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On the Class of Einstein Exponential-Type
Finsler Metrics
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In this paper, a special class of Finsler metrics, the so-called (a, 3)-
metrics, which are defined by F' = a¢(s), where « is a Riemannian metric
and ( is a 1-form, is studied. First we show that the class of almost regular
metrics obtained by Shen is Einstein if and only if it reduces to the class of
Berwald metrics. In this case, the Riemannian metrics are Ricci-flat. Then
we prove that an exponential metric is Einstein if and only if it is Ricci-flat.
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1. Introduction

Let (M, F') be an n-dimensional Finsler manifold. Then F is called an Einstein
metric if its Ricci curvature Ric is isotropic, Ric = (n — 1)AF?, where A = \(x)
is a scalar function on M. It is remarkable that every Riemannian surface is
Einstein, but is not necessarily Ricci constant. In dimension n = 3, a Riemann
metric is Einstein if and only if it is of constant sectional curvature. For the case
of n > 3, a Schur-type lemma guarantees that every Riemannian Einstein metric
is Ricci constant. In [7], Bao—Robles showed that every Einstein Randers metric
F = o+ p on a manifold M of dimension n > 3 is necessarily Ricci constant.
In particular, if n = 3, then a Randers metric is Einstein if and only if it is of
constant flag curvature. By now some progress has been achieved in studying
Finsler Einstein metrics of Randers type (see [1,2,4,7,9-11,14,15,19]).

In Finsler geometry, it is a long-existing open problem to find the unicorns,
i.e., Landsberg metrics which are not Berwaldian [5,6,24]. Let us explain some
details about the unicorns in Finsler geometry. For the sake of simpler prose,
Bao referred to Landsberg metrics that are not of Berwald type as unicorns,
by analogy with those mythical single-horned horse-like creatures for which no
confirmed sighting is available. In [8], Bryant showed that in two dimensions,
there is an abundance of the metrics depending on two families of functions of
two variables; among them there is a subclass with zero flag curvature, depending
on one family of functions of two variables. In [13], Shen proved the non-existence
of the unicorn in the class of regular (o, 5)-metrics. In [3], Asanov constructed a
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special family of unicorns which are non-regular («, §)-metrics. Then Shen found
a more complicated family of unicorns in the class of non-regular (¢, 5)-metrics
which contains Asanov’s metrics. Let F' = a¢(s), s = 3/«, be an («, §)-metric
defined by

S kt+4qVb? — 2
6(s) = exp / 4 dt|, (1)
0o 14 kt?2+ qtvVb? — 2

where ¢ > 0 and k are real constants. Suppose that 5 satisfies

rij = c(b2aij - bibj), Sij = 0, (2)

where ¢ = ¢(x) is a scalar function on M. If ¢ # 0, then F' is a Landsberg metric
which is not Berwaldian. In this case, F' is a unicorn metric [20]. If ¢ = 0, then
F reduces to a Berwald metric. If £k = 0 and ¢ # 0, then we obtain the family of
unicorn metrics introduced by Asanov in [3].

Theorem 1.1. Let F = a¢(s), s = [/a, be an (a, )-metric on an n-
dimensional manifold M defined by (1). Suppose that 5 satisfies (2) for some
scalar function ¢ = ¢(x) on M. Then F is an Einstein metric if and only if it is
a Berwald metric. In this case, the Riemannian metric o is Ricci-flat.

The exponential metric is another («, 3)-metric which is given by F =
aexp(s), s = B/a, (see [12,25]). Then, for an exponential metric on a manifold
M, we find the necessary and sufficient condition under which F' is Einsteinian.

Theorem 1.2. Let F = aexp(s), s = 8/a, be an exponential metric on a
manifold M. Then F is Finstein if and only if it is Ricci-flat.

2. Preliminaries

Given a Finsler manifold (M, F'), then a global vector field G is induced by
F on TMjy, which in a standard coordinate system (z,y%) for TMy is given by
G =y — 2Gi(x, y)a%i’ where G*(y) are local functions on T'M given by

ox?

i1 g ) PIF?]  O[F7
G':=-g {axkﬁyly o (0 yeT,M, (3)

4
where g¥ = (g;)7'. G is called the associated spray to (M, F'). The projection
of an integral curve of G is called a geodesic in M [17].
For a tangent vector y € T, My, define By : T, M @ T, M @ T, M — T, M by

i ~ 0
By(u7 v, w) =B jkl(y)ujvkwl Oxrt . ’
where
i G u—uii — 9 w = w 9
TR Oy fyk oyt I - Qx| 7 Oxt
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B is called the Berwald curvature. A Finsler metric is called a Berwald metric if
B =0 (see [16]).

For y € T, My, the Riemann curvature is a family of linear transformations
R, : T,M — T, M with homogeneity Ry, = A?R,, A > 0, defined by R (u) :=

Ri (y)uk 8% , where

oGt G PG 0GaG

Riy) = 2@ B 8xj8yky + dyidyk Byl dyk-

The family R := {Ry }yern, is called the Riemann curvature [22].
The Ricci curvature Ric(x,y) is the trace of the Riemann curvature defined
by
Ric(z,y) := R (x,y).

A Finsler metric F' on the n-dimensional manifold M is called an Einstein metric
if the Ricci curvature satisfies

Ric = (n — 1)AF?,

where A = A(z) is a scalar function on M.

An (a, f)-metric is a Finsler metric of the form F' := a¢(8/a), where ¢ =
@(s) is C on (—bg, by) with certain regularity, o = y/a;j(x)y’y’ is a Riemannian
metric and 8 = b;(x)y’ is a I-form on M [18,20,21,23]. Among the (a, 3)-
metrics, the Randers metric F = a + § is a special and significant metric which
has important applications in physics, biology, etc. For an (a, 3)-metric F' :=

ad(s), s = B/a, let us define b;); by

bij;0° = db; — b;¢!,

where 0% := dzt. Let Hg = ngd:nk denote the Levi-Civita connection form of «
and let

1 1
Tij =g {bilj + bj\i], Sij = 5 [bﬂj - bjli]v
2 2
rji=0b"rij,  sji=b"sy, T =iy, S0 =Sy, o=, S0 i= sy,

tij = Si Smj, Qij = Tz' Smj, tj = b tmja

where b’ := a¥ b;. It is obvious that 3 is closed if s;; = 0, and it is parallel with
respect to a if s;; = r;; = 0.
For the (o, §)-metric, put

_ ¢

Q= o

A=1+5Q+ (b - s)Q,
d=—(Q—sQVnA+1+sQ} — (b —s>)(1+sQ)Q".
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3. Proof of Theorem 1.1

A Finsler metric F' = aexpp(s), s = B/a, is called an exponential-type
Finsler metric, where p = p(s) is a C* function on M. First, we obtain the
following.

Lemma 3.1. Let F = aexpp(s), s = B/a, be an exponential-type Finsler
metric on a manifold M. Suppose that B satisfies

rij = c(b®a;; — bibj), si; =0, (4)
where ¢ = ¢(x) is a scalar function on M. Then
Ric = Ric + RT™,, (5)
where Ric and Ric denote the Ricci curvatures of F' and o, respectively, and

RT$ — T[ 2p////( ) ,(8)2b4—66p”(5)2p/(3)486+15p”( )2p/( )2 4

+3p/(s)*n — 18p" (5)p' (5)°b* — 6p""(s)p" (5)s” — 4p" ()P (5)"b"
2p"" (s)p" (s)b* — 18p"(5)°b?s> — 2p" (s)p'(5)*s° + 2p" (5)p/ (5)°°

+4p””(8) (5)2s* + 4p” (s)p/ (5)%s® — 6p”" (5)°bs + 4p" (5)p/(s)5”
521?"(5)1/(8)656 6p"" (s)p'(s)s* — 2p"" (s)p" (s)s* — 20" (5)p' (s)*s*

+24p" (s)p/ (s)*s* + 6p" (s)p (5)s +24p”(5) P'(s ) — 36p" (s)p/ (5)*b

—10p" (s)p'(5)0% + 22p™ (5)p" (s)5> — 2p™" (s)p(5)"s° — 60p" (5)°p' (5)*°
—66p" (5)p'(5)°s° + 3p""(s)°p/(s)%s 18p’(8) 1?4 36p" (s)'b?s*

— 96p" (s)*p'

$)3s7 + 2p"" (s)p/ (s)%s” — 42p" (5)°p/ (s)s° — 28p” (s)p/ (5)"b*
+ 129 (s)sp” (s) — 6p" (5)*p' (s)bs + 14p"" (s)p' (s)"s” — 6p""(5)%p/ (5) s
6p" (s)p" (s)p'(s)%s” + 42p" (5)°p' (s)b7s” + 4p™" (5)p" (s)p'(5) "
+ 121?’"(5)21?'(8)52 5 —36p" (s)p" (s)p'(s)s* + 24p" (s)p/ (5)°ns”
+12p"(s)°p (s)ns® — 6p" (s)p" (5)b"s + 12p" (s)p" (5)*b"s°
—2p""(5)p/ (s)?0%s” +8p’”( )" (s)p' (s )b4+ 12p"(s)°p' (s)*ns®

+4p" (5)p" (5)b%s* + 6p"" (5)p (5)b%s — 2p" (s)p' (5)*b* s>
+22p" (s)p' (5)b*s” + 6p” (s)°p'(s) b282 +20p" (s)p'(5)°b
+8p”(s)p'(s)°bs — 30p" (s)%p/ (s)b%s + 2p" (s)/ (S)le2 8p’”( )/ (s)ns?
— 22p’”(s)p”(s)b23 49" (5)p (s) 4nsd +3p” (s )4nb4 2 _epf '(s) Anb?st
(s)°ns® + 14p” (s)p' (s)*nb* — 48p" (s)p/ (s)*ns*
+2p" (s)p' (s)°nb* — 2p" (s)p/ (s)°ns® + 9p" (5)°p' (s)*nb*

( (

(

/11

S

)
s)ns> + 2p" (s)p(s)°ns® + 2p" (s)p' (s) b4 2
s)2nst +12p" (s)3nb?s% + 4p” (s)p' (s)*ns
+10p" (s)p' (s)*ns” — 2p" (s)p" (s )ns +12p"(s)p'(s)*nb?

+ 6p" (5)p' (s)*ns? + 26p" (s)p(5)°ns® 4 27p" (s)*p' (s)*ns®
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where

— 52/ ()0 (508" + 104" ()0 (5)°8s" — 4" () (5)s"

— 660 (5)°2/(5) 52 + 1320/ ()% (9)'82s" — 200" ()0 (5) D' s?

+120p"(5)%p'(5) 6284+3p”’( )2 (5)°b"s” + 4p™" (s)p/ (s)'0°s*

209" () (9 (5)°° — 600" ()7 (5752 + 8" (s)0/ (5)°b"s

587 (s)p!(8)7025" — 2" () ()0 ()50 — 69" ()"0 ()07

60" ()" ()70 (3)s° + 20" (5)0! ()85 — 169" ()0 (5) °s°

+9p”(s)%ns” + 4p™" (s)p" ()p' (s)°b%s* — 24" (5)°p'(5)°b"s

+120p"(s)?p ( ) 62$3+4p”"( 9 (5)3brs 4+ 2p" (s)ns + 3p (s)*ns®

126’ = O 615"+ 200 ) (it

00 ()" (0 (5)°025" — 2" () () ()2

5 S 10 )

— 280" (s)p/ (s)p! ()20 + 349 (5)p" ()9 (9)2825" + 25" ()1 (5) '

20" ()" (0 (5) s + 4" () ()0 ()b + 2607 (5)p/ ()b s?

— 520" (s)p(s)5nb?s* — 4p” (s)p' (s)°nb?s* + 27p" (5)%p/ (5)*nbts*

— 54/ ()2 () b+ 1207 (5)° (5) b — 249" ()7 (5)mb2s"

— 28p"(5)p/ (5)°nbs + 4p” (s)p' (5)°nb?s> — 4p™ (s)p/ (s)*nb's

+52p" ()P’ (s)*n b232 + 5p(5)°nb* + 8p'(s)8nbrs? + 8p™" (s)p' () nb?s3

189" ()% (5)nbs — 697" ()" (0 (5)"ns” — 120" ()" (s)nbs”

o e+ 1+ 2 o

6 ()0 ()0 (s)ms" — 409 (5)0!(51°niPs — 49" (s)p () ts

+ 2p" (5)p" (s)nb?s + 31p/ (5)*ns® — 16p/(s)>ns — 23p/(s)°ns?
(
(
(

1 /!

— 14p/(5)°ns® + 8p'(s)*nb? + 8p'(s)8ns® + 34p'(s)5nb?s? — 28p(s)°nb?s
—16p'(s)%nb*s* — 10p(s) "nb's — 4p/(5)nb?s® — 16p/ (s)%b* s>
+ 320 (5)%b%st + 8p(s)"bts — 2p"" (s )b2 +20p'(s)3s
+ 28p" (5)p" (s)p (s)b%s? + 14p' (5)"ns® + 20p (3)7b233 —18p”(
—12p"(s)°b" + 3p"'(s )2b4 +3p"(5)*s* + 30p" (s)%s* + 2p™"(s)
—12p"(5)%6% 4 15p” (5)%s* + 2p" (s)s — 10p/(5)5b* — 16p(s5)%s°
— 28/ ()75 + 28p/(s5)%s1 + 4p '(5)°s% — 26p(5)°b?s? + 26p/(5)7b%s
— 16p'(s)"b? — 23p/(s)"s” — 3p/(s)” + 2p" (s)p "( ) (s)°nb's?
4p" (s)p" (s)p' (s)°nb*s" 4p”’( )" (5)p(s)°n
+ 10p”’(8)p”(8)p’(8)2n5283 8p" (s )p”(é‘)p/(8)715282 — 6p" (s)p'(5)°b%s°],

s)4st
&2

S

02(0z2b2 _ BZ)Q

T := .
4a?(p/(5)%0? — p/(s)?s? + p/(s)b? — p”(s)s? — p/(s)s + 1)*

Now we restrict our attention on the special exponential («, §)-metric F' =
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aexpp(s), s = f/a, which is defined by

S kt+qV?—#2
p(s) = dt,
0o 14 kt?2+ qtvVb? — 2

where ¢ > 0 and k are real constants.

(6)

Proof of Theorem 1.1. Let F' = a¢(s) be a unicorn metric on a manifold M.
By (4), we get ‘
G' =G+ ca® (b - 5%) <@‘Z + w‘) . (7)

For the Finsler metric F' defined by (1), we have

Q = ks +qVb* - s (8)
. kEvVb? — 52 —gs (9)
2(1 + kb2)vVb2 — 52

Then the Ricci curvature of F' related to the Ricci curvature Ric of « is given by

Ric = Ric + RT},

where
RT™ = 1 bqc? (2261 Bkn — a?b*ng\/(a2b? — 52)
4./(a2b? — B2)(b2k + 1)2
— 402b* Bk 4 20201 g/ (a2b2 — B2) — 267 B3kn + b2 3%ngy/(a2b2 — 52)
+ 20202 Bn + 462 B3k — 20282/ (202 — 52) — 40228 — 2330 + 48%)
_ 1 =2)(2? = BB | 1 (n—2)(a?? — Bbig%c

2 kb? +1 4 (kb? + 1)?

For more details, see Proposition 3.3 in [9]. By definition, F' is Einstein if Ric =
(n — 1)AF?2, where A = A\(z) is a scalar function on M. Thus we have

1 (n — 2)/02a? — B2
7(% ) (64 B qcﬁ+(n—1)AF2
2 kb2 +1

1(n—2)(b%a? — B2)b*¢?c® ——
=7 CEEE + Ric. (10)

The left-hand side of (10) is an irrational polynomial in y while its right-hand
side is a rational polynomial in y. Then (10) reduces to two relations:

— (n —2)V/b2a2 — B2b%qc*B = 2(n — 1)A(kb? + 1) F? (11)
and
(n _ 2)(52 _ a2b2)b4q262
4(kb? 4 1)2
Since F' is an irrational function in y, then by (11), we get A = 0. Putting it

in (11) yields ¢ = 0. This implies that r;; = 0. By assumption, F' reduces to a
Berwald metric. On the other hand, by (12), we get Ric = 0. O

Ric =

(12)
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4. Proof of Theorem 1.2

In this section, we are going to prove Theorem 1.2. By Proposition 3.3 from
[9], we have the following.

Lemma 4.1. Let F = aexp(s), s = [/a, be an exponential metric on a
manifold M. Then the following holds:

Ric = Ric + RT}, (13)
where )
m P13(X13+P120£12+"‘+P105—|—P0 (14)
" A+ a2 —af— (- B)F
and

Py = 4(n — 2)rgo08'% — 8(n — 2)ro8°,

Py =2(2 = n)roojeB” + 10(n — 2)r, 8%,

P, = 42r00|058 - 24nr00‘0ﬂ8 — 4ot B0 — 6412, 67 — 287050 57 + 41nrg, BT
— 326%r% 8" — 8rooroS® + 24r00b” B° + 56100508° — 24n700508°
— 48brgso S + 16nb2r8067 + 16nbroroo° 4+ 16nbrogse3° — 48broore°
+ 8nrgoro S — 12nb27“00|058 + 1607055 37 + 8n50|0ﬁ9 + 858Tm510
+ droor 87 4 A0 ™ 700 87 — AV 70,1058” + 8somsh 87 — 2050087,

Py = 148r5,8% — 40rgo0 87 + 16558° — 1610550" 8° — 8010 8° — 89nrgy8°
+ T6b°7508° + 20770087 + 24n700)03” — 326%rg0/08" — 12507008
— 16ns%68 + T2bropsof” — 44nb2r80 6 — AnrgosoB” + 3280m88158
— 24nbrogroB’ — 24nbrogseST — 12nregroT + T2breoro’ + 18nb27‘00|0,6’7
+ 16705083% + 8nrom st 8 + 4n80|058 + 1688Tm59,

P, = 4r(2]ﬁ7 — drrgofT — 16b7“gﬁ7 + 16brroo 87 — 125m7“81B8 — 777‘(2)0ﬁ5
— 62r00|0,86 + 9238[37 + 24r0m7'6nﬁ7 + 128r0m86nﬁ7 — 363m36”58
— 8rm s B8 4 10nrd, B° — 10?13, 8% + 160 15, 8% + 8reoroS° + 42r00‘0nﬁ6
— T6rgojo3°b* — 24rgob B® — 272rgs08° — 64s5nB" — 128556537
— 1127005080 + 96700503°6% + 120790 s08%b + 27’(2)0715562 — 87‘(2]0nb465
+ 14470950n3° — 56r00ron 8% — 167r00ronb? 8 + 48700sonb®B° + 10080|OB7
— 32rg0son B — 56nbrogse8° — 32reoron 88> + 32rgsen87b
— 48r0m56”nb267 — 2450|0nb267 + 32s%n67b + 16r9sonBT — 128r¢sobS”
— 287goron° + 120brooro e + 9670070 8% + 167007030 + 42nb27’00|066
+ 12T00|0nb4ﬁ6 + 24r9s08” + 12r0mr6”ﬁ7b2 — 88r0msglnﬁ7 — 4480‘07’LB7
+ 60b230|057 + 168, 50n8% + 12r0m|obm67b2 — 325050 702
— 12rgorin 376% — 126%r ) b™ 57 + 84705 B70° — 405, 8% + Bsoryy 57
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P =

+ 8$0|mbmﬁ8 — 4sm‘obmﬁg + 4st s 3% — 3286r|‘mb268 — 24rgor™ 37

— 24700/ b™ B7 + 2470, 0b™ BT + 165015557,

100700 8° — 12rgmrB° — 73rge 8" + 12558° — 1650)08° — 5255587

— 125,187 — 4r2 85 — 81y, st BT + 12872, B — 5613, B4t — 68rogro8°
— T2rg00n3° + 1486%100/08° + 3255 8% + 16070050b*B° + 52r0/0 8°b*

+ 31670950 3° — 2452n8° — 645302 5% — 2721005005 4 470 5T B°

— 208rggsob>B° + 12612,n 80 + 34rd nb* Bt — 120r¢gson3°

+ 40rgoronB°b* + 128rron b — 132b2r§054 — T2rgoson3°b?

+ 128nbrogso° + 4rreo3° + 80nb3roore3° — 16nbroseS® + 24r0ms6nn66b2
+ 1230|0n56b2 — 16r7r90bB°® — 8nrgse B + 64rs03%b + 64r09ron 3>

— 272roorobB° — 48rosob® % — 208rgorob®B° — 48rgorob®B° — 96rge)n b
+ 80nb’rooso8° — 30rggnB°b" + 64s5nb*B° — 16s5n°b + 4sqon3°

+ 167“(2)1766 — 8rpsoB° — 12r0mr’0nb256 + 8rom36”n[36 — 20r0m86”b266

- 6456’Tmﬁ7 - 2880‘0b2ﬁ6 + 248,507 — 12r0m|0bmb256 — 965050 %02
+ 12rorb? 8% + 12rg0),, 0™ b 8% + 12rgryn 3% + 1219, b™ B°

— 12r0m|0bm66 + 1258 5T — 32sg|‘m67b2 — 645050 % 4 8sor™ 37

+ 850b™ BT — 48,,0b™ B,

= 608,70 8% + 407y, 50" B° 4 13615, 8° — 8ro0j08" — 352558° — 48romry’ B°

+ drgopnB* — 208rom sy’ B> — 1765008° + 1245m,5("8° + 192rg,b*5°

+ 82rgyb* B2 + 60rgoro Bt — drgoob® B + 107000 B"b* + 8roopb°B*

+ T2rgos0B8* + 188s3n3° — 224b%s23° 4 400s2b58° + 2725263 5°

+ 167700 8% 4 5610050 8%0* — 4870050b° 8+ — 1610050b° B — 15812 0>
+ 64rgosobBt — 198r2,nb? 32 — 59ra nb* 33 — 1612 5% — 152rg9sen3*

+ 148790 sob®B* + 16199sonb® B* + 8rogronb®B* — 16r0rons*b

— 24r0080nb4ﬁ4 — 167“0050716417 — 104T0050nﬁ4b2 + 16r007‘0nb5ﬁ4

— 32rpsonB°b? — 128broson° — 64roson S>> + 64rgyrobBs*

— 48smsg‘n6256 + 192r0m88"”n65b2 + 487“0m36”nb4ﬁ5 + 9630|0n55b2

+ 2430|0nb4ﬂ5 + 32rs93% — 643(2)71551)3 — 64rrobB° + 8rrogh®3°

— 32rroob® 8% — 64rgsonS® — 48rseB°b? + 416r9sobB° + 2561¢s0b> 3°
— 87’(2)17265 — 8r00r0ﬂ4b4 — 8r00r0n64 — 16rgorob3ﬂ4 — 48r00r0b5ﬂ4

+ 28rgorb Bt + 64138° + 12r0)0nb>B* — drgo)nb®B* + 176550870
— 24501 b™ 8O + 10455, 8% — 40s0r7 8% — 12853n8°b + 247" 3°0?
+ 327“(2)17355 — 56r¢so8> — 48r0mr6”6255 — 12b4r0m7“6”55 — 288r0m36”b255
— 84rgmsg'B8°b! + 88sqion/3° — 21650/0b>8° + 12b75,,0b™ 3% — 850 8°
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Py =

— 64sm36”n56 + 1()83m36”b256 + 368mr6"ﬁ6b2 — 12r0m‘0bm55b4

+ 48b4som36n % 1+ 48r0or™b? B° + 17670 s8'nB° + 127"007“2;55134

+ 48rg0 ™ b 8% + 126" rgg ), ™ B° — 605010 3°b" — 48r(,,0b™b*B°

— 16s},57"6° 87 — 245077 8% — 405),,b™ 3° + 208,0b™ B° + 160, 5°0°
+ 4838?mb456 — 85t sTBT — 85,8 B + 48roor™ 55 + 487“00|mbm65

— 4870, 00" B° — 40s0m 7' 8°,

= 24r§B* — 24rrgoB* — 96rgbB" + 96rre0bB" — 9215y B% — 64700/ 3

+ 11253 8* + 4870518 B* + 9670, 50 B* + 167,55 8% + 12050/08*

+ 1045,,57 85 + 248,70 87 + 88rgyn B2 — 152r5b* B2 — 70r3,b* 32

+ 24roro8° + 58rgojon B — 144brg0 8> — 104700080 — 24700/08°H°

— 336r00503° + 28s3n1 + 168523407 + 96530 31 — 27253051 — 240520 57
— 14870050 3°b* + 136700503°b° + 336700s0b> 8> + 53r80nb452

+ 17679050b3°> + 2967005 3> + 176r00r0bS> + 142r(2)0nb252

— 41670950 3°b* — 88rgoronB3b? — 28rgoronb* 82 + T6r00senb* 4>

— 176rg9sonb> B3 — 144rgpsonbB> — 56rgpsonb® B> + 312rgpson b2

— 176rgoronb® 82 + 48b%rgsonB* — 144rgyronbB® — 56reronb® >

+ 12879sonB*b + 96r¢son b — 24b25m36”nﬂ5 — 192r0m56”nﬁ4b2

— 727’0m86”nb464 — 9680|0n64b2 — 167700802 + 64rr90b> B + 64r¢sons?
— 3650/0nb" B! + 48150816 + 48roseb’ B! — 384r(sebB" — 320rgsob” B*

— T2rgoron 3> + 3361r00r0b> 8% + 136100r08°b° + 56b%r00r0 8> + 2870070 3°b*
+ 1087“00‘07153192 + 66r00|0n53b4 + 14T00|0nﬁ3b6 — 72nb2sgﬁ4 — 965(2)nb4ﬁ4
+ 128s%nﬁ4b + 968%7164193 + 167"8,84172 — 647"%1)364 — 48r¢so

+ 72T0mr6nﬂ4b2 + 24T0mr6nﬁ4b4 + 184r0m56nﬂ4b2 + 88r0ms6nﬁ4b4

— 56ms0)0B" + 20050)08%6% — 565154 nB° + 645y sy B0 + 80s(,,13”

— 1650)nb™ B° — 4870 ™ B + 6457, 870° — 165,,5™ 3% — 40s;, 57" 5°

— 48roorin Bt + 4870, 0b™ B + 64s0m sy B* + 805008 b" — 325, 57" B

+ 1606250555 B + 965055 B10* — 11210, 5008 — T2r00r™ 5102

— 24roorin 8" — 720710/, b™ B + 85,,0b™ B° — 24100, b B1b?

+ 7270, 0™ B10% + 241, 0b™ 80" — 1650737,

50rgo)08> + 324558% + 81§ 8% + 20701l B2 + 765008 — 2005573

— 81102 — 807 sy B — 120815 % + 2973, 8 + T4rd b3 + 38rd,b* 3

+ 228r00503> — 68r00703° + 927“0m36”53 — 487“00|0nﬁ2 + 116b2r00‘0ﬂ2

+ 92r0;03°b" + 24657000 8° — 220s5n3° + 432s55°0% + 172558°b"

— 432520% 83 — 2512 n B — 240s2b5° — 160520° 3 + 15670050 52b*
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— 12079050 8%b% — 272rgps0b> 32 — 160rg0sob? — 25r5ynb* B

— 192rg9son % — 160rgorobB? — 527“(2)071625 + 344b%70050/3>

+ 14470950nbB% + 104rgoronb® B2 4 36rggronb® B2 + 208rggronb® 52

+ 48nb?roso 8> + T2rooronb® B2 + 144r09ronbB% + 16r¢son33b*

+ 967059nb> B3 + 9679 s9nbB> + 32r¢sonb® B2 — 96r9sonb® 52

— 288rggsonb? 5% 4 208rg9senb® B2 + T2rgosenb® 52 4 168555141
+ 483m38"‘nb454 — 144r0m36”nb253 - 727“0m36"nb4ﬁ3 — 16nb6r0m36”53
+ 16rs08%0* — 7250‘0nb253 — 3680‘07?5453 — 850‘0n63b6 — 64rsoptv?
— 128brso8* + 96s52nb>B> + 9653nbB> + 3252nb° 5> — 8rrogh? 5°

— Arroob® B2 + 32rrgobB3 + 32rreb® 82 + 167100b° 82 + 48rgson3®

+ 72r00r0nﬁ2 + 1207’050B362 + 24b4r080ﬁ3 — 2727“001“017352 — 1207“007“05265
— 352rgsob> 8% — 224r¢sobB> — 128r0s0b° 5> — 9610910 326% — 36r001032b
— 108rgoon3°b* — T8rogon3°b" — 18nbropo° — 328s3n3°b°

— 160s2n83b* — 967, sb2 B — 247,50 BAb* + 8r20% 3% + 4rdvi 53

+ 1270, b 5% — 3202033 — 320203 8% — 16r20° 33 + 88r(s 5

+ 2470, 0D 5% 4 41T e B3 — 9670550 + 2870m S0 200

— 4850/0n8” + 144s0)0b> 8% + 88s0/0b" 3% + 32rs08* + 1205, s5'nB*

— 3205,,50 51b? — 108s,,s0°b* 31 — 19283(,”541;4 — 15253}7”54

+ 8050, 0™ B — 408, 0™ B* — 320b238|1mﬁ4 — 20rger™ 53

— QOT’OO‘mbm,BB — 3236’%6654 + 245,53 + 125! s B° + 80sqr™ B
+ 485s%, 57" B70* + 245, 57"b* B7 + 207, 0b™ B° + 1650ms( B>

+ 14070m 506" B2 4+ 96s0rmb? B* + 245017 36" + 9650),,b™ 6% B*

+ 21670m5('0% B + 24585 B + 2450,,b" B1bT — 485,,0b™ b B

— 125,00 B*b* + 206%5008° — 48s0m (' 820" — 325057 B

— Argomb™b° B + 41y b b0 B — 14407 s B — 24roorinb? B

— 36643mr6”54 — 12b4r00r263 — 4667"007”,’;’1%3 — 24bzbmr00‘m63

— 125%™ 70 8 + 246207 70 05 + 126%™ 7 108°,

= 3rgon — 161gyb> — 10rgeb? — 1670008 — 220s58% — 321§ 3% — 48rgn '

— 9670m 50" B — 36100 Bb° — 48ra0so3 + 40reoro/3 + 16rgeon/3
— 88,50 % 4 248,10 35 — 12Oso|0ﬂ2 - 28r00‘0ﬁ64 - 87’00|Uﬁb6 + 1085202
— 360s2b% 8% — 236536201 + 167,,55' 3% — 3rdy — 160r00503b> + 2470050 8b°
— 64530562 + 528520 8% + 3045305 + 22453b° B2 + 64r0050b° B 4 321700 5
+ 5670050b8 + 60r0050n3 + 567r00T0b 3 — 92b*r 00508 + 87'(2)071192
— 48rgoronb? B — 20rgoronb* B — 96roronb® B — 40rgerond’ B — 56nbroreS
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—192rgsonbB? — 80rgsonb® 8% — 128r¢sonb® % — 40rgsons2b*

— 256r050nb3ﬁ2 + 607‘0050nb4ﬁ + 9650|0nb4ﬁ2 + 128r0050nb2ﬁ

— 96rgosonb®B — 40rggsonb’ B + 192r0m36”nb462 — 56rg9sonbs + 5T80nb4
— 24sm86”nﬂ3b4 + 2887‘0m56”nb2ﬁ2 + 40r0m587’nﬁ266 + 14450|0nb252

+ 20$0|0n6266 + 64rs9bB3> + 64rsob B> — 16rs9b* B> — 128rrg9b3>

— 160rrgob>3° — 24sm381n[33b2 — 8088nb562 + 40rr09b? B2 + 12rrob* 52
— 48r10ob® 8% — 9610son B2 — 8rosob? 8% — 56rgseB2b* — 16r0seb® 32

+ 672r9s0b% 8% + 2410010 8b° + 567007080 + 4167050bB° + 25670 50b° 5>
— 28rooron3 + 64rgorob® B + 20reeroBb* + 4270191 3b* + 36790013b*

+ 107goonBb° + 192s3nb*5? + 152nb*s3 52 + 247, s 3°b* — 40r§b* 52
+ 64s3nb° 3% — 25653nb> 8% — 19253nbB% + 48b%r,, 033 — 1226 52

+ 1287232 + 1601263 32 + 48r2b° 32 + 241050 5% — 967015 b2 52

— 52T0m86nﬁ2()6 + 68SO|0nB2 — 60r0mr6nb452 — 12T0mr87’b652

+ 13670m 54137 — 26450/0b> 8% — 192509 B2 — 167508 + 855503

+ 8550 8207 + 28 sy g B° + 325(),,,8°0° + 405,,5™ B — 1650),,0™ 5
+ 88m|0bm53 + 643&%6362 + 96b438|1m,33 + 5251 ™% + 48rgor™ 3

+ 4870 b B% — 481 0b™ B* — 3250ms(' 3% — 16507 B> + 60r0),,b™ 370"
+ 60rorib B2 + 12rgormb®B% + 96700, b™ B76° — 44885003

+ 80st,s7"b2 B + 245, 57 B0 — 607, 0b™ B70* + T28mr B2H?

— 96b%10,0b™ B% — 245071 326" — 4850, b B2 — 2450),,b™ B°b?

— 48501 B°b? + 36" sy, 3% — 20470, 550" 8% + 245,00 B°b°

+ 123m‘0bmﬁ3b4 + 248,828 — 240b27"0m56”62 — 9630m56”ﬁ264

— 3250m 50" 826" + 1210, b0 8% — 127,10 0° 3% — 96b* s0m s B

+ 967007 b 52,

Pro = 5250108 + 124550 8% — 2n7r00)0 + 461000 + 2b" o0 — 16558 + 2053
+ 24romry' B + 2870050b" — 8700s0m + 8r00S0b° — 8rg0sob + 84smr8152
+ 567,501 3% + 16b7335 — 4rgorob® + drooron + 8rgoreb”® — 8roorob
— 67~00|0an — 12rgor0b? + 32r0msi B — 445386 — 2011008 — 6r00|0nb4
— 2rgonb® + 36roosob” — 4sgnB — 8b*s5 8 — 40s580° — 112556°3
— 163(2)b5ﬁ — 1125%1)5 + 1670050nb> + 8rgosonb® + 8nbsoroo + 80Tosonﬁb2
+ 32rgsonBb* — 16rgsonb* — 24rgosonb? — 8rooro + 2719010 — 450700
+ 160rgsonb®B + 96r¢sonbf + 64rosonb® S — 96sm56nnﬁ2b4
— 163m36”nb662 — 1680‘0nﬁb6 — 1447°0m370nnb2ﬂ — 120r0m56"nb4ﬁ
— 32T0m86nn5b6 — 7250‘0nb25 — 12rrob® B + 80rreobS + 128rr00b> 8
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P =

+ 1287s0bB% + 128rs9b® B2 + 32rs9b B2 + 48rr0ob® 8 — 32rreeb? 8

— 32rsob®B% — 8rsoB2b* — 1685m56”nb2ﬁ2 + 645(2)nb5ﬂ — 1927450003

— 128r¢sob® 8 + 48rgson3 — 104r¢soBb> — 56rgseBb* — 288r¢sob®

+ 8rogronb?® + 16rggronb® + 8rogronb® + 8rgoronb + 3258n662

— 6050|0nb4,8 + drooronb® + 925%nﬁb4 + 488(2)n,8b6 + 1605%nb3ﬁ + 968(2)an
+ 687050023 + 6070, b2 3 — 561050 + 32r2b? B + 1212 3 — 80r2bp
— 12872633 — 4812b° B + 567050 B + 2070 55 BUS + 4870t B

+ 1270m7g"b% B — 56romsg'n3 — 28s0/0n3 + 12450/0b* 3 + 100s00b* B

+ 28500 Bb° — 32rs508° — 885m s nB + 2728ms5'b* B + 1928, 5" 87"

+ 365,500 B2 + 1445,,70'b? B2 + 728,700 B2 + 125,,r5b° 2

+ 96 s b” 8% + 487 s0'b* 87 + 8rms'b° 8% + 835,87 + 2245 b7 5

+ 1928677”()462 + 6436"Lm66ﬁ2 + 836r|‘mb862 — 408,,8™ 3> — 2452,132” 3

— 24roor)i B — 24700 b™ B + 2470,,0b™ B + 8s0m s’ B — 56sorm 3

— 5630|mbm52 + 283m|0bm62 — 7258 sT B30T — 1651, 5700 5% — 96501 32b?
— 48b 5o 3% — 96501, 0™ Bb* — 4850),,b™ 370" + 485,00 B7b°

+ 24b"s,,0b™ B% — Bsorinb® 5% — By b b0 B + sy b 00 B2

— T25,,8™b? 3% — 245,58 B°b" — 805, 57"b? B — 12r0),, 000 B

+ 1270, 0b™ b B + 3250m (" BY? + 4850m (" Bb + 326 50ms(' 3

+ 850m (' Bb° — 60roorinb® B — A8roorinb® B — 12rgorinb® B — 60b*rgg),,b™ B
— 48| b™ BbY + 6070, 0™ Bb* + 48D 19,100 ™ B,

16b°s§ — 8sgj0 + 16brg — 16brrop — 4nsg + 40bs§ + 60b*sg + 566°s5

— 16652 4 1653b + 4 s5'b? — 48536° — 1653b" — 8r2b? — 4r2b* + 327203
+ 167"(2)65 — 407y, 50" 6 — 12r0m7“6"b2 — 127’0mr6”b4 — 47’0mr6”b6 + 4romsy’ 6
— 47050 — 480‘0[)6 — 20$0|0b2 — 16so|0b4 + 4dsgjon — 68sy,50' 8

— 608,703 — 2452nb? — 60s3nb? — 5653nb° — 3253nb® — 1653nb°

+ 8romsp'n — 165(2)nb — 165(2)nb8 +4rroo + 167080 + 47007, + 4T00}mb™

— A7, od™ + 3283 — 412 — 4701l + 245,500 B0 — 192rs0b°

— 4dromsy’ — 128rsobf — 64rs08b° + 48b%rso S + 1205m36”nﬁb2

+ 963m381n[3b4 — 16rgsonb® — 8rgsonb* — 32rgsonb®

+ 16759 8b* + 12so|0n62 — 1671sonb® — 16r9sgnb + 8rroob? + 4rroeb®

— 167r700b® — 8rgson + 40rgsob? + 40rgsb* + 16rseb® — 132b4sm36nﬁ

+ 32r0s0b> + 32r¢sob + 24r0m86”nb2 + 24r0m36”nb4 + 87"0m36”nb6

+ 1250|0nb4 + 430|0nb6 + 3215083 + 485,,50'n 8 — 160b%s,, 50" 3

— 408,55 865 — 1445,77b% B — 1085, 706" B — 245,750 B — 967, 50023
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— 167,555 8 — 48sgt,,8 — 245! sT (% — 1603$m52ﬁ - 19233rmb45
— 96s()1,,0°8 — 165(],,b°8 — 24s,8™ 3* + 12reoryib? + 12rgorynb*
+ drgormb® 4 1270 b™ b + 12r00,,b™b" + 4rgg), ™0 — 721y s B
— 1270, 0b™b? — 1270, 0b™b* — 47,1000 + 4007 B + 4050,,b™ B
— 208,,,0b™ B + T25077 Bb" + 9650/,,,b™ Bb* + 7250/, Bb* — 48bs,,0b™ B
— 365,,/00™ Bb* + 16507 7b° B + 1650),,b"" 0% B — 85,,0b™ b’ B — 24b% 53,8 B2
— 485%.9;”52172 — 24sins§” 2pt 4 96807’;:;5()2 — 32rroob?,

Pry = 125,,50" + 87s(" — 24s0rinb? — 24sorb* — 8sorinb® — 24,00
— 880 b™b0 + 125,,0b™b? + 125,,,0b™"b* — 16750b” + 45,5, 0D b
+ 325,88 + 205;@15?5 — 8rsob? + 64rsob® — 8sor, + 32rsob® + 32rsob
— 245,50 — 248,50 bt — 85,570’ 4 128,70 + 481)0b™ + 80,
+ 3236r|Lmb2 + 4858Tmb4 + 3286"‘7”66 + 247, 870% 4 247, 550" 4 87, 5760
+ 363mr6”62 + 363mr6”b4 + 836'|1mb8 — 8rsp — 8smspn + 28smsomb2
+ 208,500 + 45,5705 + T20%5,,5™ B + 645 57 Bb? + 725 5T B
+ 3250, B + 85y, 800 B + 485,58 BbT — 2450, b™b? — 85}y, b
+ 45° sTD° B 4 128,,70b°,

Py3 = —165', 5705 — 245 sTbt — 4s? 5T — 85,,5™ — 248,,5™b% — 245,,5™ b
— 85,,8™b5 — 4si TS — 165! sTb2.

Now we are going to prove Theorem 1.2.

Proof of Theorem 1.2. Let F' be an exponential metric on a manifold M. By
(13) and (14), F is Einsteinian if and only if the following holds:

Piza’? + Ppal? + (Mnﬁ + Py — (n— 1))\M11F2)a11 + .-
+ (MOEJr Py~ (n— 1)/\M0F2> —0, (15)
where M;, i =0,...,11, are obtained by the relation
4
Mo + Mypa'® + - + My + My = 4[(1 +%)a? - af — 52} (. — B)3. (16)

By (15), the only term that is rational is Pjoa'?, so we get Pio = 0. Then the
only term that is algebraic is Pza'3. Thus Py3 = 0. This implies that

(Mnﬁ + PH)OéH + (Mloﬁ + Pl())Oth + -+ (Moﬁ + Po)
= (n— DA My1 + Mg + ... + Mo)F?. (17)

The left-hand side of (17) is polynomial algebraic while the right-hand side is
not. It results that A = 0. O
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IIpo kiac eitHmITeitHOBUX (biHCJIEPOBUX METPUK
€KCIIOHEHIIIAJIbHOTO THILY

A. Tayebi, A. Nankali, and B. Najafi

V crarTi BUBYAETHCH CHeliaabamil KIac DiHCIepOBUX METPHK, 10 HA3U-
BafoTbes (v, B)-MeTpuKamu, sKi BU3HaYalOThed dopmyiolo F = a¢(s), ae
« — piMaHOBa MeTpUKa, a § — 1-dpopma. CrioyaTrKy MU IOKA3yEMO, IO KJIac
MalizKe peryJIigapHuX MeTpuk, orpuManuii [IleHom, € eitamreitnoBuM TOMi i
TiTBKY TOJIi, KOJIU BiH 3BOIUTHCS J0 KJaacy MeTpuk bepsanabma. B mpomy Bu-
magKy Merpuku € Piadi-mrackumu. [lotiM Mmu qoBogmMO, 10 €KCITOHEHIT AJTb-
Ha METPHUKA € eHHINITEHHOBOIO TOMI i TIMbKU TOMAi, Ko BoHa Piuui-mmacka.

KirrouoBi ciioBa: efiHINITEHOBA METPHUKA, METPUKA UNicOrn, eKCIIOHEHITi-
aJbHA METPHUKA.
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