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We consider a boundary-value problem for the Poisson equation in a
strongly perforated domain Q¢ = Q\ F¢ C R" (n > 2) with non-linear
Robin’s condition on the boundary of the perforating set F¢. The domain
Q¢ depends on the small parameter € > 0 such that the set F'¢ becomes more
and more loosened and distributes more densely in the domain Q as € — 0.
We study the asymptotic behavior of the solution u¢(z) of the problem as
e — 0. A homogenized equation for the main term u(z) of the asymptotics
of u®(x) is constructed and the integral conditions for the convergence of
u®(x) to u(x) are formulated.
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1. Introduction

Let Q be a fixed bounded domain in R™ (n > 2) and F* be a closed set in {2,
depending on a small parameter € so that, as ¢ — 0, the set F* becomes more
and more loosened and distributes more densely in 2. We call F** the perforating
set. Denote by Q¢ = Q\ F¢ a strongly perforated domain. The boundary of the
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domain ¢ consists of two disjoint parts: 92 = 9QUIF*, where 0f) is the outer
boundary, 0F*€ is the boundary of the perforating set F*. We assume that these
boundaries are smooth.

In the domain ¢ we consider a boundary-value problem

— Au® = f(x), x€Ff,

€
aauy +o°(z,u°) =0, x€dF°, (1)
u*=0 on 09,

where A is the Laplacian, v is the unit outer normal to the boundary dF¢ with
respect to the domain QFf, the functions f¢(z) : Q° — R! and o°(z,u) : Q° x
R' — R! are given.

Problem (1) describes the process of stationary diffusion in a porous medium
QF. The function u®(z) is a concentration of a diffusing substance.

The geometry of the domain ¢ is very complicated. It is practically impos-
sible to solve problem (1) either by analytical or numerical methods. In the case
under consideration, the scale € of the microstructure of the medium is much
smaller than the scale of the physical process, therefore we can proceed to study
the asymptotic behavior of the solution u®(z) as ¢ — 0. As a result, we ob-
tain the homogenized equation. The corresponding homogenized problem is a
macroscopic model of the process.

The asymptotic analysis of problems similar to problem (1) was carried out
by many authors (see, for example, [1-7,14,16,17]). Note that in all these papers
the domains Qf = Q \ F* are of special type. Namely, the perforating set F* is
a union of periodically located (with a period ¢) identical bodies of a diameter
O(e).

However, the domains Q° of an arbitrary form (including the connected per-
forating sets F° ) are more natural from the physical point view. Earlier, in [9]
we considered problem (1) in the domains Q¢ of an arbitrary form satisfying only
one important condition: the condition of strong connectedness (this condition
was introduced in [12]). It was shown that the solution u®(z) of problem (1)
converges as ¢ — 0 in the L*(Q¢) metric to the solution u(z) of the homogenized
problem in the domain 2:

- % <aik(l‘)§;€> + %cu(w,u) = fla), 2€Q, u(x)=0, z€d (2)
ik=1 """

Here {a;; }Z”jzl is the positive-definite tensor characterizing the effective conduc-

tivity of the porous medium, ¢, (x,u) = %c(m, u), and the function ¢(x,u) char-

acterizes the effective absorption properties of the medium. They are determined
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by the so-called mesoscopic characteristics of the domains Q¢ ( [12]). These char-
acteristics are introduced in cubes (“mesocubes”), which are small relative to the
whole domain but at the same time are large relative to the microscale. The
structure of the strongly connected domain 2° and the absorption on the bound-
ary in the cube we characterize with the help of the mesoscopic characteristic
a(x,e, h). It can be the mean conductivity tensor or the absorption function.

In [9], it is assumed that uniformly with respect to z € € there exists a density
of mesoscopic characteristic:

T i AL S U OO B (3)
h—0 £—0 h™ h—0 0 h"
The authors proved that under these conditions the solution of problem (1) con-
verges in L?(QF) to the solution u(x) of homogenized problem (2).

In the present paper, we obtain a similar result, but under weaker integral
conditions
a(x,e, h)

hn
imposed on the mesoscopic characteristics a(z, e, h). We prove that this condition
is sufficient, but it is very probable that it is also necessary for the convergence
of uf(x) to u(x).

The paper is organized as follows. In Section 2, we formulate the problem
and explain the main result. Section 3 contains the proof of the existence and
uniqueness theorem for the weak solution of problem (1) for each fixed e. In
Section 4 we state auxiliary lemmas. In Section 5 we prove the main theorem.
This section is divided into several subsections correspondingly to the major steps
in our proof.

lim lim

—a(z)| dr =0
h—0e—0 Q

2. Statement of the Problem and Main Result

Let © be a bounded domain in R" (n > 2), and F* be a closed set in Q with
smooth boundary. We assume that the domains Q¢ = Q\ F* satisfy the following
conditions:

1) for any £ > 0 for any subdomain Q' C Q,
mes{Q°NQ'} > C; - mes{Q'} > 0; (4)
2) the domains Q° satisfy the extension condition, i.e., for any function 9¥°(x) €

H'(9), there exists a function ¥¢(x) € H(Q) such that ¥¢(z) = ¥°(x) for
x € f, and the inequality

Hv&s

is true. Here the constants Cy, Cs are independent of .

oy < Co 199 L2 (5)
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Remark 1. From conditions (4), (5) it follows that the inequality

is correct, where the constant C' is independent of €. And, therefore, the domains
QF satisfy the condition of strong connectivity (see [12, §4.2]).

55

< 13
ey < €1 e (6)

In the domain Q° = Q\ F¢, we consider boundary-value problem (1) where
the functions f¢(x) € L%(Q°) and o°(x,u) € C(2 x R!) are given. Assume that
for any e the function o¢(x, u) satisfies the following conditions:

ar: Vug,ug € RY: (0%(w,u1) — 0°(z,u2)) - (u1 — ug) > 0;
as: 0%(x,0) = 0;
az:Vu € R' 1 [0%(z,u)| < 5%(x) - (1+ [ul®), (@ < %) Here the function

o°(x) € C(2), o°(x) > 0, and for any ball B(p, z) of radius p(0 < p < 1)
centered at the point z € (),

/ 5°(x) dT < Cip" + Ca(e)p" Y,
OFeNB(p,z)

where the constants C7, Cs are independent of z, p, (' is independent of &,
and Cy(e) > 0 ase — 0.

We denote
HY(QF,00) = {u(z) € HY(Q°) : ulspq = 0}.
Definition 1. A generalized solution of problem (1) is a function u®(x) €

H(QF,00) satisfying the identity

/ (Vus, Vo) dx—i—/ o (z,u%)pdl = feodr, Yo(z) € HY(QF,09Q). (7)
> 8F5 QE

Theorem 1. Problem (1) has the unique generalized solution u®(zx) €
HY(QF,09Q) for each fized c.

The proof of this theorem is given in Section 3

The main goal of this paper is to study the asymptotic behavior of u®(z) as
€ — 0. To this end, we first define in what sense we mean the convergence of the
solutions u°(z) and introduce the ”mesoscopic” characteristics of the domain Q°.

Definition 2. We say that a sequence of functions {u®(x)}. € LP(2¢) con-
verges in LP(QF,Q) if there exists a function u(z) € LP(£2) such that

lim fJu® = x*ul[zr(@e) = 0,

where x¢(z) is a characteristic function of the domain °.
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Let us introduce the “mesoscopic” characteristics of the domain Q°. These
characteristics are the local characteristics of the microstructure considered in the
cube K7 = K(z,h) centered at the point z with the edges of length h oriented
along the coordinate axes.

We define the quantitative characteristic of conductivity by the functional
with respect to an arbitrary vector £ € R",

TS (0) = inf/ (V2 + b2 1of — (2 — 2,0)?) da, (8)
v JKinqe

where the lower bound is taken in a class of functions v*(z) € HY(K7 N ), 7 €
(0,2) is the parameter of penalty. For any £ € R"™, there exists a unique minimizer
of the functional (8) that can be represented in the form (see [12, p. 4, §1])

n

V¢ = Z Vsl 9)

i=1

The function v§ minimizes (8) for £ = e’ (e’ is a basic vector of the axis z;). This
implies that functional (8) is homogeneously quadratic with respect to ¢, i.e.,

n

Ti (0) =) aijz,6,h)L;, (10)
i,j=1

where the coefficients a;;(z, ¢, h) are defined by
Qg (Z> g, h‘)

_ / {(Vo5, Vs ) + b2 — (s — 2)][0f — (2 — 2)] b da. (1)
KznQe

The system of numbers {a;;(z, ¢, h)}};_; forms a symmetric positive definite ten-

sor in R™. The tensor characterizes the conductivity of the domains ¢ in the
cube K7.

We define the quantitative characteristic of absorption on the boundary dF*
by the functional for arbitrary s € R!,

c(z,s:¢,h)
= inf / {]Vw€|2 + AT — s|2} dx + / g (z,w®)dl'|, (12)
we | JKpnQe K7noFe

where the infimum is taken in a class of functions w® € H'(K7 N QF), 7 € (0,2)
is the parameter of penalty, and the function ¢°(z,u) is defined by

g (z,u) = 2/0u o°(z,s)ds. (13)
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It can be shown that for any fixed €, h, s(0 < e <K h < 1, (] < s < (C3), the
functions aij(f’g’h) and C(:C,]f,s,h)

The main result of this paper is the following theorem.

are measurable and bounded functions of z.

Theorem 2. Let the domains Q° be strongly connected, the function o¢(z,u)
satisfy the conditions a; — ag and there exist 7 € (0, 2) for which the functions
a/ij(xa &€, h) (157.7 = 1,7”)7 C(.’B, S5 ¢€, h)

T aij(z, €, h)
1) lim 1 —— — ay; dxr =0
e e T
where a;j(z) are piecewise continuous functions of x, and {a;;(x)}};_; is a

symmetric positive definite tensor in R";

c(x,s,e,h)

2) lim lim —c(x,s)‘ dr =0, Vs € R,
h—0e—0 Jo h
where the function c(z, s) is bounded in x and differentiable with respect to s,

and its derivative cs(z,s) = %C(CE, s) satisfies the conditions:
Vs1,80 € R : (cs(z,s1) — cs(w,52))(s1 — s2) =0,

VseR': cs(z,s) < C(1+|s]9), <@< Zt;) ;

3) the functions f€(x) extended by zero to F¢ converge weakly in L?(Q) to the
function f(x).

Then the generalized solution u®(x) of problem (1) converges in LP(QF, Q)

(p < %) to the function u(x), which is a generalized solution of homogenization

problem (2).

We recall that a generalized solution of homogenized problem (2) is a function
u(x) from the space H () satisfying the identity

n
/ Z aijgua(pd:v + 1/ cu(z,u)pdl = / fodr, Yo(x)e H'(Q). (14)

0 ij=1 X 8:5j 2 0 0

Remark 2. Since the mesoscopic characteristics a;;(x,e,h) and c(z, s;e, h)
depend on the parameter of penalty 7, the limit functions a;;(x) and c¢(z, s) must
also depend on 7 formally. However, if conditions 1) and 2) of Theorem 2 are
satisfied for some 7 € (0, 2), then the solution u®(z) of problem (1) converges
to the solution u(x) of limit problem (2) for any right-hand side f(z). This
solution does not have to depend on 7 as a limit of the original solutions u®(z) is
independent of 7. Taking this fact into account, it can be shown that the limit
coefficients a;x(z) and c(z, s) are also independent of 7.
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Let us give the simplest example, where conditions (3) are not satisfied uni-
formly, but the integral conditions are satisfied.

Let © be a bounded domain in R3, and G be a subdomain compactly em-
bedded in the domain Q. We assume that the set F* = |J,; F; is periodically
distributed in subdomain G. The set F° consists of the sets Ff = eF + % (2% €
eZ™) that are a contraction of some fixed domain F' € K; with smooth boundary
OF (K1 is a unit cube). In the domain Q° = Q\ F*¢, we consider boundary-value
problem (1) for o°(z,u) = ¢ - o(z,u) where o(x,u) € C(Q x R').

Conditions (3) for this problem do not hold uniformly at the points of €2, but
the integral conditions are satisfied. And the limit characteristics of the domains
QFf are calculated by the formulas:

c(x,u) = 2|0F|x(x) /Oua(m,r) dr,

=~ OV;(€) aV;(€) o
5| F TS IVRS) gel i i=1,....n.
i |+/1<1\sz1 08 0% 5] B "

Here |OF|, |F| are an area of the surface OF and a volume of the domain F, respec-
tively, x(z) is a characteristic function of the domain G, the function V;(§) (j =
1,n) is a solution of the “cell” problem in the unit cube Kj:

aij(z) = 6ij — x(z)

~ V(9
=0 K\ F
2oae 0 fslar
V() )
81/5 - COS(V(£)7 e )7 5 € aFa
ol% aV; .
‘/j|Fi+:‘/}’Ff’ ngj"lﬂj_aifj‘ﬂi’ t=1m,

| wied-o
Ki\F

here Fii are opposite sides of the cube Kj, v = v(§) is a unit normal with
respect to the boundary of the domain F'.
For more general case, we refer the reader to [10].

3. Proof of Theorem 1

Let us prove the existence and the uniqueness of the generalized solution of
problem (1) for each fixed . In the proof we will follow the method developed
in [8].
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The solution of problem (1) minimizes the functional

O [u] = / |V |? da + / g (z,u)dl' =2 [ fudx (15)
Qe oOFe Qe

on the class of functions u®(x) € H'(QF,09Q). Here g°(x,u?) is defined by (13).
According to [8], the existence of a minimizer of the functional (15) follows
from the coercivity and the weak lower semicontinuity of the functional.
Let us show that the functional ®¢[-] is coercive. By the extension condition
(5) and the Friedrichs inequality, we get

[0l 2oy < N0l 2) < CLIVE [l 2(0) < C2 (VU 2(0e) »

where the constants C, Cy are independent of e. Here the function u®(x) is an
extension of the function u®(z) on the whole domain Q. Further, by the Young
and the Cauchy—Bunyakovski inequalities, taking into account that ¢°(x,u) > 0,
we obtain

D [uf] —/ |Vus |2 dx—l—/ ga(x,ua)df‘—2/ feu dx
Qe ore €

/ feuf dx

Qs

1 1 1

>/ |Vu5|2dx+/ \Vus\de—/ quPda:—zé/ | 5|2 da
2 Qs 2 Qs 25 QE Qs

>1/ |V |? dx + 11 / |uf|? da — 25| f¢|)

72 o 2C 20 ) Jq- L2(@e)

. _ . 1 1 _ 2 . .
Setting C} = min (3, 35) and Co = 40||f5||L2(QE)7 we get the inequality

2/ |Vuf|? da — 2
QE

& [u] > Cillulp o) — O

for any function u € H'(QF,0). It establishes that the functional ®°[-] is coer-
cive in the space H'(Q°,09).

It remains to prove that the functional ®¢|-] is weakly lower semicontinuous.
We now proceed analogously to [14].

We write the functional ®°[-] in the form

O [uf] :/ L(Vu®,u®, z)dx,

where L(p,u,x) is the Lagrangian of the functional. To do this, we need the
following lemma.

290 Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 3



Integral Conditions for Convergence of Solutions

Lemma 1. For any function ¢ € H'(QF,00), the equality

25
pdl' = (Vho, V) dx — pdx (16)
oF< Qs 1| Jae

holds, where |0F¢|, |Q°| are the surface and volume measures of the corresponding
sets, and the function vo(x) is a solution of the boundary-value problem

|OFF|

_Awoz ‘QE" r€R \F,
Wo _ 4 L ecore (17)
ov

vo(x) =0 as |z] = 0.

Proof. The existence and the uniqueness of the solution ¢y(x) can be proved
by the standard methods of potential theory ( [15, Chap. 4]), taking into account
the smoothness of the boundary 9F*.

We multiply the differential equation of the problem by an arbitrary function
© € HY(QF,09) and integrate over the domain °. Using the integration by parts
and the boundary conditions, we obtain the required equality (16). O

With the help of Lemma 1 we write the functional ®¢[-] in the form

% [uf] :/ Vs |? dac—l—/ (Vibo, Vg (z,u%)) do
> QE

|3F5|/ el e
— z,u°) dr — 2 “ut dx
o /o (z,u®) st

z/ \Vu€|2dx+2// (Vapo, Voo (2, 8)) ds da
Qe cJo

+/ (Vipo, Vu©) - o (z,u) dx

|oFe)
Q¢ Joe

9 (z,u®) dr — 2/ feutdr =: / L(Vu®,u®, z) d.
Let p= (pla 7pn) = Vuav

Lpuz) =3 02 +2 /0 (Vio, Voo (2, )) ds
=1

—~ oy |OFF
oz; VT 0e]

|ga(:1c, u) — 2f%u.
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Since

n
Z 8 or; mm—zzn§=2rn\2, ¥p.nER", xe,
3,j=1 i=1

the function L is uniformly convex in p for each x € Qf. This means that the
functional ®¢[-] is weakly lower semicontinuous on H'(QF, ).

Thus, the functional ®¢[-] is coercive and weakly lower semicontinuous and
there exists at least one minimizer (see [8, Sect. 8.2]). Therefore, there exists at
least one generalized solution of problem (1). Our next goal is to prove that this
solution is unique.

We assume that problem (1) has two generalized solution uj(x), u5(z). Then,
by (7) for any function ¢ € H'(QF,09), the identities

| i voat [ owaedr= [ fedn (18)

/(Vug,Vgp)dx—i-/ o (z,u3)pdl = [fodx (19)
€ aFE QE

are true. Subtracting (19) from (18) and taking ¢(x) = uj(z) — u5(z) as the test
function, we obtain

/ Vs — Vus|* da +/ (0°(x,uf) —o(x,us)) - (uf —uj) dI' = 0.
Qe oFe
By the monotonicity of the function o¢(z,u) (property a;), we get

uf = u§ almost everywhere in Q°.

This proves the uniqueness of the generalized solution of boundary-value problem
(1). Theorem 1 is proved.

4. Auxiliary Statements

The proof of the main theorem is based on the variational methods. The main
idea is to construct suitable approximations of the generalized solution u®(z) of
problem (1). These approximations are constructed by using the minimizers of
the functionals (8) and (12). In order to implement this method, as a preliminary,
we prove several statements characterizing the minimizers themselves, as well as
the functions constructed with their help.

Lemma 2. Let conditions 1), 2) of Theorem 2 be satisfied. Then there exist
the sequences {ex 321, {h}. 3221, {hl = h)+(hi) 772350, such that ey, hh, by —
0 as k — oo and, for almost all x € €, the following equalities hold
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. aij($,€k,h;€) T aij(a;,ak,h’k’) . .. X
1) kl;lgw—kli%w—alj(x)} Z?]_la"'vn;
2) lim C(staekah?g) — lim C(‘T7Sa€k7h’/]€,)

= =c(z,s), Vs € R;

3) for every p > 0, there exists a closed set 2, C Q such that mes(Q\ Q) < p
and assertions 1), 2) above are satisfied uniformly with respect to x € Q.

Proof. From conditions 1), 2) of Theorem 2, it follows that there exists a
monotone function £(h) such that (h) — 0 as h — 0 and, for all €5, < g(h),

aij(x,ep, h) . c(z,s;ep, h)
]T—aij(a:) dr =0 = lim —

h—0 Jo

lim

— de. (2
im | c(z,5)| dz. (20)

Hence, taking into account that mean convergence implies convergence almost
everywhere on the subsequence [11, p. 5, §4], we conclude that there exists a
sequence {h;}7°, such that hj — 0 as I — oo and, for almost all z € €,

_aij(z, e, h) o
IEI&J(T)nl:a’LJ(:E)? Lj=1...,m
h/
lim M = c(z, s), Vs € R,
l—00 (hl)n
where g; = €(h)).

Setting in (20) k = h!! = h) + (h))'*7/2 ( > 0), we have

Qi (Z‘, €l h?)

C(Jj’, S; €1, h”)
a9 i

=00 J

lim

—c(z, s)| dx.
=0 Jo

Then from the sequence {h;} we can choose a subsequence {h}} C {h]} and,
consequently, the subsequences {h]} C {h]} and {e; = &(h})}, for which the
assertions 1), 2) of the lemma hold.

Applying Egorov’s theorem [11], we obtain the third assertion of the lemma.
The lemma, is proved. ]

Further, since we will consider the convergence on the sequences {e}72,
{h,}52, and {h}/}72, constructed in Lemma 2, for the for the sake of brevity, we
use the following notation:

I = Kjy \ Kj, , K == Kjpn, OF .= QF, OFF .= gF°*,

gk(a:,u) = g (x,u), ak(m,u) = 0% (z,u), fk(ac) = [ (x).
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Lemma 3. Let condition 1) of Theorem 2 be satisfied, {ex}72,, {h.}321,
{hy = bl + (R)7/232 | and Q,, be the sequences and the set, respectively,
constructed in Lemma 2, the function vi minimizes functional (8) in the domain
K; NQF for ¢ € R".

Then, for every pu > 0,

1
lim/ Vi (z)|? de =0,
B A g )

. 1 z 2 _
Jm (Tyn 2T /Hzmk [vi(z) — (z — 2,0)|* dz = 0,

n 1 n
lim / Vi, Vui:) bl dr < ai;(z)0:l;
k=00 ”zzl (hi)™ Jrczoan (Vi ki) ity ,Jzzl ’ ’

uniformly with respect to z € €.

Proof. Let v},(z) be a minimizer of functional (8) in the domain K7 N Q* as
¢ € R" (€' is a basic vector of the axis z; (i = 1,...,n)). Using the definition
of functional (8), its representation (10) and the expression for the coefficients
a;j(z,€,h) (11), we obtain

1 2 —2—7, 2
G VP ()2~ (o1 - )P o
)" Jn
am(zﬁlc,h/é) 1 / 2 "n—2— 2
= - Vol + (hiy) ™" v — (2 — z)[7) do
0 T Jig e (VR R0 )
aii(z,€x,hy)  (hy)"  ai(z, e, hy,)
R N N AT
Furthermore,
1 aij(z,ak,h’,;)

Nn (szi, V’U]'zj) f,fj dx < szﬁj
(hk) KznQk (hk)

This, Lemma 2 implies that

1
lim —— zZ. FNldre < aii(2)6;05
B G [ (VPR V) s 0 < (6t

uniformly in z € Q. Since v; = > 1| vi, - {; and £ = Y1 | {;€’, the assertions
of the lemma are valid. The lemma is proved. ]
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Lemma 4. Let condition 2) of Theorem 2 be satisfied, {er}32,, {h}%2
{hy = b + (B)FT/2352, and Q, be the sequences and the set, respectively,
constructed in Lemma 2.

Then

1) for every s =5, there exists a unique minimizer wf, of functional (12) in the
domain K}, N OF, and it satisfies the estimate

2) for every p >0,
lim ! / |Vwi(x)|? dz = 0
AT |
lim ———— 2(z) — 82 dz =0
o (hyyn+2+r /H,jrmk lwi(z) — 5|7 dz =0,

1
lim / , 9 (z,wi) dl = 0,
koo (hi)"™ Jrznope k
1

lim ———— Z_352de < C
L G g T <

1
lim —— / |Vwi|? d +/ " (z,wi)dl < c(z,5)
koo (Ry)™ | JKznor KzNOFk

uniformly with respect to z € ,;

3) for every § > 0, a measure of the set B = {x € K} NQF : |w} — 3] > 6}
satisfies the estimate

C(hg)n+2+7

mes{ B’} < 52

Proof. The existence and the uniqueness of w? € H' (K7 N QF) can be proved
by the standard variational methods (see, for example, the proof of Theorem 1).
Let us prove the estimate for the function wj. For simplicity, we set 5 > 0 and
assume that estimate 1) is not true. Then in the domain K} N QF there exists a
set £ on which wi > 5. We construct a cut-off function @}, such that @7 =5 for
r € E and w7 = w} for x € (Ki NQF)\ E. The function @7 provides a smaller
value for functional (12) than the function wf. This contradicts our assumption
that wj is a minimizer of this functional.

Next we prove assertion 2) of the lemma. By (12), we obtain

1 z —2—7,,,2 N z
Nn (\VWIJQ + (h/k/) ? lwy, — 3\2) dx + gk(x,wk)dF
h
( k) ITENQk IIENoFk
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C(ng; Ekah/k/) 1 / 2 " —2— ~2
= — Vwi|* + (h Tw? —5§1°) dx
00 TP | VR 0T =)
c(z,5ep,hY)  (h)™ (2,8 ek, hy,)
v dwupr] < G
Ky NOF g (hi)™ (hg)™ (h)"

We pass to the limit as £ — oo. Since all the integrands are positive and asser-
tion 2) of Lemma 2 is true, then the limit equalities of 2) are satisfied uniformly
with respect to z € €1,.

In addition, using (12) and assertion 2) of Lemma 2, we have as k — oo,

1 N ;
G | [ (Vi 0w = 5Py e [ Mg
( k) Kzﬂﬂk szapk
=c(z,5) +o(1) < C.
Therefore,

1
TG / |Vwi|? de —i—/ gl‘“(a;,w,i)dl1 < e(z,8) +0(1), k— oo
(hk) KnQk K;noFk

and
/ |wi — 52 de < C(hy)" T2,
KEnQk

This establishes the limit inequalities of 2) and the third assertion of the lemma.
The lemma is proved. O

Lemma 5. Let condition 2) of Theorem 2 be satisfied, {ex}3,, {h.}72,
{h} = h} + (h;v)l‘”/Q}zO:l and €, be the sequences and the set, respectively,
constructed in Lemma 2. Let the function wj minimizes functional (12) in the
domain Ki N OF for s =5.

Then the set

Bi ={x € KinQF: [wi —3] > (h)'+7/3} (21)
and the function
wy, T € By,
W = {5 — (h)H773, , € (KfnQ*)\ B, (22)

5
S+ (RT3 50,2 € (KF NQF)\ B,

satisfy the properties:
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1) a measure of B},
mes{B;} < C(hj)"*"/3;

2) for every p > 0,

Jim 1/ @2 (2) — 3% d = 0,
koo ()" 24T Jirznon

lim 1/ g* (@, @) T = 0,

koo (hi)™ Jrznors

v W /Kgrmk 0F -5 do < C,

1
lim —— / |V@E|? de —i—/ g"(z, W7)dl 3 < ¢(z,3)
koo ()™ | JKznok KznoFk

uniformly with respect to z € €.

Proof. The first assertion of the lemma follows from conclusion 3) of Lemma 4.

We proceed to prove the second assertion of the lemma. Without loss of
generality, with regard for smallness of h}, we assume that 5§ > (h%)HT/ 3> 0.
By (13), (22) and the properties ay, as of the function o*(z,u), the functions @7,
g"(x,w}) satisfy the estimates

Vi (@) < [Vwi()?,
@7 () = 31 < Jwi(2) =31 + () *277°,
(

g (@, @) = g (@, wf) + O ()1 77%)

for every x € K N QF.

From these estimates and the conclusions of part 2) of Lemma 4, it follows
that the second assertion of the lemma is valid for s> 0. Similarly, we consider
the case s < 0. The lemma is proved. O

Lemma 6. Let the domain €2, be a subdomain of Q. Then we can construct
a covering of the domain Q0 with disjoint cubes K}' of the size h centered at x®,
a=1,...,Np > me]jig}, such that the number of cubes with centers not belonging

to the domain €, satisfy the inequality

mes{Q\ Q,}

N;, <
k mes{Q}

N. (23)
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_ Proof. Let us cover §2 with disjoint (having no common interior points) cubes
Kj' = K(z“, h) of the size h centered at . Let x* be a characteristic function
of the domain (2 \ Q,) N K. We have

mes{Q\ Q,} =) /f( X%(x) da (24)

With the help of shift, we combine all the cubes I?;j‘ in one K,? centered at 0.
Thus, we get

Z/a dx—Z/O (z—5° dw—/KOZx 5 — 50 (25)

We denote

X(@) =) Xz —7%). (26)

It is clear that x(z) is an integer-valued function in Kg, which determines the
multiplicity of coverage of the point x € K,? by the image of the set 2\ Q,. We
choose a point ¥ € K,? with the smallest coverage multiplicity N,. Hence,

/ x(z)dx > NLh". (27)
K

We take the points % as unknown centers of the cubes K7*, which are the images
of the point Z under reverse shift. The number of the centers of the cubes in the
set 2\ Q, is equal to ;. Suppose that inequality (23) does not hold, then by
(24)—(27), we get

mes{Q\ Q,}

mes{Q\ Q,} = N,p" > pToy!

Nih™ = mes{Q\ Q,}.
We have obtained a contradiction
mes{Q\ Q,} > mes{Q\ Q,}.
Thus inequality (23) is true. The lemma is proved O

Lemma 7. Let the sets B, C QF C Q be given and

lim mes{By} = 0.
k—ro0

If condition 1) of Theorem 2 is fulfilled, then there exists a set Ek C Q and the
functions Ty; € HY(Q) (i = 1,n) satisfying the following conditions:
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1) B C B\k, lim mes{gk} =0;

2) lim max ]vkl( ) — x| = 0;
k—oo z€Q

3) lim |V | dx = 0;

k—o0 Ek

4) for any vector function £(x) = ({1(z), ..., ly(z)) € (C(Q))",

i, 5 ot [ S

3,j=1

Proof. Let {e1}20,, {R)}52,, {hl = R} + (h,)'T7/2}3°, be the sequences
constructed in Lemma 2. Let {ux}x be the sequence of numbers and p — 0 as
k — oo. Due to assertion 3) of Lemma 2, we can construct a sequence of sets
Qu CQyy C--- CQy, C -+ C Qsuch that mes{Q\ Q, } < pg.

Let us cover the domain €2 by disjoint cubes K} <Q € UaKfL‘k) of the size

hy = hk L centered at the points x® as in Lemma 6. Besides the cubes Kﬁ‘k, we
also con81der the cubes K, and K}),. With this covering, we associate a partition

k
of the unity {¢¢(x)}a of twice continuously differentiable functions satisfying the
following conditions:

gO%(.’B):O, 1fx¢K}?’k’7 @%(x):L ifZL'EKOZC;
VreR 0< e <l el =1 Def() < )T (28)

In each cube K}’ := K}/, we construct the set By’ by Lemma 5 and the set
k

By, = UaBy}, whose measure, by virtue of assertion 1) of Lemma 5, satisfies the
inequality

mes{ B} < ZmeS{Bg‘} < C(hT/3,
o
The set By, satisfies the condition of the lemma.
Let v, (¢ = 1,n) be a minimizer of (8) in the cube K with 2* € Q,,, for £ =
e!. Then, by the maximum principle,

1
ma (o (2)] < 5h (29)

and the functions vg; (i = 1,n) satisfy the assertions of Lemma 3.
In Q% we consider the functions

ile) = o+ S bi(e) (i —ableie)  G=Tm. (00)
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where {7 (2)}q is a partition of unity (28). Notice that v;(z) = x; — a2 if 2% €
Q\ Qy, or the cube K} does not lie entirely in 2.
It is clear that

avkl(x) _ avkz a e 090%(:6)
axj = 8 k + Z Ukz — X )] 3:10] .

Let 4(z) = {l1(x), la(x), ..., Ln(x)} be an arbitrary vector function continuous in
Q. By Lemma 3 and the properties of the function ¢ (z), we obtain

/Qk Z (Vori, Vo) i) / Z aij(z li(z) 4+ o(1), k — oo.

i,j=1 i,j=1
(31)
Furthermore, by (29) and (30), we have
1 "
znézgé |vgs — x| < §hk' (32)
Set uy; = vg; — x;. Then from (31) and (32), we obtain the estimates

max |ugi| < h' and [Jugl| g1 ory < C, (33)

z€N

where C is independent of k.

Since the domains QF satisfy the extension condition (6), there exists a func-
tion g (z) € HY(Q) equal to uy;(x) for 2 € QF which satisfies inequalities (33) in
Q. We extend uy;(x), maintaining these inequalities, on the parallelepiped IT D
 and then approximate a twice continuously differentiable in IT function ug;(z)
such that

et = kill oy < e, max figi] < Cy v kil < C2 (34)

where C7, Cy are independent of k.

Now we apply Lemma 1.3 [12, Chap. 3] to the function ug;(z) and the set
Byg. By the lemma, there exists the function ;(z) € H'(II) and the set Ek clI
satisfying the conditions:

B, C Ek, mes(ék) < C’lArnz“I””""_l/3 (m“nm|_2/3 + |1nm]71/6) , (35)

Ugi(2) = Upilw), €T\ By,
max|u;“( )‘ < Czh,k/, ”a]mHHl(Ek) < C3A <m|1nm|’2/3 + ‘lnm|_1/6> , (36)

zell

where m = mes(By), A = |[tg|| g1y and the constants C1, Ca, C3 are indepen-
dent of k.
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We set Un; = Ui; + x; and consider the restrictions of the set Ek € II and
the function vy;(z) € H(II) on the domain € (preserving the original notation).
We obtain the set and the function which by (34)—(36) satisfy assertions 1)-3)
of the lemma. We now verify estimate 4) of the lemma. Set U;(x) = ug;(x) +
x;. According to (31), (34), and (36) taking into account the positivity of the
integrand and estimate 3) of the lemma, the inequality

/Qk Z (Vki, Vo, )i ()L (x) da

P
/ S (Vs Vil s (@)l () e

1,j=1

-/ 3 (Vi Vi )u(o)ty () da

\By ij=1

:/Qk Z (Vvki,VUkj)fi(l‘)fj(.T) Cll‘—l—O(l)
i,7=1
</ S ag @)@ +o(l), ko

ij=1

holds for all £(z) € (C(2))™. This proves estimate 4). The lemma is proved. [J

5. Proof of Main Theorem 2

We briefly outline the scheme of the proof. It is similar to the scheme devel-
oped in [9], but it should be taken into account that the conditions of the uniform
convergence does not hold in the entire region ().

Earlier, in the proof of Theorem 1, we determined the energy functional ®°[']
(15) of the original problem (1). The generalized solution u*(z) of problem (1)
minimizes this functional in a class of functions u®(z) € H(QF,Q).

We also determine an energy functional of homogenized problem (2),

- Ou Ou
ul = i dw—l—/ T, U da:—Q/fud;v. 37
1/9523386% [wwyar—2 | (37)

The generalized solution of homogenized problem (2) minimizes ®[u] in the class
of functions u(x) € H'().
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In Subsection 5.1, we show that the generalized solutions u®(x) of prob-
lem (1) can be extended on the set F* such that the extended solutions u®(x)
are uniformly bounded with respect to ¢ in H 1(Q). The resulting sequence
{uf(x)}. is weakly compact in H'(). Hence, we can select the subsequence
{ufm (z), m = 1,...,00} that is weakly convergent in H'(Q) and, by the embed-
ding theorem, strongly convergent in LP(2) (p < %) to some function u(z) €
HY(Q).

In Subsections 5.2-5.3, we prove that the function u(x) is the minimizer of
functional (37) and, consequently, the generalized solution of homogenized prob-
lem (2). This is done as follows. In Subsection 5.2, we define the special test
function w®(x) approximating the minimizer of functional (15). The function is
constructed on an arbitrary function w(z) € C2(€2). Since the solution u®(z) of
problem (1) minimizes functional (15) in H(QF, 9€2), the inequality below holds,

O [u°] < P°[we]. (38)
Further we show that under the conditions of Theorem 2,

lim ®°[w®] = P[w], (39)

e—0

where @[] is defined by (37). By virtue (38), (39) and the density of C2(Q) in
the space H1(Q), it follows that

lim ®° [uf] < ®[w], Vw € H(Q). (40)

e—0

In Subsection 5.3, we show that if u®(z) converges weakly in H! (Q) to a
function u(x) on some subsequence € = ¢, — 0, the reverse inequality holds,

lim  ®°[u] = Plu]. (41)

e=em—0

From (40), (41), it follows that the limit function u(x) satisfies the inequality
®[u] < ®[w] for an arbitrary function w(z) € H (). Therefore, u(z) minimizes
the functional ®[w] in the class H ().

In Subsection 5.4, we prove that homogenized problem (2) has the unique
generalized solution u(x) and, therefore, the whole sequence of the extended
solutions {u°(x)}. converges in LP(2) to the function u(z). Thus the sequence
of solutions {u®(x)}. of initial problem (1) converges in LP(Q¢, Q) to the solution
u(z) of homogenized problem (2).
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5.1. Compactness of the generalized solutions of problem (1). Since
P[uf] < ®°[0] = 0, the inequality

0§/ |Vu5]2da:+/ gg(x,us)dfé2/ feus dx
€ aFE £

is true. By virtue of the properties aj, az of the function o°(x,u), we have
9°(z,u®) 2 0.
By the Cauchy-Buniakovski inequality and nonnegativity of the function
g° (z, uf), we get
2
VU [|T20ey < 201 F5M 20y 16l L2 (0e) - (42)

On account of the extension condition (5) and the Friedrichs inequality, there
exists a function u°(x) € HY(Q) such that u(x) = u®(x) for x € Q° and

el 2y < 10l 2i) < CLlIVE |l 2i0) < C2 VUl 20e) » (43)

where the constants Cy, Cs are independent of .

From (42), (43) and the uniform boundedness of the norm || f¢[[;2(q-) With
respect to ¢, it follows that the sequence of the functions {u®(x)}, is uniformly
bounded and weakly compact in H 1(Q) with respect to e. Hence, we can extract
a subsequence {4 (), m =1,...,00} that is weakly convergent in H*(£2) and
strongly convergent in L?(£) to some function u(xz) € H ().

Now we will show that the function w(z) is a minimizer of (15).

5.2. Proof of inequality (40). Let {e;}22,, {h,}%2,, {h) = R, +
(R})1F7/2}2° | be the sequences constructed in Lemma 2. By assertion 3) of
this lemma, we construct a sequence of sets €2, C ,, C --- C Q,, C--- CQ
such that mes{Q\ Q,, } < pg. Setting i, = hj, we get mes{Q\ Q,, } < h}.

As in Lemma 6, we cover the domain 2 by disjoint cubes Ky, (Q € UaKfL‘k>

of the size hp = @ centered at the points z®. Taking into account that
mes s{Q2\ ©Q,,} < h} and the total number of cubes Nj ~ %n{ﬂ}, we get the
estimate for the number of cubes with centers x ¢ €, :
N, =0 ((he)'™"). (44)
We also consider the cubes K}, and K 0‘, centered at x®
k
We denote
A ={ae{l,..,Ny}:z%€ Ql’«k?K]? € O},
OF .= QFk, F* = F% K} = fL‘u = h//\
DF[u] == O [u), ¢*(z,u) == g°* (x,u), o"(z,u) := o (z,u), fk(ac) = [ (x).
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Let w(z) be an arbitrary function from C3(Q), w¢ and B be the functions
and sets constructed in Lemma 5 with 5 = w(2®) for the cubes K}'; vy; (i =
1,...,n), and B\k be the functions and sets constructed in Lemma 7 for the set
By = (L)lJB,?; {¢%(x)}a be a partition of unity (28) associated with the covering of

(2 by the cubes Ky, and K},. Consider the function
k k

1)+ 30 g )~ + 3 00— wle ) (4)
i=1 ¢

Here we set W (z) = w(z®) if a ¢ Ay. It is obvious that wy(z) € HY(QF,0Q).
We substitute the function wg(z) into functional (15) and estimate each term.
We estimate the first term. By (45), we can write the derivatives of wy(x) in

the form

8wk ow (%kz owy
Z ez 00y 2 oy PHO A, (46)
where
N Pw _ o oy 90 (2)
Ay () _;W[UM(@ —zi], Ag(z) = ; [ () —w(a)] =5 =
1= QCAE

The selected terms in (46) give a finite contribution to the functional ®*[wy], the
contribution of the terms Aj(x), As(x) vanishes. Indeed,

ow Ow
/ |Vwk\2dx Z/ (VUs, V) axia—xjdx

4,j=1
+ ) / ViR dr+ Y B (47)
aEAy aka aENg

Here, EY denotes the sum (over the sets II¢ N Q¥ and K N B ) of integrals of
quadratic and linear combinations of the function (vy; — ;) and [ (z) — w(x®)]-
% with bounded coefficients that are equal to 1 or depend on w € C3(Q) for

av;“

the quadratic terms, and on %ngtgog or for the linear terms. We use the
J
properties of the functions ¢f and Lemmas 5 and 7 to estimate ) Ej. As a

result, we get

li r=0.
Jim. Z E=0 (48)
a€Ng

We can now proceed to estimate the surface integral in the functional ®*[wy].
To this end, we write wi(z) in the form

wi(z) = Y [@F (@) + (w(z) — w(z®)] ¢} ()

aEN
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—I—wa

ad Ay

x) — xi.

For the second term, by taking into account (13), the properties a;—ag of the
function o*(x,u), estimate 2) of Lemma 7, and (44), we obtain

(z,wg) dl’ = / :L‘wk )dl + / :L‘wk dl’
/8 k Z amaFk Z amaFk )

aENg

= Z / (z,wy)dl’
amaFk

aENg
+ ) / (z,w) dl 4+ O(h})

aghy, amaFk
= [ a0 + e
ach, J KgnoFk
k
where C(e) — 0 as k — oo. Thus,
/ (z,wp)dl = > / (z, W) dl 4+ o(1), k — oo. (49)
6F’€ amaFk

aENg

Consider now the third term in ®*[wy]. By (45), condition 3) of Theorem 2,
and the estimates from Lemmas 5 and 7, we obtain

R (x)wp(z) de = ¥ (@)w(z)dr + o(1), k— oo. (50)
Qk Ok

Thus, by virtue of (47)—(50), the functional ®*[wy] can be estimated as fol-
lows:

ow Ow
wk Z - (VUs, VU5) oz, 0 d:n—2 o fkwdx
i,j=1

+ > [/ ymky2dx+/ g*(z, @) dT
KpnQk

k
ach, K2noF

+o(1), k— oo.

Passing to the limit as £ — oo and taking into account the conditions of Theorem
2 and the estimates from Lemmas 5 and 7, we obtain

8w ow
k §
hm (b wk / Clzj 8787% dz

i,7=1

Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 3 305



E.Ya. Khruslov, L.O. Khilkova, and M.V. Goncharenko

+/Qc(:c,w) dx—Q/Qf(x)w(fv) dx. (51)

Since the function v minimizes the functional ®¢[-] and from any sequence € — 0
we can choose the subsequence {¢ = ¢, — 0, k =1,...,00}, for which inequality
(51) is true, then

lim ®°[uf] < Tim ®*[w] < P[w],

e—0 k—o0
where ®[w] is the energy functional of homogenized problem (2) defined by for-
mula (37).

Hence, Yw(x) € C2(f), inequality (40) is true. Since CZ(f) is dense in

H(9), this inequality is true Vw(z) € H(Q).

5.3. Proof of inequality (41). Let u(z) be the weak limit in H(Q) of
the extended solutions u°(z) of problem (1) on some subsequence {¢ = ¢, m =
1,...,00}. From the embedding theorems it follows that the traces of u°™(x) and
u(z) on 9N are preserved and equal to 0. Thus the function u(z) € H ().

As before, for the sake of brevity, we introduce the following notation:

Um () == v (x), Um () =0 (z), Qm o= Q)
F™ .= F*m, O™ u] := O [u], 9" (xz,u) == g"™(x,u),
o™ (z,u) = o™ (z,u), o™ (x) =0 (x), f(x) = fom(x).

Let u®(x) € C2(R2) be an approximation of u(x) such that
||u5 — UHHl(Q) < 4. (52)
In the domains 2™, we consider the functions

W, (2) = U () +ub(2) — uz) € H(Q),
ul,(x) = W, (x)|am = um(x) +u’(x) — u(z) € HH(Q™, Q).
By (52), we have
180, — Ul i) <6, Uy — umllziomy <6, (53)
in addition, as m — oo,
@0, — w0l o) = 0, [[ud, — w’l| f2(gm 0y — 0. (54)
We define the functions
00 () = W0, (2) — u(x) € HY(Q).

m
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Since, the functions v%, converge strongly to 0 in L?(Q) and weakly to 0 in H'(Q)

as m — oo, we conclude that vale(Q) < C and the functions v, () converge
in measure to 0. Namely, there exist the sets G := G*™ C 2 and the numbers
Bm := B(em) such that

VeeQ\G™: ]vfn(:n)| < Bm, li_l}n Bm =0, li_l:ﬂ mes{G™} = 0.

By virtue of Lemma 1.4 [12, Chap. 3], on the bases of the functions v, and the
sets G™, we can construct the functlons 6 H 1(Q) and the sets G™ C Q such
that G™ > G™, D 0 =0 fora;EQ\Gm

-~ : =~ _ : Amy
max U, ()| < CBim,s lim HUmHHl(@m) =0, lim mes s{G™} =0.
Using these functions, we define the functions
iy, (z) = u’(x) + 0y, (x) € H' (). (55)

Let us cover € with disjoint cubes K¢S = K(z%, hy,) of the size h,, centered
at £%. The centers z® and the sizes h,, are chosen as follows: h,, is defined as a
minimum value for which the following inequalities are true:

max [0, ()] < [, — w2y < his
mes{G™} < h%™, 155l 11 @y < hgjﬁ, n>7>0. (56)

By Lemma 2, we construct a sequence of sets 2, C €, C...CQ,, C...C{}
such that mes{Q\ €,,,,} < hp,. We choose the centers x“ of the cubes Kj), as in
Lemma 6. According to the assertions of Lemma 2, the equalities

1
lim —\ (%, 85 8m, him) — c(x®,s) - hi | =0,

m—o0

1
lim i laij (2, em, hm) — aij(x®) - hyy| =0, iji=1,...,n (57)
m

m—o0

hold uniformly with respect to z* € Q,,,.
We denote

A i={ae{l,... ,Ny}: 2% €Q,,, K €Q}.
In the intersections K3 N, we consider the functions
wyy () = iy, (x) — u’ (a%). (58)

Since u®(z) € C2(Q), the inequality
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[ i@ - et P <s [ ) e @) de

+3/ (Ve (2%), 2 — o) — (2 — 2°, )% dz + O (™)
KanQm

holds for all £ € R™ and any fixed number § > 0. Setting ¢ = Vu®(z®) and taking
into account (56), we obtain

/ 035 () — (T (2), & — 1) da = O(hH). (59)
KanQm

By virtue of definition (8) of the functional Ty, (f) and its presentation (10) for
¢ = Vul(z®), we have

/ |Vw )\2+h_2 T\w () (Vu( ),x—x“)\2dx
KaenQm

- o oud ou®
> 3 aig(a s ) 5 @) 5 (@) (60)
3,7=1

From (55), (56), (58)—(60), taking into account that o = 1,..., Ny, ~ me}fiﬂ},

ud (z) = @0 (z) for z € Q™\ G™ and Vwi? (z) = Vad,(z) for z € Q™, we obtain

m

\Vud (z) de = / vae, (z)|? dx
; /K;}LQO\@m Z « QO\Gm m

a 1,5=1

- / V@S, ()2 dx — O(hET)
QmAG™
. i a 8 3u ay 21
- E E a’Lj (fL’ 7€m? hm) axz ( )8$] ( ) O(hm )

a 1,5=1

Thus,

E / ]Vufn(a:) |2 dx
— JKgnam\Gm
ou’ oud

>> > aij(xa,em,hm)a%( )ax]( z®) — O(h%7). (61)

a g,5=1
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Further, in the intersections Ky, N Q™, we consider the functions
0 o 0 =~
Wi (%) = 1’ (x%) 4wy, () — Uy (). (62)

By virtue of definition (12) of the functional ¢(z, s; ¢, h), we have

Zc(xo‘,u‘S( );€m, P <Z/ (Vw2 da

o aQO
+h, 2 / —u5 29| dx
§: k@mﬂm (=)
- / ,wl%) dr. (63)
2 Jgrorn 2

We now consider each term of the right-hand side. By the Minkowski inequality,
the definitions of w?% (62) and of ul,(z) (55) and (56) for the first and second

terms, we obtain

Z/ |V \Qd:n—/ VW% |? da
Kgnam QmnGm

:1/ IV(ul, —u® —00)|? dx
QmnGm

2
< <\// ~ ]Vu%de%—O(h},jTl/?))
QmAGm™

:/ Vb, Pdw+ 0 (nh7?), (64)
QmAOGm

S e - s

— JKrenam

— [ @ - @@ e = 0. (6)
QmNGm

Let us estimate the surface integral. By the smoothness of the function ul(z)
and (56), we write wd% = ud, () — (u®(x) — u®(2®)) — 00, (x) = ul,(z) + O(hm)
for z € Q™ N K. By the properties a; — a3 of the function ¢™(z,u),

Z/ (2, w’%) dl = / g™ (x,ul,) dl
Kg, maFm oFm™
+omm/’\@ﬁﬁ%wﬂ+owm
aFm™

_ /BFW " (w, up,) dT + O(hn) | up, || Do (6 oy + O(Bim).-
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Here LO(, ™) is a space with measure du™ = o™ (z)dl, © < -25. By the
property ag of the function o™ (x,u), we have the inequality

/ du™ < C1p" + Co(em)p™ L,
OF™NB(p,z)

where Cy(g,,) — 0 as m — oo. The embedding of the space H'(Q) into
LO(Q, u™) follows from Sobolev’s generalized theorem ( [13, p. 58]). Under the
condition H'(Q) ¢ LO(Q, u™), (53) and the fact that the sequence of extended

solutions of problem (1) is uniformly bounded in H'(Q), the functions u’, and
u, satisfy the inequalities
49l e () = I8, ]l e () < Calltig, 110
< C1 ([t iy +6) < Co. (66)
Thus, for the surface integral, the estimate
S [ rwedmar= [ ) o) 67
— Jrgnorm oFm

holds.
By (64)-(67), from (63) it follows

Z c(ma,u6(xa);€m,hm) g/ |VU2L|2dx

o QmnGm
+ / g™ (x,ul,)dl + O(RT: 7). (68)
oOF™

Hence, by virtue of the obtained estimates (61), (68) and the positivity of
summable functions, we have

(I)m[ufn]:Z/ R |Vufn|2dx+/ V| da
' JKgnQm\Gm Q

mAGm

+ / g™ (x,u’,)dl — 2 fmud da
OF™ Qm

- o ou® ou’
> 33 a0 s o) o (%) 2 ()

o0x; o0x;
Q€A i,5=1 v J

+ Z (@, u (2%); ey b ) — 2/ ™l dz — O(hIi™™).

oAy, "

By (57), taking into account mes{€,,, } — mes{2} as m — oo, the equalities

. . o o’ ou’
Jim Yo D ayle ’Em’hm)%(x )%j(fﬂ )

Q€A i,j=1
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" 8u5 8u
= I

nm g, j=1
_/ i a (I‘)ﬁu‘S oud .
N 5 N Oy Oxy
éi_r}loo ag\:m ez, ud (2%); ey ) = n}gnoo - c(z,ud) dx = /Q o(z,u’) dz.
are true.

When passing to the limit as m — oo for fixed d, we take into account the
above equalities, condition 3) of Theorem 2 and (54), to get

8u‘50u
m 5 é o )
W%gr(l)()@ ul ] /E: 8x@8xjdx+/g c(z,u’)dx Q/qu dx
[’

Jl

We now pass to the limit as § — 0. In view of the smoothness of the function
u®(z) and inequality (52), we get lims_,o ®[u’] = ®[u] on the right-hand side. On
the left-hand side, passing to the limit in the surface integral, we use Sobolev’s
generalized theorem and inequality (52). As a result, we obtain the required
inequality (41).

5.4. Uniqueness of generalized solution of homogenized prob-
lem (2). In the proof we follow all steps as in the proof of Theorem 1. Assume
that problem (2) has two generalized solutions wui, us. Applying (14) for the
functions wuj, ug, subtracting one equality from another, and substituting ¢(x) =
ui(z) — uz(x) as a test function, we obtain

/ Z alk U1 — ’U,z) 8 (ng— UQ) de

i,k=1 Tk

- ;/Q (culz,ur) — cul@,u2)) (u1 — us) dl = 0.

From the above, by the positive definiteness of the tensor {a;(x)}",_; and mono-
tonicity of the function ¢, (x,u), we get

u1 = ug almost everywhere in ).

Thus, the uniqueness of the generalized solution of homogenized problem (2) is
proved. Theorem 2 is proved.

Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 3 311



E.Ya. Khruslov, L.O. Khilkova, and M.V. Goncharenko

[1]

312

References

B. Cabarrubias and P. Donato, Homogenization of a Quasilinear Elliptic Problem
with Nonlinear Robin Boundary Condition, Appl. Anal.: An Intern. J. 91 (2012),
No. 6, 1111-1127.

I. Chourabi and P. Donato, Homogenization of Elliptic Problems with Quadratic
Growth and Nonhomogenous Robin Conditions in Perforated Domains, Chin. Ann.
Math. 37B (2016), No. 6, 833-852.

D. Cioranescu and P. Donato, On Robin Problems in Perforated Domains, Math.
Sci. Appl. 9 (1997), 123-135.

D. Cioranescu, P. Donato, and R. Zaki, Asymptotic Behaviour of Elliptic Problems
in Perforated Domains with Nonlinear Boundary Conditions, Asymptot. Anal 53
(2007), 209-235.

C. Conca, J. Diaz, A. Linan, and C. Timofte, Homogenization in Chemical Reactive
Floes, Electron. J. Differential Equations 40 (2004), 1-22.

C. Conca, J. Diaz, A. Linan, and C. Timofte, Homogenization Results for Chemical
Reactive Flows Through Porous Media, New trends in continuum mechanics, Theta
Ser. Adv. Math. 3, Theta, Bucharest, 2005, 99-107.

C. Conca, J. Diaz, and C. Timofte, On the Homogenization of a Transmission
Problem Arising in Chemistry, Romanian Rep. Phys. 56 (2004), No. 4, 613-622.

L.C. Evans, Partial Differential Equations. Graduate Studies in Mathematics, Prov-
idence: Amer. Math. Soc., 1998.

M.V. Goncharenko and L.A. Khilkova, Homogenized Model of Diffusion in Porous
Media with Nonlinear Absorption at the Boundary, Ukrain. Mat. Zh. 67 (2015),
No. 9, 1201-1216 (Russian); Engl. transl.: Ukrainian Math. J. 67 (2016), No. 9,
1349-1366.

M.V. Goncharenko and L.A. Khilkova, Homogenized Model of Diffusion in a Locally-
Periodic Porous Media with Nonlinear Absorption at the Boundary, Dopov. Nats.
Akad. Nauk Ukr. 10 (2016), No. 6, 15-19 (Russian).

A.N. Kolmogorov and S.V. Fomin, Elements of the Theory of Functions and Func-
tional Analysis, Fizmatlit, Moscow, 2004 (Russian).

V.A. Marchenko and E.Ya. Khruslov, Homogenization of Partial Differential Equa-
tions, Birkhouser, Boston, Basel, Berlin, 2006.

V.G. Maz’ya, Sobolev Spaces, Izdatel’stvo LGU, Leningrad, 1985 (Russian).

T.A. Mel'nyk and O.A. Sivak, Asymptotic Analysis of a Boundary-Value Problem
with the Nonlinean Multiphase Interactions in a Perforated Domain, Ukrain. Mat.
Zh. 61 (2009), No. 4, 494-512.

A.N. Tikhonov and A.A. Samarskiy, Equations of the Mathematical Physics, Nauka,
Moscow, 1972 (Russian).

Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 3



Integral Conditions for Convergence of Solutions

[16] C. Timofte, On the Homogenization of a Climatization Problem, Studia Univ.
Babes-Bolyai Math LII (2007), No. 2, 117-125.

[17] C. Timofte, N. Cotfas, and G. Pavel, On the Asymptotic Behaviour of Some Elliptic
Problems in Perforated Domains, Romanian Rep. Phys. 64 (2012), No. 1, 5-14.

Journal of Mathematical Physics, Analysis, Geometry, 2017, Vol. 13, No. 3 313



