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A mixed initial-boundary value problem for nonlinear Maxwell-Bloch
(MB) equations without spectral broadening is studied by using the inverse
scattering transform in the form of the matrix Riemann—Hilbert (RH) prob-
lem. We use transformation operators whose existence is closely related with
the Goursat problems with nontrivial characteristics. We also use a gauge
transformation which allows us to obtain Goursat problems of the canoni-
cal type with rectilinear characteristics, the solvability of which is known.
The transformation operators and a gauge transformation are used to obtain
the Jost type solutions of the Ablowitz—Kaup—Newel-Segur equations with
well-controlled asymptotic behavior by the spectral parameter near singular
points. A well posed regular matrix RH problem in the sense of the feasibil-
ity of the Schwartz symmetry principle is obtained. The matrix RH problem
generates the solution of the mixed problem for MB equations.
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The paper is dedicated to the 95th anniversary
of Vladimir Aleksandrovich Marchenko

1. Introduction

Special integral operators that transform solutions of differential equations
with constant coefficients into solutions of equations with variable coefficients
are a distinctive feature of the Marchenko’s papers. In this paper, we propose
a systematic use of the transformation operators for the construction of matrix
Riemann—Hilbert problems which lead to the solution of the initial-boundary
value problem for nonlinear Maxwell-Bloch equations without spectral broaden-
ing. The transformation operators proposed are closely related to the Goursat
problems with nontrivial characteristics. The use of a gauge transformation al-
lows one to obtain the Goursat problems of the canonical type with rectilinear
characteristics as well as their solvability. We use the same transformation to
establish a gauge equivalence between two pairs of the Ablowitz—Kaup—Newel—
Segur (AKNS) equations to construct their Jost type solutions with the well-
controlled asymptotic behavior by a spectral parameter on the complex plane
near the singular points. As a result, the well-posed regular matrix RH problem,
which generates the solution of the mixed problem for MB equations, is obtained.

The Maxwell-Bloch equations in the integrable case have the following form
(sf. [16]):

0 0&

a*‘& =(p), (1)

0 )

87[t)+21)\p:N5’ (2)
ON 1 — _

Here the symbol ~denotes a complex conjugation, &€ = £(t, x) is a complex valued
function of the space variable x and the time ¢, p = p(t,z, \), and N (¢,z, \) are
the complex valued and real functions of ¢, x and a spectral parameter A. The
angular brackets () mean the averaging by A with the given ”weight” function
n(A),

(p) = /p(t,:zc,)\)n()\)d)\, /n()\)d)\ = +1. (4)

If n(A\) > 0, then an unstable medium is considered (the so-called two-level
laser amplifier). If n(\) < 0, then a stable medium is considered (the so-called
attenuator).

Equations (1)—(4) have appeared in many physical models. However, first
they were studied in [22-25]. The most important is a model of the propagation
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of electromagnetic waves in a medium with distributed two-level atoms. For
example, there are models of self-induced transparency [1,2,14-17], and two-level
laser amplifiers [14-16,27-30]. For these models, (¢, z) is the complex valued
envelope of electromagnetic wave of fixed polarization, N'(¢,z,\) and p(t,x, \)
are the entries of a density matrix of the atomic subsystem

. ([ N(t,z, \) (t,x,\)
At 2, A) = (p(t,a},)\) —pN(t,x,A)> :

The parameter A denotes a deviation of the transition frequency from its mean
value. The weight function n(\) characterizes the inhomogeneous broadening
which is the difference between the initial population of the upper and lower
levels. Short reviews on the Maxwell-Bloch equations and applying to them of
the inverse scattering transform (IST) method can be found in [1,2,16].

We restrict our study to the case where n(\) = d()), i.e., without spectral
broadening. Then (p) = p and the system (1)—(4) is written as

oE o€ 0 ON 1 -

St = 8{:/\/5, = =5 (Ep+ED). (5)
These equations are simpler than (1)—(4). However, applying of the IST method
to (5) is somewhat complicated. The matrix Riemann-Hilbert problem for MB
equations (1)—(4) was studied in [19]. The main goal of this paper is to study a
mixed problem for the Maxwell-Bloch equations which is defined by the initial
and boundary conditions:

E(O,LL’) = 50(1:)7 ,O(O,I‘) = po(l‘), N(va) = No(l“)» 5(75,0) = 51(t), (6)

where € (0,1) (I < oo0) and ¢t € Ry. The function & (¢) is a Schwartz-type
function (smooth and fast decreasing at infinity). The functions &(z), po(z), 1 —
No(z) are smooth if z € [0,1] or of Schwartz type if € R;..

The functions p(t, z), N (t,x) are not independent. Indeed, equations (2), (3)
give & (|p(t,z)|> + N(t,z)%) = 0, and we put

p(t,2)]* + N(t,2)* = 1.
If we define p(0, z), then
N(0,z) = F+/1 — |p(0,z)2.

If one chooses the sign "minus”, then the problem is considered in a stable
medium, in the so-called attenuator (for example, a model of self-induced trans-
parency). The matrix Riemann—Hilbert problems were studied for this case
in [18,20]. If the sign ”plus” is chosen, then the problem is considered in an
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unstable medium (for example, a model of a two-level laser amplifier), which is
the subject of our study.

We suppose that the functions E(t,z), p(t,z) and N (t,x) satisfy the MB
equations (5) in the domain z,t € (0,1) x (0,00). We develop the IST method
in the form of the matrix Riemann—Hilbert problem in a complex z-plane. The
method is based on using the transformation operators for constructing the Jost
type solutions of the AKNS equations. The RH problem is defined by spectral
functions which, in turn, are defined through the given initial and boundary
conditions for the MB equations. The RH problem is meromorphic and simple in
some sense: it is deduced by using standard approaches to the inverse scattering
transform for the quarter of the zt-plane. Unfortunately, this RH problem has
an essential deficiency because it may have multiple eigenvalues and spectral
singularities. Therefore we deduce a new regular matrix RH problem, free from
the mentioned deficiency, which has the unique solution. Then we prove that
this regular RH problem generates a system of compatible differential equations,
which is the AKNS system of linear equations [2] for the MB equations without
broadening. Thus the RH problem generates a solution to the MB equations.

Our approach differs from those considered for the mixed problem to the MB
equations given in [1,16,18,27,28]. We develop an approach to the simultaneous
spectral analysis proposed in [10-13] and in [3-7,21] for other nonlinear equations
and prove that the mixed problem for the MB equations is completely linearizable
by the appropriate matrix RH problem.

2. Gauge Transformation of the Ablowitz—Kaup—Newel-Segur
Equations

The Ablowitz—Kaup—Newel-Segur equations for the Maxwell-Bloch equations
without spectral broadening have the form:

o, =U(t,x,\)®, Ul(t,z,\) = —(idos + H(t, x)), (7)
B, =V (1,2, \)®, Vit 2, M) = iAos + H(t,2) + - it;”) (8)

where H(t,z) = (_58,@ 5(%5”)), < t( txl,)) and

o3 = <(1) _01> is the Pauli matrix. It is well known [2] that the over-determined

system of differential equations (7), (8) is compatible if and only if the compati-
bility condition

holds. Equation (9) is equivalent to the system of nonlinear equations
oH 8H 1 oF
- = |F,H|, 10
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which are the matrix form of MB equations (5).
Two systems of the AKNS equations,

o, =U(t,xz,\)®P,
d, =V (t,z,\)®
and
Uy =U(t,z, \)¥, (11)
U, =V(t,z,\)U, (12)

are called gauge equivalent [9] if their compatible solutions are related by
®(t’ x? >\) = g(t7 ':U)ql(t7 x’ )\)7

where the unitary matrix g(¢,z) does not depend on A. Obviously, the matrices
(U, V) and (U, V) are connected by the relations:

U=g'Ug—g g, (13)
V=g"Vg-g g (14)
The nonlinear equations, defined by the corresponding compatibility conditions

Uy -V, +[U, V] =0, U, —V,+[U,V] =0,

are also called gauge equivalent [9].
Among all gauge transformations we are interested only in those which make
the matrix F'(t,z) be diagonal, i.e.,

F(t,l’) = g(ta $)03g_1(ta l‘), g_l(tv‘r) = g*(t,l'), (15)

where * means the Hermitian conjugation. This equality does not define the
unitary matrix g(¢,z) uniquely. It is defined up to the unitary diagonal matrix

g(t,z) = D(t,z)ext-0)os (16)

where x = x(¢,z) is an imaginary scalar function. It is convenient to chose the
matrix D(t, z) in the form

- 1 1+ N(t,z) —p(t,x)
Ditz) = 2(1+N(t,x))< plt. ) HN@,@)’ "

Il
-

where the root is its arithmetic value. It is easy to verify that det D(¢,x)
and D~Y(t,x) = D*(t,x). Then for the matrix U (13) we obtain

U= —i\S(t,x) + H(t,z),
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where

S(tv x) ::g_l(tv x)ogg(t, ac),

H(tv z) ::g_l(ta l‘)H(t, x)g(tv l’) + g_l(tv m)gt(ta x)

The matrix H(t,x) = e Xt0%3(DLHD + D71Dy + 403)eX(E0)7 . Tt will be
identically equal to zero if the matrix D = D™'HD + D~'D; commutes with 3.
Indeed, in this case, the matrix D is proportional to o3,

D= f(t,z)os. (18)

Then putting x; = —f(¢,x), one finds that I:I(t,:v) = 0. In order to prove (18),
we use the second equation from (10). Since F = gos3g~! = DeX%3g3e X3 D71 =
Do3D~!, then F, — [F,H] = D[D'Dy,03]D~! — [Do3D~!, H| =

= D[D™'D; + D'HD,03]D™" = D[D,o3]D™* =0

It means that [D, 03] = 0 and hence D = f(t,z)o3 + ((t,z)I, where f = f(t,x)
and § = B(t, ) are arbitrary scalars. Further, since tr D = tr H + tr D™D, =
tr D7'Dy = 2N N; + p1p + pp: = 0, one finds 8 = 0. Finally, in view of

Xe=—f(t.x),  ft,2)=(D'HD+D Dy,

where ()11 means (11) element of the matrix, we have that H(t,2) = 0, and the

A

matrix U is equal to

- . _ (v(t,z) p(t,x
U(t,z,\) = —i\S(t, z), S(t,z) = <}5(t,m) —V(t,x)> ,
where S(t,z) = g_lgt,x)ggg(t,x) = S*(t,z) and S? = 1.

For the matrix V = V(¢,z, \), we have

103
+ 4N\’

where R =g 1Hg—g g, =e X3(D'HD — D™'D! — x/03)eX?3. Since tr R =
0, then the matrix R takes the form

V= g WVg— g’lg; =1iAS(t,z) + R(t,x)

g3 — _
R = (h(t,) = X;)os + = (03,9 'Hg—g7'q),

where h(t,z) = (D"'HD — D~'D’)y;. By putting x’, = h(t, ), we find that

_@ —X03 -1 _ -1/ \,X03 — 0 ’I“(t,.%‘)
R(t,x) = 2[03,6 (D""HD — D™ D,,)eX?] <—f(t,x) 0 )
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All written above is true if the equations

Xt:_f<t7x)ﬂ f(t7x>:2(g_l_ip;tN)_Z(g_l_itN)a

R _E :0/1: _B al :51:1:
Xz = h(t,x), h(t,x)—4 <5—|—1+N> 1 <5+1+N>

are compatible. Indeed, these simple equations are compatible if and only if

on of

a%—%—&

By using the Maxwell-Bloch equations (5), this condition can be verified by
routine calculations. Then x(¢,x) is defined as an integral
(t,z)
w(t.0) = [ hit.s)ds - fr.a)dr + x(0.0)
(0,0)
which does not depend on a path of integration. The free parameter (0, 0) will

be used in Sec. 5.
The gauge Egs. (11) and (12) with

U=—i\S(t,z), V =i\S(t,z) + R(t,z) + f—;’
are also compatible
U:—Vi+[U,V]=0.
The last equation is equivalent to the system of nonlinear equation

oS 0S8 1
a"‘%:[RvS]a thz[s,ag]-

Thus we have proved the theorem below.

Theorem 1. The Mazwell-Bloch Egs. (5) are gauge equivalent to the
equations

@—F@—F—&-_r @4—@——21/7' or _ 1
ot Tox TR B Ton TN w2
where v = v(t,x) is real, and p = p(t,z), r = r(t,z) are complex val-

. . . . t t
ued functions which constitute the matrices S = (V( x) plt7) ) and R =

Blt.x) —v(t,x)
(F(t(,):c) T(t6$)> :

Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 2 125



M.S. Filipkovska, V.P. Kotlyarov, and E.A. Melamedova (Moskovchenko)

Remark 1. The second matrix equation R, = %[5, 03] gives

S =vos+ [Ry,03] = vos + 2Ri03 = ( gf _QZt> )
o7,  —

Then the first matrix equation %—f + g—i = [R, S] is read as

ov  ov _0|r)? o?r 9%
= +

—_— — 2 — p—
ot a2 T e ana

vr.

The gauge AKNS equations (11) and (12) will be used below for the trans-
formation of some Goursat problems and also for the construction of compatible
solutions of the AKNS equations (7) and (8) which have a well-controlled asymp-
totic behavior as z — 0.

3. Basic Solutions of the Ablowitz—Kaup—Newel-Segur Linear
Equations

We suppose here that the solution (E(t,x), N(t,x), p(t,z)) of the mixed
problem (5), (6) for the Maxwell-Bloch equations in the domain t € Ry, 0 <z <
[ < o0 exists, and it is unique and smooth. Then the AKNS linear equations (7)
and (8) are compatible. To construct their solutions we use the following lemma.

Lemma 1. Let Eqs. (7) and (8) be compatible for all t,x,\ € R. Let
O(t,x,\) be a matriz satisfying the t-equation (7) for all x (the x-equation (8)
for all t). Assume that ®(tg,z,\) satisfies the x-equation (8) for some t =ty <
< oo (the t-equation (7) for some x = xy < 00). Then ®(t,x,\) satisfies the
x-equation (8) for all t (satisfies the t-equation (7) for all x).

P r o o f. The proof can be found in [3] (Lemma 2.1). |
Let Y (¢,2,\) be a product of the matrices
Y(t,x,\) = W(t,z, \)P(t, \), (19)

where W (t,z, \) satisfies the z-equation (8) for all ¢ and W (¢,0,\) = I, and
®(t, \) satisfies the t-equation (7) for = 0 under the initial condition

lim ®(t,\)eMos =T
t—00
Let Z(t,z,\) be a product of the matrices

Z(t,z,\) = Y(t,z, Nw(z, \), (20)
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where W(t,z,\) satisfies the t-equation (7) for all z and ¥(0,z,\) = I, and
w(z, \) satisfies the z-equation (8) for t = 0 under the initial condition w(l, \) =
elttNos where () = A + 2. If I = oo, the initial condition takes the form

lim w(z, \)e @M — 1,
T—r00

It is easy to see that due to Lemma 1, the matrices Y (¢,z,\) and Z(t, z, \)
are compatible solutions of the AKNS system of Egs. (7), (8).

Lemma 2. Let £(t,0) = &1(t) be smooth and fast decreasing as t — oo.
Then for Im A = 0 there exists the Jost solution ®(t,\) of the t-equation (7) with
x = 0 represented by the transformation operator

D(t,\) = e M3 ¢ / K(t,7)e ¥%dr,  Im\=0. (21)
t

The kernel K(t,7) satisfies the symmetry condition K (t,7) = AK(t,7)A~" with
matriz A = (_01 (1)> and it is defined by the Goursat problem:

0K (t,T) N 0K (t,T)

- 5, 03 = H(t,0)o3K(t,T),
osK(t,t) — K(t,t)o3 = o3H(t,0),
lim K(t,7) = 0.
t+7—+00

The kernel K(t,T) is smooth and fast decreasing as t + T — 00.

The proof uses the Goursat problem and the corresponding integral equations
which allow one to prove their unique solvability and thus to prove the inte-
gral representation (21) (sf. [9]). Due to (21), the vector columns ®[1](¢, A) and
®[2](t, A) of the matrix ®(¢,\) = (P[1](¢, \), P[2](t, A)) have analytic continua-
tions ®[1](¢, z) and ®[2](t, z) to the lower half-plane C_ and the upper half-plane
C4+ of the complex z-plane, respectively. Thus the vector columns ®[1](¢, z),
®[2](t, z) are analytic in C_, C4, respectively, continuous in C_ UR, C4y UR and
have the following asymptotics:

B[1)(t, z)e'*t = (é) +0(z71), Imz <0, z— o0;
D[2](t, z)e = <(1)> +0(z7Y), Imz >0, z — oc.

The symbol O(.) means a matrix whose entries have the indicated order.
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Lemma 3. Let E(t,x), N(t,x), p(t,x) be smooth. Then for any x and
Im X = 0 there exists the solution ¥(t,x,\) of the t-equation (7) represented by
the transformation operator
t
U(t,z,\) = e o3 4 /K(](t,T, x)e T3 dr Im A =0. (22)

—t

The kernel Ko(t, 7, x) is smooth, it satisfies the symmetry condition Ko(t,7,z) =

AKo(t, 7, 2) A=t with matriz A = (_01 (1)> and is defined by the Goursat problem:
OKy(t,7,2) O0Ky(t,7,x)
ot or
UBKO(ta tv (L‘) - KO(t7 ta $)0‘3 :H(t’ .’E)O‘37
O'3K0(t, —t, .T) + Ko(t, —t, x)Ug =0.

03 = H(tv .T)O'3K0(t, T, .’L’),

The proof of the lemma can be found in [3].
The integral representation (22) gives the analyticity of the solution ¥ (¢, z, 2)
for z € C and its asymptotic behavior as z — oco:

U(t,x, 2)e*t = ((1] e§2t> +0(zH) 4027, 2 = oo;

. —2izt .
U(t,z,2)e = (e 0 (1)> +0(z"H)+0(e 7)), 2z = .

Since ¢ is positive, these asymptotics mean that ¥(t,z, z)e!** is bounded in C,
and ¥(t,, z)e”* is bounded in C_ as z — oco. For any fixed ¢ and z, they are
bounded on any compact set of the complex plane.

Now we pass to the construction of the solutions of the z-equation (8) which
has two singular points oo and 0 (t-equation (7) had the singular point at oo
only). First, we consider the Jost solution of (8) which has a good behavior as
z — 0o. With this purpose, we represent the z-equation (8) in the form

Wy = |ip(N)os + H(t,z) + ﬁ(F(t,a}) —o3)| W, p(A) = A+ % (23)

If H(t,z) = 0 and F(t,z) = 03, the z-equation has the exact solution e*#(N)7s,
Lemma 4. Let E(t,z), N(t,x), p(t,z) be the smooth functions for 0 <

x <I, and
N2(t, ) + |p(t, )] = 1.
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Then for any t and Im pu(\) = 0 there exists the solution W (t,z,\) of the x-
equation (23) represented by the transformation operators

. 7 . 17 .
W(t,z,\) :em“o‘)og’+/L(:C,y,t)ely“()‘)”3dy+i)\/M(m,y,t)ely“(k)g"’dy. (24)

—X

The kernels L(zx,y,t) and M(z,y,t) are smooth, they satisfy the symmetry con-
dition L(z,y,t) = AL(x,y,t)A™1, M(x,y.t) = AM(z,y,t)A~! with matriz A =

<_01 é), and are defined by the formulas L(x,y,t) = f)(:c, y,t) and M (z,y,t) =

g(t, )M (z,y,t), where the unitary matriz g(t, ) is the same as in Section 2. The
matrices L(z,y,t) and M (z,y,t) are the unique solution of the Goursat problem:

oL 0L .

T35 T gy 08 =oH (b 2)L + o3los, g(t M,
oM oM /
03— o + 8y —03 —O‘3R(t .ZE)M+ 4 [ (ta x)ao-?)]L?

3L(x x,t) — (:c x,t)os —03H(t x),
oM (z,x,t) — (x,x,t)ag [03 g (t, z)]os, (25)
osL(z,—x,t) + L(z, —x,t)o3 =0,
oM (z, —x,t) + M(z, —x,t)o3 =0,

where R(t,z) = g~ (t,x)H(t,2)g(t,x) — g~ (t, z)g(t, x).

P r o o f. Substituting (24) into equation (23) and integrating by parts, we
get the Goursat problem (—z <y < x):

oL oL

% + 0'3873/0'3 :H(t,x)L + (0'3 — F(t, x))M,
oM oM 1
% + F(t,w)a—yag —H(t,ﬂj‘)M + Z (03 - F(t>$)) Ma

osL(z,z,t) — L(z,x,t)o3 =03H(t, ),

F(t,2)M (2, 3,t) — M(z, 2, )03 = i (03 — F(t, 7)) 03,
O'3L( —X t) + L(l‘ —.CC,t)O’3 0,
2, t)s —0.

F(t,z)M(z,—z,t) + M(z, —z,t)o3
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To integrate the summand with the factor /\% we have to use the identity % =
45 — 4.

We have obtained the Goursat problem with variable coefficients at deriva-
tives. To reduce this problem to the standard form with constant matrices at
derivatives, we use the same gauge transformation as in the previous section. We
put F(t,z) = g(t,x)o39~(t, z) where the unitary matrix g(¢, x) is the same as in
Section 2. Further we put L(x,y,t) = IAJ(;U, y,t) and M (z,y,t) = g(¢, x)M(:E Y, t).
Taking into account that %7]\::[ = g(t,x)%—ﬂg + g..(t, )M and %M = g(t, m)a—y, we
find that the Goursat problem reduces to the form:

oL oL 5 ’

oz T35, =H(t,z)L + [03, g(t,z)]M,
OM oM N T ?
% + 03— B g3 —R(ta$)M + Z[g (t’ IE), O'3]L,

)0'3 UgH(t :B)
0'3M(.T,.%',t) (.’B,.I‘,t)o’g [037 (t,.ﬁU)]Ug,
osL(z, —x,t) + L(z, —x,t)03 0
O'3M( —x,t) + M(x —z,t)os =0.

I

This problem coincides with (25). Thus we obtain the classical Goursat problem
which in turn gives the existence of representation (24). ]

The integral representation (24) gives the analyticity of the solution W (¢, z, z)
for z € C\ {0} and its asymptotic behavior as z — oo and z — 0:

1 0
W(t’ Zz, Z)e—ia:,u(z) = 0 e—Ziru(Z)
O(1) 4 O(e~Zz1(2)) 2 — 0;

) +0(z7h) + O(e Zznl2) =1y 2 — o0;

. z e 27, z— oo
W(t,x,z)e®H=) = 0 1
O(1) 4+ O(e?=r(2)) 2 — 0.

Taking into account that Im pu(z) = (1 — 4‘Z|2)Imz and since x > 0, the above

asymptotics mean that W(t,z, z)e *>) is bounded in the domain {z € C :
Im p(z) <0}, and W(t, 2, 2)e®*?) is bounded in the domain {z € C : Im u(z) >

0}.

130 Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 2



Maxwell-Bloch Equations and Matrix Riemann—Hilbert Problems

Lemma 5. Let the initial functions Ey(z), po(x), No(x) from (6) be
smooth or of Schwartz type if v € Ry, i.e., | = o0, and

NE (@) + [po(a)|* = 1.
Then the Jost solution w(x, \) can be represented in the form (Impu(X\) =0),

2l—x 2l—x
. . 1 .
w(a, A) = O 4 / L, y)e N7y 4 / Mz, y)e N7 dy.  (26)
1

x

The kernels L(x,y) and M(xz,y) satisfy the symmetry conditions

L(z,y) = AL(z,y)A ™1, M (z,y) = AM (z,y)A~?

with matriz A = (_01 [1)) and they are defined by the formulas L(x,y) = f/(x, Y)

and M(z,y) = g(0,2)M (z,y), where the unitary matriz g(0,z) is the same as in
Section 2 with t = 0. The matrices L(x,y) and M(x,y) are the unique solution
of the Goursat problem:

oL 0L . )

oL OL_ o i o
o35+ By 0% =% (0,2)L + o3]os, g(0, 2)] M,

“383:6 * %yas =o3R(0,2)M + 229 (0,2), 03] L,

osL(x,x) — L(z,2)03 =H(0,z)03,

0-3]\2(37 CL') (l’,l’ 03 = _1(0,17)70'3}0'3,

)

oz =+1g
o3L(x,2l — x) + L(x, 2l — )03 =0,

)

o3M (x,2] — x) + M(z,2] — )03 =0,
or

as+g£11>n+ooL(m y) = x+;1/1£>n+oo M(e,y) =0, if l=oo

where R(0,2) = ¢g~1(0,2)H(0,2)g(0,2) — g1 (0,2)g.(0,z). The kernels L(x,y)
and M (z,y) are smooth and fast decreasing as x +y — 00 if [ = 00

P r o o f. By substituting (26) into equation (23) and integrating by parts,
we get the Goursat problem (z < y < 2] — z):

oL oL
% + 0—387y0—3 H(Ov l‘)L + (03 - F(Ovm))M7
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oM oM
E F(O,.’E)aiy(fg —]:I(O,ﬂf)]\4‘|_7(('1'3—_FW(O,ZC))]\47
o3L(x,x) — L(x,z)o3 =H(0,z)03,

F(0,2)M(r,2) ~ M(z,2)os = (o~ F(0,2)) 05,

If | = oo, then the last two conditions (for y = 21 — x) are changed with

li L = i M = if = o0.
ac—i—yll)n-‘roo (l‘, y) 1’+yll>n+oo (x’ y) 0’ ! o
Further we put L(z,y) = L(x,y) and M(z,y) = g(0,z)M(z,y), and we finish
the proof in the same way as in Lemma (4). ]

Introduce the notations: Qi = {z € Cy||2] > 3}, Dy = {z € Cy|[2] <
%}, Y = RUCyp U Clpy, where the semicircles Cy;, and Cjyy, are: Cyp = {2 €
C|l|z| = 3, argz € (0,m)} and Cio = {z€C||2| = 3, argz € (7,27)}. Let Q4
and Dy be the closures of the domains 2+ and D4, respectively. The contour X
is the set where Im p(\) = 0:

1
E:{)\EC:Im<)\+4)\> =0} =RUCup U Clon.

The orientation on ¥ is depicted in Figure (1).

Imz

[
[

D,

Rez

(:‘e‘ow

£

Fig. 1. The domains 24, Dy and the oriented contour X.

132 Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 2



Maxwell-Bloch Equations and Matrix Riemann—Hilbert Problems

The vector columns of the matrix w(z,\) have analytic continuations
w[l](z,z) and w[2](x,z) in the domains Q4 U D_ and Q_ U D, respectively.
These vectors have the asymptotics:

1 B _
wll](z, 7)) — <0> +0(:7Y), 2€Q4, 2 o0, (27)
O(1), ze€ D_\{0}, 2 —0.
0 +0(:z™Y), 2€Q., z2— 0
w(2](z, 2)e™®) = L\ 1 ’ - ’ (28)

0(1), ze€ Dy \ {0}, z—0.

Formula (19), Lemmas 2, 4 and Egs. (27), (28) imply the following properties
of Y(t,z,\) = (Y[1)(t,z,\) Y[2](t,z,N)):
(t,z,\) (A 7é 0) satisfies the t— and x—equations (7), (8);
) =

2) Y(t,z,\) = AY (t,z, \)A~L, )\ER\{O},WhGTGAZ(O 1>;

Ny
) -1 0
3)detY(t,z,\) =1, AeR\ {0}
4) the map (x,t) — Y (¢, 2, ) (A # 0) is smooth in ¢ and z;

5) the vector functions Y'[1 ](t,x,z)eiz’f*i”(z)x, Y[1](t, x, z)e 2+ and
Y[2](t, z, z)e” #HrET Y[2)(t, x, 2)el# =T are analytic in C_ and C,, respec-
tively, continuous up to the boundary with exception of A = 0 and have the
following asymptotic behavior:

Y1)(t, @, z)e#t e — <é> +0(z7h), 2€Q_, z—o00, (29)
Y1)(t, z, z)e FHRET — (1), zeD_\{0}, z—0,
Y[2|(t, x, z)e 1 HRE < > z€Qy, z— 00, (30)

Y[2|(t, x, z)e*tHET = 0(1), ze D\ {0}, z— 0.

Formula (20) and Lemmas 3, 5 imply the following properties of
22,0 = (Z[0](62,0) Z2)(E 2, \)):

1) Z(t,xz,\) (A # 0) satisfies the ¢- and x-equations (7), (8);
2) Z(t,z,\) = AZ(t,z, )A~L, X e R\ {0};
3) det Z(t,z,A\) =1, Ae R\ {0};
4) the map (x,t) — Z(t,z,\) (A # 0) is smooth in ¢ and x;

5) the maps z — Z|[1](t,z, z) and z —> Z[2](t, x, z) are analytic in Q4 UD_

and Q_ U D, respectively, and the asymptotic behavior of Z[1](t, z, z)el#—1##(2)
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Z[2)(t, x, z)e”#Hie1(Z) i5 as follows:

Z[1)(t, x, z)e#Tionz) = <(1)) 0@z, zeQy, z—o00, (31
Z[1)(t, x, z)e# 7o) = (1), zeD_\{0} z =0,
Z[2)(t, m, z)e FHEn(z) = (2 +0(z7Y), zeQl, z—o00, (32)
Z[2)(t, z, z)e " FHIE) = (1), ze D4\ {0}, z— 0.

Since the matrices Y (¢,x,\) and Z(t,z,\) are the solutions of the t— and
zr—equations (7), (8), they are linear dependent. Consequently, there exists a
transition matrix 7'(\), independent of z and ¢, such that

Y(t,x,\) = Z(t,z, \)T(N). (33)
The transition matrix is equal to
T(\) = Z71(0,0,\)Y(0,0,)\) = w0, \)®(0, \),
and hence T'(\) = AT(A)A~L, A € R\ {0}, i.e., T(A\) has the form

(A )
o= (75 ) 3

The scattering relation (33) can be written in the form

1]
2]

Relations (35), (36) give

Y[U(t, 2, ) =a(N Z[1](t 2, A) — BN Z[2)(t, 2, A), AeR\ {0},  (35)
Y2)(t, 2, ) =a(N)Z[2](t, 2, ) + b\ Z[1(t, 2, N), AeR\{0}.  (36)
a(\) = det(Z[1](t, 2, \), Y[2)(t, 2, ), a@(\) = det(Y[1](t, 2, \), Z[2](t, z, \)),

b(\) = det (Y[2](t, 2, \), Z[2(t, 2, N),  BN) = — det(Z[1](t, 2, \), Y[1](t, 2, \)).

It is easy to see that the matrix

_ (a0 =B
w00= (55 ) 0

is the spectral function of the x-equation for ¢ = 0, which is uniquely defined by
the given initial functions £(0,z), p(0,x) and N (0, ), and the matrix

A\ B
20.%) = (—B(A) A(A)) (38)
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is the spectral function of the t-equation for z = 0, which is uniquely defined by
the boundary condition £(t,0).

The functions a()), S(A) and @()), B(A) have analytic continuations in . U
U D_ and Q_ U Dy, respectively, the functions A(X), B(A) and A()), B(\) have
analytic continuations in C; and C_, respectively.

Let f*(2) := f(Z) denote the Schwartz conjugate of a function f(z). Then an-
alytic continuations are denoted as (a(z), 8(2), a*(2), 8*(2), A(z), B(z), A*(2),
B*(z)) for z in the domains of their analyticity. They have the following asymp-
totic behavior:

a(z) =1+0(z71), B(z) =0(z71), 2300, z€QL;
a(z) =0(1), B(z) =0(1), 20, zeD_;
a*(z) =1+ O(z_l), B*(z) :O(z_l), z— 00, z€Q_;
a*(z) =0(1), B*(z) =0(1), z—0, z€Dy;
A(z) =1+ 0(z"1), B(z) =0(z71), 200, z€Cy;
A*(2) =14+ 0(z7h), B*(z) =0(z71), z—00, ze€C_;
A(z) =0(1), B(z) =0(1), z2—0, zeCy;
A*(z) =0(1), B*(z) =0(1), z—0, zeC_.

The entries of the transition matrix 7°(\) in the domains of their analyticity
are equal to

a(z) =a(2)A(z) — B(2)B(2), z € Qy;
b(z) =a”(2)B(z) + B(2)A(2), 2 € Dy;
a*(z) =a”(2)A"(2) - B(2) B"(2), 2 €Q;
b*(z) =a(z)B*(z) + B(z)A*(z), zeD_.

The spectral functions a(z) and b(z) are defined and smooth for z € ¥\ {0}. The
determinant of T'(z) = 1 and, hence, a(z)a*(z) + b(2)b*(z) = 1 for z € ¥\ {0}.
The spectral functions have the asymptotics:

a(z) =1+ 0(z71), z — 00, 2z € Qy; (39)
b(z) =0(1), z =0, z€Dy;
a*(z) =1+ 0(z71), z — 00, zeQ_; (40)
b*(z) =0(1), z—0, z€D_.

If the function a(z) has zeroes z; € 0y, j = 1,n, then

a(zj) = det(Z[1](t, z, z;), Y [2](t, z, 2j)) = 0.
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Therefore, the vector columns are linear dependent:

VPl s) =2t s) = ol =58 =Tm @

At the conjugate points zZ; € Q0_, j = 1,n
a*(z;) = det(Y[1](t, z, Z5), Z[2)(t, =, Z;)) = 0.

Consequently,

YUt 5) = 7,200 e E), 7= ) = S E) G oTE @y

If the function b(z) has zeroes (x € Dy, k = 1, m, then

b(Ck) = det(Y'[2](t, z, Cx), Z[2](t, 2, (1)) =

Therefore,

Z2)(t,x, (k) = mY [2](t, z, C)s

=— E=1,m. (43)

At the conjugate points (, € D_, k = 1,m,

b*(Cr) = — det(Z[1](t, ,Cp), Y [1)(t, %, G)) = 0

Hence,

2012, = MY (62, Ty = i((é’;) - —f(g), ;

=T,m. (44)

Let us define the matrix

( Y2I(t,z,2) _inmi
izt—izp(2) ) izt+izu(z)
< [1](t, z, z)e a(2) e

Y[l

1zt izp(z) Z[Q](t, , Z)e—izt—kiaxu(z))’ zEQ7,
M(t,z,z)= >

( t x,z)
<Y t x, Z 1zt—ia:u(z) Z[z](t’w,z)efizﬂrix,u(z) 7
(Z 1(t,z, 2)

elzt—izu(z) _YW —1zt+ir,u(z)>’ zeD_.
(45)

The matrix M is analytic for z € C\ X if a(z) # 0 and b(z) # 0. It is
meromorphic for z € C\ ¥ and has poles at z; € Q4 and Z; € Q_, where a(z;) =
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0 and a*(z;) = 0 j = 1, n. The matrix M also has poles at (; € D4 and (;, € D_,
where b((x) = 0 and b*((;,) = 0, k = 1,m. It has the asymptotics M (¢, x,z) =
I+0(z71) as z — oo.

Let the contour X have the orientation shown in Fig. 1. Then the matrix (45)
has jumps over the contour %,

Mtz \)_ = My(t, 2, \)J(t2,\),  Aex\ {0}
where
1+ r(\)? —T(A)G‘Qie(t’”"’” 1
J(t,x,\) = , AER, |z| > =,
_?()\)6219@@,,\) 1 2
1 _T—I(A)e—ﬁ@(t,m,)\) )
= 5 )\GRa |Z|<§>)‘7é0;
_Fq(/\)eme(t,x,,\) 1+ ’r(/\)’fQ
(46)
0 _T,()\)e—219(t,x,)\)
= , AE Cupv
T—l(}\)e%@(t,a:,/\) 1
0 * ()\)G—Qiﬂ(t,x,)\)
= ; A€ Cloun (47)

1 ()\)6210(t,m,)\)

1

where r(A) := b(A\)/a()) is defined on R U Cyp, () := b*(X)/a*(A) is defined
on RU Cioy, and 0(t,x,\) = Xt —zu(X), A € ¥\ {0}. It is easy to see that

det J(t,x,\) =1, A € ¥\ {0}.

Suppose the number of zeroes is finite and these zeroes are simple poles of

M(t,x,2), ie., a(z;) =0, d'(z;) =

0, b'(G) = G|

da(z)

e #0,2; € Qp, j=1,n, and b(() =

Z=Zj

) #0,(, € Dy, k=1,m. Then
k

Vi

_ —2i6(t,z,z;) .
Zr:ezsj M2](t,z, 2) a’(zj)e IM)(t, x, z), (48)
3 7 2i0(t,x,z; —_
zos MUtz 2) = e RIMP (L 2.%), (49)
res M2)(t, @, 2) = o e RO M (1,2, Go), (50)
#=Ci V' (Ck)
ves M(1](t,2,2) = e 2 M[2)(t, 2, Gy, (51)
2=y b* (Ck)
where 7;, 7, are defined in (41), (42), and 7y, 7, are defined in (43), (44).
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4. Matrix Riemann—Hilbert Problems

In this section we give a reconstruction of the solution to the MB equations in
terms of the spectral functions a(\), b(\), which are defined through the spectral
functions A(\), B(A), defined by input pulse & (t), and a(\), 5(A) defined by
initial data &y(z), po(z), No(t). In the previous section we proved that the
matrices (45) are the solutions of the following matrix RH problem:

Find a 2 x 2 matrix M (t,x, z) such that
e M(t,z,z) is meromorphic in z € C\ X (or analytic if a(z) # 0 and b(z) #

0) and continuous up to the set £\ {—1,0, 3}; RH1
o If a(z;) = a*(Z;) = 0,4 = 1,2,...,n and all these zeroes are simple, then
M (x,t,z) has poles at the points z = z;, 2 = Z;, j = 1,2,...,n, and the
corresponding residues satisfy relations (48) and (49); RH?2

o If b((;) = b*(Zj) =0,7=1,2,...,m and all these zeroes are simple, then
M (x,t,z) has poles at the points z = (j, z = Zj, j=1,2,...,m, and the
corresponding residues satisfy relations (50) and (51); RH3

o M_(t,x,\) = My (t,z,\)J(t,z,\), AeXN {—%,0, %}, where J(t,x, \)
is defined in (46) and (47); RH4

e M(t,z,z) is bounded in the neighborhoods of the points {—%, 0, %},
o M(t,z,2) =1+0(z"Y), |z] = . RH5

Theorem 2. Let the functions E(t,x), N(t,z) and p(t,x) be the solution
of the mized problem (5)—(6) for the Mazwell-Bloch equations. Let the corre-
sponding spectral functions a(X) and b(\) have finite and simple zeroes in the
domains of their analyticity. Then there exists the matriz M (t, x, z) which is the
solution of the Riemann—Hilbert problem RH1-RHbS, and the complex electric
field envelope E(t,x) is defined by the relation

E(t,x) = — lim 4izMia(t, z, 2). (52)
zZ—00
P r o o f. The existence of the matrix M (t,z, z) follows from the above con-
siderations. We only need to prove equation (52). The matrix M (¢, z, z) defines
the solution ®(¢,x, z) of the AKNS equations (7) and (8) by the formula

O(t,r,2) = M(t,, Z)e*ie(t,g:,z)a-s‘

Formula (52) follows from (7) and (RH5). Indeed, by substituting the last for-
mula into equation (7), we find

M; +iz[os, M] + HM = 0. (53)
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Using (RH5), we put

m(t, z)

M(t,z,z) =1+ +o(zh),

where
m(t,z) = lim z(M(t,z,z) — I).

Z—00

This asymptotics and equation (53) give
H(t,x) = —i[os, m(t, z)],
and hence
g(t,l’) = —4im12 = — lim 412M12(t,$, Z).
Z—00

Taking into account the well-known fact that a(z) can have multiple zeroes
or infinitely many zeroes with limit points on the contour X or zeroes on X
(the so-called spectral singularities), to avoid the complexities, we propose below
another formulation of the matrix RH problem. We use the ideas proposed in
[6,7,21] and introduce another set of solutions of the AKNS equations with
suitable asymptotic behavior of the solutions in the vicinity of the origin (z = 0).

5. Basic Solutions with Well-Controlled Asymptotic Behavior
at 2 =0

We will use here the gauge AKNS equations defined by (11), (12) and (13),
(14). Let X (t,x,\) be a product of the matrices

X(t,z, ) = W(t,z, \)®(t, \), (54)

where W(t,z,)\) satisfies the z-equation (12) for all ¢ and W(¢,0,\) = I,
and ®(t, \) satisfies the t-equation (11) for # = 0 under the initial condition
<f>(0, A) = I. By the same way as in Lemmas 3.2 and 3.3, we prove the existence
of representations

t
B(t,\) = e 4 i) / Ko(t, 7)e ™ 3dr (55)
—t
and

W(t,z,\) :eix“()‘)‘73+/fzo(x,y,t)eiy“()“”dy—i—i)\/Mo(x,y,t)eiy“()‘|"3dy (56)
—Z

—X
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with some matrix functions Ko(t, 7), f)o(x, y, ), M()(ZE, y,t) which have the same
symmetry properties as in Lemmas 2-5: ﬁo(x, y,t) = Aﬁo(az, y,t)A~!, etc. These
representations guarantee the analyticity of X in z € C\ {0} and the following
asymptotics as z — O:

5 1

X[l](t, z, Z)eie(t,l‘,z) = <0> + O(Z), Imz>0, z-—0;

0
1

A~

X[2|(t, x, z)e”0t22) — < ) + O(2), Imz<0, z—0.

Due to Lemma 1, the matrix (54) X (¢, x, A) is a compatible solution of the gauge
AKNS Egs. (11), (12). Then, due to Sec. 2, the matrix

X(t,x,\) =gt 2)X(t,z,\) (57)

with ¢ defined by (15)—(17) is a solution of the AKNS system of Egs. (7), (8).
The matrix X is analytic in z € C\ {0} and its columns have the asymptotics:

X[1)(¢, x, z)eie(t’“’z) =g(t,x) (é) + O(2), Imz>0, z-—0; (58)

X[2)(t, @, 2)e 02 — g(t, z) ((1)) + O(2), Imz<0, z—0. (59)

Finally, X is bounded in z for any compact set of the complex plane except the
vicinity of the origin and for any fixed ¢ and .
Let Z(t,z,\) be a product of the matrices

Z(t,x, ) = U(t, z, \)(z, A), (60)

where W(t,z,\) satisfies the t-equation (11) for all z and W(0,z,\) = I, and
w(x, \) satisfies the z-equation (12) with ¢ = 0 under the initial condition
W(l,\) = N3 where p(A) = A + +x- 1f | = oo, then the initial condition
takes the form

lim w(z, \)e N8 — 1
T—>00

It is easy to see that due to Lemma 1, the matrix Z(t,x,)\) is a compatible
solution of the gauge AKNS Egs. (11), (12).
Again we prove the existence of representations

t
U(t,z,\) = e A3 4 i)\/f(q,(t,T,a:)e_iT’\”dT
Zt
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and
2—=x 2l—x
w(x,)\):eix“()‘)"3+ / fzw(w,y)eiy“()"%dy—i—i)\ / Mw(x,y)eiy“()“%dy

xT

with some matrix functions Ky (t,7, ), Lu(x,y), My(z,y) which have the men-
tioned above symmetry properties. These representations guarantee the analytic-
ity of the columns Z[1](t, z, z) and Z[2](t, z, z) of the matrix (60) in the domains
Imp(z) > 0 and Im pu(z) < 0, respectively, and give the following asymptotics as
z — O

Z[1)(t,z, 2)e?0™?) = (é) +0(2),  Imp(z) 20, z—0; (61)
. 0

Z[2)(t, x, z)e 0 ET2) — < ) +0(2), Imp(z)<0, z—0. (62

1

Due to Section 2, the matrix
Z(t,z,\) = g(t, ) Z(t, z,\) (63)

with g defined by (15), (16), (17) is a solution of the AKNS equations (7), (8).
The columns Z[1](t,z,z) and Z[2](t,z,z) of the matrix Z are analytic in the
domains Im p(z) > 0 and Im u(z) < 0, respectively, and these columns have the
asymptotics:

Z[l](t,x, 2)e?tm2) = g (¢ 1) (é) + O(2), Imz>0, z—0; (64)

Z[Q] (t,x, z)e—iﬁ(t,%z) — g(t,l') (?) + O(Z), Imz<0, z-—0. (65)

Thus the construction of the compatible solutions (57) and (63) with well-
controlled behavior (58), (59) and (64), (65) as z — 0 is finished.

Introduce the corresponding spectral functions. They are generated by the
linear dependence of the above solutions. Thus, for Im w(A) = 0, the matrices
Z(t,z,\) and X (t,x,\) are linear dependent:

Z(t,2,)) = X(t,2, NT5(\), T5(\) = Z(0,0,)) = t(0.)) = < (A 50“)) .
The spectral functions ag()), af(A) = @p(A) and By(N), B5(A) = Bo(A) are defined
by the gauge x-equation (12) with ¢ = 0 which, in turn, is determined by the
function g(0,x) and the initial functions & (x), po(x) and Ny(z). These spectral
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functions are analytic in z € Dy and, due to (61), (62), have the asymptotic
behavior:

ap(z) =1+ 0(z), Bo(z) =0(2), z—0, zeDy\{0}. (67)
The functions «of(z) and B3(z) are analytic in z € D_ and have the asymptotics:
ay(z) =14 0(2), B5(2) =0(2), z—0, ze€D_\{0}. (68)

Formulas (67), (68) yield that there exists ¢ > 0 and a set O, = {z € C: |z| < e}
such that

ap(z) #0, z€ Dy NO:\{0}; ag(z) #0, z€ D_NO:\{0}.
The relation
Z(t,x, ) = X(t,z, \)Tz(N), Im p(N) = 0,

where Tz(\) = X~1(0,0,A)Z(0,0,\) = g~1(0,0)w(0, \), generates the spectral

functions

S (@) BN (@) 50
=00 (50 ) =G ww ) @

where ¢71(0,0) is the unitary matrix, and the entries of the matrix w(0, \) were
defined in (37).
Finally, the relation

Y(t,z,\) = X(t,z, VTy(\),  AeR\ {0},

defines the transition matrix Ty (\) = X~1(0,0,\)Y(0,0,)) = ¢g~1(0,0)®(0, \),
which has the form

o (AN BOY _ (A0 B _
o =a 00 () 46) = (e a)r ma=o @

where the entries of the matrix ®(0, \) were defined in (38).
The spectral functions defined by @w(0,A) and w(0, A) are related each other
by the formula

B0,0) = g0, 0w(0, ), Tmpu(A) = 0. (71)
Indeed, the matrices w(z, A) and ¢(0, z)w(x, \) are the solutions of (8). Therefore

they are linear dependent, i.e., w(xz, \) = g(0, x)w(z, \)C(\), where
C(\) = e Nosg=1(0 [)eltr(N73 Without loss of generality, we put Ny(l) =
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l
1. Then po(l) = 0, g71(0,1) = e X007 where x(0,1) = [ h(0,z)dz + x(0,0).
0

Since x(0,0) is a free parameter, we can put x(0,!) = 0. Then w(z,\) =
g~ 1(0,z)w(x, \), and hence (71) is valid. Finally, from (66) and (69), we find

af(A)  BoN)\ _ (ag(N) =85\
<—/305(A) ao(A)>_</3§<A) a;(A)>' (72)

All the introduced compatible solutions X, Y, Z, Z of the AKNS equations
(7), (8) and the spectral functions defined by T'(\) (34), Tz(A) (66), Tz(\) (69),
Ty () (70) allow us to formulate a new matrix RH problem which is regular,
i.e, without poles. Moreover, this formulation does not require any additional
assumptions on the absence of spectral singularities.

6. Regular Matrix Riemann—Hilbert Problem and a Solution of
the Mixed Problem for the Maxwell-Bloch Equations

Due to (39), a(z) = 1+ O(z71) and a*(2) = 1 + O(z7!) as z — oo.

Or

G5

Or
Fig. 2. The domains Og, O, and the oriented contour I'. Op = {z € C : |z| >
R}, 0. ={2€C:|z| <e}, Cf, ={z €C||z| =R, argz € (0,m)}, Cp ={z €
C|lz| = R, argz € (m,2m)}, C7 = {2z € C||z| = ¢, argz € (0,m)}, O = {z €
C|lz| =¢,argz € (m,2m)}, [ :=RUC.UCr=RUCIUC- UC UCp.

Hence there exists R > 0 and a set Og = {z € C: |z| > R} such that

a(z) #0, z€Q,NO0g; a*(z) #0, 2€Q_NOg.
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Define the new contour I" which contains the real axis R orientated from left to
right and two circles of the radii € and R oriented clockwise, i.e., I' := RUC. U
Cr (Fig. 2).

Now, using the vectors Y[1], Y[2], Z[1], Z[2] from Sec. 3 and the vectors (58),
(59), (64), (65), we can define a new matrix

M"™9(t, x,z)= (Z[l](t,x,z)eia(t””’z) }We_ie(t’%z)) , 2€Q4NO0Og,

a(z)
(73)
= (X[l](t,x,z)ew(tvw) 2202, 2) e—w(t’r’z)> , z€Dy N0,
ag(z
(74)
= (X[1](t, z, 2)e0tm2)  X[2)(t, x, z)e 0(E02)) | e < |z| <R,
(75)
_ <Z[1](t, x, Z) eie(t,x,z) X[Q] (t, , Z)e—iﬂ(t,:c,z)> , 2€D_NO.,
ag(2)
(76)
Y[l] (t7 €, Z) i6(t,x,2) —if
_ 0(tz,z) 79 i0(t,z,z) O_
( o (2) e [2](t, x, z)e , 2€Q_NO0g,
(77)

which satisfies the following properties:

o M™9(t,x,z) is analytic in z € C \ I" and continuous up to the set

R\ {_R7 _8757R}; RRHl
o MUt w,N) = MY(t,w, )Tt \), A €T \{=R,—¢,0,¢, R} RRH2

o M"™9(t,z,z) is bounded in the vicinity of the points {—R,—¢,0,¢, R};

RRH3
o M™9(t,x,z) = Mo(t,x) + O(z), |z| = 0. RRHA4
o M™(t,x,2)=1+0(z"1), |z| = oo RRH5

Formulas (73)—(77) give the jump matrices on the circles:

Ag(\) ~ By(N) o 2i0(t2.))
J(t,x, ) = a(A) a() ) AeCf: (78)
_ﬁg()\)e219(t,x,)\) ag()\)
e —2i6(t,z,\)
_ ((1) TgWel > , AeCr:  (79)
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Te 1 O _
J9(t, z, ) = <rg()\)e219(t’z’)‘) 1) , e C; (80)
a;(}\) B;(/\)efﬁa(t,m,)\)
= B;(A)eZiH(t,m,)\) AN ; reCp (81)
a*(A) a*(X)

and on the real line:

# T*( )e—2i6(t,x7/\)
Je9(t, x,\) = (I;;;%)(fx N 7 1 : A€ (—6)\ {0};
g (82)
—(é (1)>, e<|Al<R ImA=0;
(83)
1 —r e—ZiO(t,x,)\)
_ (L‘l)(éie@m) () 1 M€ (=00, —R) U (R, 0),
(84)
where
oy B B s ) B
W=y YT go T T aay ™ a0y

The matrix M"9(t,z,z) is bounded in the vicinity of the points
{—=R,—¢,0,e, R} by the construction. Further, at the point z = 0, there ex-
ist nontangential limits

li M9 (t = My(t
g, M@ 2) = Mo(h, @),
where My(t,z) = g(t,x). Hence, M™% (t, x, z) has a continuation up to a contin-
uous function at the point z = 0 . Indeed, taking into account (58), (59), (61),
(62), (67), (68) and (72), we have that

lim M"9(t,z,2) = lim (x[1]<t,x,z>eie<mz> 2[2]“’“372)(319%2))
2—0+i0 2—0-+i0 ao(z)

=g(t,x) <(1) (1)) ;

hm Mreg(t7 x, Z) — hm <Z[1](t, x, Z) ei@(t,x,z) X[2] (t, z, Z)e—iﬁ(t@',z))
ai(z)
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=g(t,z) (é ?) :

Asymptotics at the infinity is evident in view of (29), (30), (31), (32), (39), (40).

Theorem 3. Let the functions E(t,x), N(t,x) and p(t,x) be a solution
of the mized problem (5)—(6) to the Mazwell-Bloch equations. Then there exists
the matriz M (t,z,z) which solves the regular Riemann—Hilbert problem RRH1-
RRHS5. The matriz M(t,z, z) gives the field E(t,x) by the relation

E(t,x) =— hﬁm dizMio(t, x, z). (85)
The entries N (t,z) and p(t,x) of the density matriz F(t,x) are defined as follows:
F(t,x) = Moy(t,x)o3sMy ' (t,z), My(t,x) = h(ﬂ'oM(t’x’ z). (86)
z2— 01l
P r o o f. The existence of the matrix M (t,x, z) follows from the above con-

siderations. We only need to prove equations (85) and (86). The matrix M (¢, z, z)
defines the solution ®(¢,x, z) of the AKNS equations (7) and (8) by the formula

O(t,r,2) = M(t,, Z)e*ie(t,g:,z)a-s‘

Formulas (85) follow from (7) and (RRH5). Indeed, substituting the last formula
into Eq. (7), we can find

M, +iz[o3, M] + HM = 0. (87)
Using (RRH5), we put

(¢, )

M(t,z,z) =1+ mhr) o(z™h),
z

where
m(t,x) = hﬁm 2(M(t,x,z) —I).
This asymptotics and Eq. (87) give
H(t,x) = —i[og, m(t, x)],
and hence
E(t,x) = —4imyy = — le dizMyo(t, x, 2).

Further, since lim M"(t,x,z) = My(t, x), then the x-equation for M (¢, z, z),

20+i0
i . iF
M, + —Mosz = iz[og, M|+ HM + —M,
4z 4z
gives F(t,x) = Mo(t,2)o3 M, *(t, x). ]

Thus the mized initial boundary value problem in the quarter xt-plane to the
Mazxwell-Bloch equations without spectral broadening is completely linearizable.
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7. The Study of the Matrix Riemann—Hilbert Problem

It remains to consider the matrix Riemann—Hilbert problem independently of
its origin. Namely, let the conjugation contour I' = RU C; U Cr and all spectral
functions be given. Let us consider the following problem:

Find a 2x2 matriz M (t, z, z) such that the conditions RRH1-RRHb5 are satisfied
by the jump matrices given by (78)—(84).

Let t and x be fixed. We look for the solution M (t,x, z) of the RH problem

in the form

M(t,z,2) =1+ 1‘/ Poll = Jhe ), L gr (sg)

2mi s—z
I

The Cauchy integral (88) provides all properties of the RH problem (cf. [8]) if
and only if the matrix Q(¢,x,\) := P(t,z,\) — I satisfies the singular integral
equation

Q(t,z,z) — K[Q](t,z,z) = R(t,x, 2), zel. (89)

The singular integral operator K and the right-hand side R(t, x, z) are as follows:

K[Q(t, z, 2) == QLm / Qt,z I = It ,9)] |
I

S — 24
R(t,x,z) == ;/Wd&
T — A+
r

We consider this integral equation in the space L?(T) of the 2 x 2 matrix complex
valued functions Q(z) := Q(t,z,2), 2 € I'. The norm of Q € L?(T) is given by

1/2 1/2

2
1Ql 2y = / Q@) | =[S / 1Qu(2)Pld

r J=17

The operator K is defined by the jump matrix J(¢,z,z) and the generalized

function

1 . 1
= lim —.
S — 2Z4 2zl —z,z/ Eside+ S — 2

For the unique solvability of this integral equation the conjugation contour and
the jump matrices on its non real part should be Schwartz symmetric. The
contour I' is symmetric with respect to the real axis, and the jump matrices
satisfy the relations:

J(t 2, M) yeor = J*_l(t7$7)\)‘,\ecg7 J(tax7)‘)|Aec§ = J*_l(t7$v)‘)‘Aecg7
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which can be easily verified under the clockwise orientation of the contours C+
and C;%. We recall that the asterisk is the Hermitian conjugation. It means that
the Schwartz symmetry principle is performed. Further, the matrix

J(t,x, N) + J*(t, z, \)

is positive definite on the real axis (A € R). Then Theorem 9.3 from [31] (p. 984)
guarantees the L? invertibility of the operator Id—K (Id is the identical operator).
The function R(t,z,z) belongs to L?(T") because I — J(t,z,2) € L*(I') when z €
I', and the Cauchy operator

ds =

Olfle) = g [ I = 1B

o) s— 2y
r

r

is bounded in the space L?(I") [26]. Therefore, the singular integral equation (89)
has a unique solution Q(t,z,z) € L?(T') for any fixed z,¢ € R, and formula (88)
gives the solution of the above RH problem.

The uniqueness can be proved in the same way as in [8] (p. 194-198). Thus
the next theorem is valid.

Theorem 4. Let a contour I' and a jump matriz J(t,x, z) (78)—(84) sat-
isfy the Schwartz symmetry principle. Let I — J(t,x,.) € L*(T) N L*(T). Then
for any fized and real t,x the reqular RH problem RRH1-RRHDS has the unique
solution M (t,x,z) given by (88).

Theorem 5. Let M (t,x,z) be the solution of the RH problem RRH1-
RRHY5 given by Theorem 4. If M(t,x,z) is absolutely continuous (smooth) in t
and x, then ®(t,x,z) (z € C\T') satisfies the AKNS equations

O, = — (izos + H(t,x))P, (90)

o, = (izag + H(t,z) + iFZj)) ) (91)

almost everywhere (point-wise) with respect to t and x. The matriz H(t,x) is
given by

H(t,z) = —i[o3, m(t,z)],

>H>~

/I+Q (t,z, \))(J(t,x, N) — I)dA,
' (92)

where Q(t,x,\) is the unique solution of the singular integral equation (89).
The matriz F(t,z) = M(t,z,0)o03M ~1(t,x,0) is Hermitian and it has the struc-

ture
_ (N(t,x) p(t,x)
F(t,x) = <p*(t, x) —N(tv x)) .
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P roof The matrix ®(t,z,2) == M(t, z, z)el~1#4()2)0s j5 analytic in z €
C\ I and has a jump across the contour I,

d_(t,2,\) =D (t, 2, \)Jo()), AeT,

where Jo(\) := e(N=n(N)os Jreg (¢ 2 \)el=iA+1(N2)os ig independent on ¢ and .
This relation implies:

dd_(t,z, A AP (t,z, A
il;”f’)@:la,x, A = Ad;x’)@ll(tv% A,
d‘IL(t,m,/\) 1 d(I)+(t7$7)‘) —1
e e, A) = e (4 )

for A € I'. The relations obtained mean that the matrix logarithmic derivatives
y(t,z,2)® 1 (t, 2, 2) and @, (t,x,2)® (¢, z, 2) are analytic in z € C\ {0} with
exception of self-intersection points of the contour I'. The matrix M (¢, z, z) and
its derivative M;(t,z, z) are analytic in z € C\ I', and the Cauchy integral (88)
gives the asymptotic formula

t
M(t,x,z)z[—l—w—i—O(z_Q), z— 00, z€Cy.
Hence,
Oy(t,z,2)® t, x, 2) = —izos +ifoz, my(t,2)] + Oz )
= —izog +ifos, m_(t,x)] + O(z7 1), z — 00,
where

i/P@@@U—J@@@W&

m_(t,x) =my(t,z) =m(t,x) = 5
r

Since M(t,z,z) is bounded up to the boundary, then z = 0, the end points
and self-intersection points are removable singularities for ®;(¢, z, 2)® (¢, z, 2).
Therefore, by Liouville’s theorem, this derivative is a polynomial

Ul(z) := ®4(t,z,2)® L (t, 2, 2) = —izo3 — H(t,z),

0 q(tx)
t, 1) 0
metries of the jump matrix J (¢, x, z), we show that U(z2) = ooU(%)09, where o9 =

where H(t,x) := —i[os, m(t,x)] = (p( ) Using the Schwartz sym-

0
and we put ¢(t,z) := E(t,x)/2. Thus, ®(¢,x, z) satisfies equation (90), and a
scalar function &(t, x) is defined by (92). The function £(¢,x) is smooth in ¢ and

<(1] _1>. These reductions imply H(t,x) = —H*(x,t), i.e., q(t,x) = —p(t,x),
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x, because the matrix M (z,t,z) and hence m(t,z) are smooth in ¢ and = by
supposition. In the same way as above, we find that ®,(z,t,\)® !(z,t,)\) is a
rational matrix function

iF(t, z)
4z

V(z2) = ®p(x, t, \) O Y, t, \) = izos + H(t,z) +
because the two asymptotics are true:
D, (t,x, 2)0 (¢, x,2) =izoz + H(t,z) + O(z71), 2 — 00

and
iF
O, (t,x, z)@‘l(t,x, z) = IELW + Fy(t,z) + O(2), z— 0,
z

where F(t,x) = M(t,z,0)o03M ~1(t,2,0) and Fy(t,z) is some matrix. Moreover,
the previous relations give that Fy(t,z) = H(t,z). Thus we can see that the
matrix ®(z,t, z) satisfies two differential equations (90) and (91). Their compat-
ibility (®y(x,t, 2) = Pyp(z,t, 2)) gives the identity in z,

iF
Up(2) = Vi(2) +[U(2),V(2)] =0, U= —izo3—H, V =izo3+ H+ iT,
z
ie.,
. . iF(t,x)
Hy(t,x) + Hy(t,z) + |izos + H(t,x),iz03 + H(t,x) + 0 | = 0
z
This identity is equivalent to the system of matrix equations:
1
Ht(tax) +Hx(tal‘) :Z[U3aF(t7$)]ﬂ (93)
Ft(tv l’) :[F(ta x),H(t,x)]. (94)

Using the Schwartz symmetries of the jump matrix J(¢,z,2), we can find that
F(t,z) is a Hermitian and traceless matrix, and we put

_ (N(t,x) p(t,x)
F(ta x) - <p*(t,$) _N(t7 (E)) .

Matrix equations (93) and (94) are equivalent to the scalar equations (5). Thus,
we have proved that the matrix ®(¢,x,z) satisfies Eqs. (90) and (91), which
coincide with the AKNS Eqs. (7) and (8), and the scalar functions E(t, x), N (¢, z),
p(t,x) satisfy the MB equations (5) due to the compatibility of Egs. (90) and
(91). |
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The differentiability of the matrix M(t, z, z) (88) with respect to ¢t and z can
be proved if we assume that the boundary and initial conditions exponentially
vanish at infinity or have a finite support. Then the introduced spectral functions
will be analytic in some strip along the real axis of the complex plane. Further,
using a factorization of the jump matrices into upper / lower triangular matrices,
one can deform the contour into a complex plane in the neighborhoods of zero and
infinity in such a way that on the deformed contour the new jump matrices will
be exponentially close to the identity matrices when z — 0 and z — oco. Outside
these points, the new contour coincides with I'. This enables us to differentiate
(many times) the singular integral Eq. (89) with respect to the parameters ¢ and
x under the integral sign, and thereby to prove the smoothness of the matrices
Q(t,x,\) = P(t,x,\)—I and M(t, z, z) with respect to t and x. As a consequence,
we obtain the smoothness of the matrix F(t,z) = M(t,x,0)o3M~1(¢,2,0) and,
due to (92), the smoothness of the matrix H(t,z), i.e., the smoothness of the
solution &(t,z), N(t,z), p(t,z) of the Maxwell-Bloch equations.

It remains only to show that these functions give exactly the solution of the
mixed problem. In proving, the deformations of the matrix RH problem RRH1-
RRHY5 into Rieman—Hilbert problems can be used. One of the problems should
be in the one-to-one correspondence with the initial functions while another RH
problem should be in the one-to-one correspondence with the boundary condition.
These deformations can be done in the same way as in [21]. The so-called global
relation (sf. [10,12,13]) does not appear in our consideration because the Maxwell-
Bloch equations are the PDEs of the first order.

References

[1] M.J. Ablowits, D. Kaup, and A.C. Newell, Coherent Pulse Propagation, a Disper-
sive, Irreversible Phenomenon. — J. Math. Phys. 15 (1974), 1852-1858.

[2] M.J. Ablowitz and H. Segur, Solitons and the Inverse Scattering Transform. SIAM,
Philadelphia, 1981.

[3] A. Boutet de Monvel and V.P. Kotlyarov, Scattering Problem for the Zakharov—
Shabat Equations on the Semi-Axis. — Inverse Problems 16 (2000), 1813-1837.

[4] A. Boutet de Monvel and V.P. Kotlyarov, Generation of Asymptotic solitons of the
Nonlinear Schrodinger Equation by Boundary Data. — J. Math. Phys. 44 (2003),
3185-3215.

[5] A. Boutet de Monvel and V. Kotlyarov, Focusing Nonlinear Schrédinger Equation
on the Quarter Plane with Time-Periodic Boundary Condition: a Riemann- Hilbert
approach. — J. Institute Mathem. Jussieu 6 (2007), 579-611.

[6] A. Boutet de Monvel, A.S. Fokas, and D. Shepelsky, Integrable Nonlinear Evolution
Equations on a Finite Interval. — Commun. Math. Phys. 263 (2006), 133-172.

Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 2 151



M.S. Filipkovska, V.P. Kotlyarov, and E.A. Melamedova (Moskovchenko)

[7]
8]
[9]

[10]

[21]

[22]
[23]

[24]

152

A. Boutet de Monvel and D. Shepelsky, The Camassa-Holm Equation on the Half-
Line: a Riemann-Hilbert Approach. — J. Geom. Anal. 18 (2008), 285-323.

P. Deift, Orthogonal Polynomials and Random Matrices: A Riemann-Hilbert Ap-
proach. CIMS NY University, 1999.

L.D. Fadeev and L.A. Takhtadjan, Hamiltonian Methods in the Theory of Solitons.
Springer, Berlin, 1987.

A.S. Fokas, A Unified Transform Method for Solving Linear and Certain Nonlinear
PDEs. — Proc. R. Soc. Lond. A. 453 (1997), 1411-1443.

A.S. Fokas and A.R. Its, The Linearization of the Initial Boundary Value Problem
of the Nonlinear Schrédinger Equation. — STAM J. Math. Anal. 27 (1996), 738-764.

A.S. Fokas and A.R. Its, An Initial Boundary Value Problem for the Korteweg de
Vries Equation. — Mathem. Computer Simulat. 37 (1994), 293-321.

A.S. Fokas and A.R. Its, An Initial Boundary Value Problem for the sine-Gordon
Equation in laboratory coordinates. — Teor. Mat. Fiz. 92 (1992), 387-403.

L.R. Gabitov, A.V. Mikhailov, and V.E. Zakharov, Superfluorescence pulse shape. —
JETP Lett. 37 (5) (1983), 279-282.

L.R. Gabitov, A.V. Mikhailov, and V.E. Zakharov,, Nonlinear theory of superfloures-
cence. — Sov. Phys. JETP 59 (4) (1984), 703-709.

L.R. Gabitov, V.E. Zakharov, and A.V. Mikhailov, Maxwell-Bloch Equations and
Inverse Scattering Transform Method. — Teor. Mat. Fiz. 63 (1985), 11-31.

D.J. Kaup, Coherent Pulse Propagation: a comparison of the Complete Solution
with the McCall-Hahn Theory and Others. — Phys. Rev. A 16 (1977), 704-719.

O.M. Kiselev, Solution of Goursat Problem for Maxwell-Bloch Equations. — Teor.
Mat. Fiz. 98 (1994), 29-37.

V.P. Kotlyarov, Complete Linearization of a Mixed Problem to the Maxwell-Bloch
Equations by Matrix Riemann—Hilbert Problem. — J. Phys. A: Math. Theor. 46
(2013), 285206.

V.P. Kotlyrov and E.A. Moskovchenko, Matrix Riemann—Hilbert Problems and
Maxwell-Bloch Equations without Spectral Broadening. — J. Math. Phys., Anal.,
Geom. 10 (2014), 328-349.

E.A. Moskovchenko and V.P. Kotlyrov, A new Riemann—Hilbert Problem in a
Model of Stimulated Raman Scattering. — J. Phys. A: Math. Gen. 39 (2006),
14591-14610.

G.L. Lamb Jr, Propagation of Ultrashort Optical Pulses. — Phys. Lett. A 25 (1967),
181-182.

G.L. Lamb Jr, Analytical Descriptions to Ultrashort Optical Pulse Propagation in
Resonant Media. — Rev. Mod. Phys. 43 (1971), 99-124.

G.L. Lamb Jr, Phase Variation in Coherent-Optical-Pulse Propagation. — Phys.
Rev. Lett. 31 (1973), 196-199.

Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 2



Maxwell-Bloch Equations and Matrix Riemann—Hilbert Problems

[25] G.L. Lamb Jr, Coherent-Optical-Pulse Propagation as an Inverse Problem. — Phys.
Rev. A9 (1974), 422-430.

[26] G. Litvinchuk and I. Spitkovskii, Factorization of Measurable Matrix Functions.
Springer Basel AG, Birkhauser Basel, 1987.

[27] S.V. Manakov, Propagation of Ultrshort Optical Pulse in a Two-Level Laser Am-
plifier. — Zh. Eksp. Teor. Fiz. 83 (1982), 68-83 (Sov. Phys. JETP 56 (1982), No.
1, 3744.)

[28] S.V. Manakov and V.Yu. Novokshenov, Complete Asymptotic Representation of
Electromagnetic Pulse in a Long Two-Level Amplifier. — Teor. Mat. Fiz. 69 (1986),
40-54.

[29] V.E. Zakharov, Propagation of an Amplifying Pulse in a Two-Level Medium. —
JETP Lett. 32 (1980), 589-593.

[30] S.M. Zakharov and E.M. Manykin, The Inverse Scattering Formalism in the Theory
of Photon (Light) Echo. — Sov. Phys. JETP 55 (2) (1982), 227-231.

[31] X. Zhou, The Riemann-Hilbert Problem and Inverse Scattering. — SIAM J. Math.
Anal. 20 (1989), 966-986.

Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 2 153



