbH|2|YcM|2|YdH‘2
I Ip)
+ Y HpqHy o (Y'Y PIYEP + YPIYEPIYEP)
I3
+ 3 HpqHp (VY + VPV + PP  }
1y
< é( > (H+AH+HA+AHA)p py qigo(H + AH + HA + AHA)

P1,P] 592,92

pip2,pi g2

+Tr(H+AH+ HA+AHA)(H+ AH + HA + AHA)®
+ \I3]62n72 + \14]6271274).

2

Since A2 = I and |I3] = ¢1n3, |I2] = can?, we have

Ri<e( Y ComanssClypappen + THHH" + TTAHH" + en'r ),

P1,P,P2,q2

where
C=H+AH+ HA+AHA.

Denote by C' an n x n matrix with the coordinates

n
Cpoge = Z Cpip2.pige-

p1=1
Then

R, < c(Tréé* +THH* + TTAHH* + CTL4T).

It is easy to see that |C| < n|H| < nc, hence
Ry < c(n® 4+ n? +n'r).

Divide the set {(p,p’)} of all possible indexes into four sets {I;}1_; such that
(p,P’) € I; if there are exactly 4 different numbers in the set (p1, p2, p},p5). The
matrices H and J are bounded and, in view of (3.5) and (3.6), we have

Ry < cB{ ST IVIF+ SOV + VPOV + 0 v v
11 12 13
+ (VPR - D PV - 1)}
1y

= c(|1'1]n37‘6 + \Ig|n274 + |Ig|n7‘2 + |I4]o(1)) = cn4(7‘ +o(1)).
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Notice that if the set of indexes {p1, p2, p}, s, ¢}, ¢4} has more than 3 or less than
2 different numbers, then

P2y 2 1\ ey aya |
E{(\Ypl\ ¥, 1>Y;a’1YP’ZYZJ’1YQ’2} =0

Other terms are divided into the sets I; (3 different numbers) and I» (2 different
numbers). Similarly to the previous case,

R3<C(Zm' +Zn )—ch

Finally, we get

E {(N"'r*)?} < o(1) + cr.

Since this inequality is true for every 7, we have

E {(N717")%} = o(1).

(74) According to (3.4),

“L(FGrXm);(GRXR),

(PG =GNy = -5 (GrXH, XH)

Hence,

[FI((G) G Xk, X1
S(GrXe, X

N-YFGrXH GFXHM)
— G| = ’
ITr(F(G = GF))I 1+ N-L(GrXH, XH)

On the other hand, by the spectral theorem,

T (kX2

GPXH XM —

I

k=1

where {\;} are the eigenvalues of G* and {v*} are the eigenvectors of G*. Then

m—1 vk Xu 2
S(GXH, X =3 ZE — Xk'_z)-
Besides,
(GF)*GFX ™, XH) mzl ok, XH)|?
’ (A —2)(A\p — 2)

=1
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Finally, we get

(7i7) To prove the lemma, we need the following statement of martingale
bounds (see [6] for results and references):

Lemma 3. Let {Y*}]'| be a sequence of i.i.d random vectors of R"(C").
Assume that the function ¢ : R (C"™) — C is a bounded Boreal function such
that

sup ’¢ - ¢N| S )
X1, .., XreR™(Cn)

where ¢* = ¢ |xu—o. Then
Var{o¢(Y?!, ..., Y")} < 4cPm.
Take ¢ = Tr(F'G). Then, using representation (3.4), we obtain

N-YGHFGHrXH, XH)
14+ N-L(GrXnr, X1

6= 0] = TeG — TrGH| =

Similarly to the proof of the previous result, we have

N-YGHFGrXH, XH)
1+ N-(GrXH XH)

Thus,
|6 — @] < |27
So, according to Lemma 3,
Var{g,} < 4c?¢, /N.
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