Journal of Mathematical Physics, Analysis, Geometry
2018, Vol. 14, No. 2, pp. 132-140
doi: https://doi.org/10.15407/magl4.02.132

Ricci Solitons on Lorentzian
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The existence of non-trivial, i.e., non-Einstein, Ricci solitons on four-
dimensional Lorentzian generalized symmetric spaces is proved. Moreover,
it is shown that only steady Ricci solitons can be gradient.
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1. Introduction

A Ricci soliton is a natural generalization of an Einstein metric. It is defined
on a pseudo-Riemannian manifold (M, g) by

Lxg+ 0= Mg, (1.1)

where X is a smooth vector field on M, Lx denotes the Lie derivative in the
direction of X, ¢ is the Ricci tensor and A is a real number. Moreover, we say
that the Ricci soliton (M, g) is a gradient Ricci soliton if it admits a vector field
X satisfying X = grad h for some potential function h.

A pseudo-Riemannian manifold (M, g) is said to be Yamabe soliton if it admits
a vector field X such that

Lxg= (T —7)g, (1.2)

where 7 denotes the scalar curvature of (M, g) and v is a real number.

A Ricci soliton (Yamabe soliton) is said to be shrinking, steady or expanding
according to whether A > 0,A=0o0or A <0if v > 0,7 = 0 or v < 0, respectively.

In [4], the authors studied Ricci and Yamabe solitons on second-order sym-
metric Lorentzian spaces.

Lorentzian Ricci solitons have been intensively studied showing many essential
differences with respect to the Riemannian case [2,8,14]. In fact, although there
exist three-dimensional Riemannian homogeneous Ricci solitons [1, 13], there are
no left-invariant Riemannian Ricci solitons on three-dimensional Lie groups [11]
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(see also [15]). Moreover, the Lorentzian case is much richer, allowing the ex-
istence of expanding, steady and shrinking left-invariant Ricci solitons [5]. Re-
cently, Calvaruso and Fino proved, contrarily to the Riemannian case, the ex-
istence of non-compact four-dimensional homogeneous pseudo-Riemannian Ricci
solitons which are not isometric to solvmanifolds [9]. These results make it inter-
esting for further investigation of Ricci solitons on Lorentzian manifolds.

In [12], pseudo-Riemannian four-dimensional generalized symmetric spaces
were classified into four classes, named A, B, C and D, and the pseudo-
Riemannian metrics can have any signature. All these spaces are reductive ho-
mogeneous. Their geometrical properties were studied by Calvaruso and De Leo
in [7].

Four-dimensional generalized symmetric spaces were studied by many au-
thors. In particular, in [3], the authors classified, up to isometry, non-symmetric
simply-connected four-dimensional pseudo-Riemannian generalized symmetric
spaces which are algebraic Ricci solitons. Those of Cerny—Kowalski’s types A, C
and D are algebraic Ricci solitons, whereas those of type B are not.

A complete classification of Ricci solitons of generalized symmetric spaces of
type A, B, D has been recently obtained in [10], leading to new examples. In this
paper, we find the general solution to equation (1.1) for generalized symmetric
spaces of type C.

The paper is organized in the following way. In Section 2, we shall report
the basic description of four-dimensional generalized symmetric spaces. In Sec-
tion 3, the Levi-Civita connection, the curvature tensor and the Ricci tensor of
Lorentzian four-dimensional generalized symmetric spaces will be described in
terms of components with respect to the coordinate vector fields {@ = %, }
This provides the needed information for the study, which we do in Section 4.
In Section 4, Ricci solitons on generalized symmetric spaces of type C are char-
acterized via a system of partial differential equations. In particular, we show
that these spaces admit different vector fields resulting in expanding, steady and
shrinking Ricci solitons. Finally, it is proved that those Ricci solitons are gradient
only in the steady case.

2. Four-dimensional generalized symmetric spaces

We start by recalling the definition of the generalized symmetric space. Let
(M, g) be a (pseudo-)Riemannian manifold. A regular s-structure on M is a
family of isometries {s, | p € M} of (M, g) such that

e the mapping M x M — M, (p,q) — sp(q), is smooth,
e p is an isolated fixed point of s,, Vp € M,

® 5508 =S (q)° Spy VD, q € M.

The map s, is called the symmetry centered at p. The order of a regular s-
structure is the smallest integer k£ > 2 such that s’; = idps for all p € M. If such
an integer does not exist, we say that the regular s-structure has order infinity. A



134 Amel Bouharis and Bachir Djebbar

generalized symmetric space is a connected pseudo-Riemannian manifold carrying
at least one regular s-structure. In particular, a generalized symmetric space is a
pseudo-Riemannian symmetric space if and only if it admits a regular s-structure
of order 2. The order of a generalized symmetric space is the minimum of orders
of all possible s-structures on it. Furthermore, if (M, g) is a generalized symmetric
space, then it is homogeneous, that is, the full isometry group I (M) of M acts
transitively on it, which means that (), g) can be identified with (G/H, g), where
G C I (M) is a subgroup of I (M) acting transitively on M, and H is the isotropy
group at a fixed point o € M.

Generalized symmetric spaces of low dimension have been completely classi-
fied. The following theorem recalls the classification of non-symmetric simply-
connected 4-dimensional pseudo-Riemannian generalized symmetric spaces.

Theorem 2.1 (Cerny and Kowalski [12]). Non-symmetric, simply-connected
generalized symmetric spaces (M, g) of dimension 4 are of order either 3 or 4, or
infinity. All these spaces are indecomposable and belong, up to isometry, to one
of the following four types.

Type A. The underlying homogeneous space is G/H , where

a b x3 cost —sint O
G=|lc d =4, H = [sint cost 0
0 0 1 0 0 1

with ad — bec = 1. (M,g) is the space R*(x1,x9,23,14) with the pseudo-
Riemannian metric

g=A[(1+23)dat + (1 +27) do3 — 22132 day das] / (1 + 27 + 23)
+ [(—z1 + /1427 + :L‘%)dxg
+ (z1 + /1 + 22 + 23)da] — 223dws dad], (2.1)

where X # 0 is a real constant. The order is k = 3, and the possible signatures
are (4,0), (2,2) and (0,4).

Type B. The underlying homogeneous space is G/H, where

e~(mtz2) g 0

a 1 0 0 —w
0 et 0 b 01 0 —2w
G = 0 0 e*2 c¢|’ H = 0 01 2w
0 0 0 1 0 0 O 1

(M, g) is the space R* (w1, 22, 3, 24) with the pseudo-Riemannian metric

g=A\ (dm% + da:% + dl‘ldl'g) + e " (2dxy + dxo) day
+ e " (dxy + 2dz) dxs, (2.2)

where X\ is a real constant. The order is k = 3, and the signature is always (2,2).
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Type C. The underlying homogeneous space G/H is the matriz group

e T4 0 0 =

_ 0 et 0 x9
G = 0 0 1 T3
0 0O 0 1

(M, g) is the space R* (x1, x9, 23, 4) with the Lorentzian metric
g=c¢ (e_2x4d:n% + ezmd:v%) + dxsdxy  with e = £1. (2.3)
The order is k = 3, and the possible signatures are (1,3),(3,1).

Type D. The underlying homogeneous space is G/H, where

a b 1 er4 0 0
G=|lc d =], H=| 0 e™ 0
0 0 1 0 0 1

with ad — bc = 1. (M,g) is the space R*(x1,w9,23,24) with the pseudo-
Riemannian metric

g = —2cosh (2z3) cos (2z4) dx1 dza + A (da§ — cosh? (2x3) da)

+ (sinh (23) — cosh (2z3) sin (224)) da?
+ (sinh (2x3) 4 cosh (2z3) sin (2z4)) dz3, (2.4)

where X # 0 is a real constant. The order is infinite, and the signature is (2,2).

3. Curvature of four-dimensional generalized symmetric spa-
ce of type C

Let (M, g) be a four-dimensional generalized symmetric space of type C, and
we denote by V and R the Levi-Civita connection and the Riemann curvature
tensor of M, respectively. Throughout this paper, we will always use the sign
convention

R(X,Y)=Vxy - [Vx, Vy].
The Ricci tensor of (M, g) is defined by o(X,Y) = tr{Z — R(X,Z)Y}.
We shall report the nonvanishing Levi-Civita connection, the Riemann cur-

vature tensor, and the corresponding Ricci tensor with respect to the coordinates
vector fields {9, = 6%1, Oy = 8%2’ O3 = 8%37 Oy = 8%4 _

Lemma 3.1. Let M be a four-dimensional generalized symmetric space of
type C. Then the non-vanishing components of the Levi-Civita connection V of
M are given by

Voo = 2ee 249, Vo,04 = Vp,01 = =04,
V3282 = —2662‘70403, V3284 = Va432 = Oa.
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The only non-zero components of the Riemann curvature tensor R are
-2
R81,8481 = —2ce $483, R81,8484 - ala
2
R82,8482 - _256 :E483’ R62,8484 - 827

and the ones obtained by them using the symmetries of the curvature tensor. The
non-zero components of the Ricci tensor are given by

00,0, = —2.
4. Ricci solitons on four-dimensional generalized symmetric
space of type C

In this section, we analyze the existence of Ricci solitons on the four-
dimensional generalized symmetric spaces (M, g) of type C. Let X = f10; +
faO2 + f303 + f404 be an arbitrary vector field on (M, g), where fi,..., fq are
smooth functions of the variables x1, x2, x3, x4. The Lie derivative of metric (2.3)
with respect to X is given by:

(LXg)(‘)h@l = 256_2:64 (alfl - f4) ) (41)
(Lxg) =c (01 fo+ e 202 f1),
01,02

1 _
(LXg)(?LaS - 581f4 +ee 2x483f17

1 _
(Lx9)o, 0, = 531f3 +ee 2 fh,

(Lx9)a, 0, = 266> (fa + Dafo),

1
(Lx9) 9,8, = 532f4 +ee*0s f,

(Lx9)a, 0, = %32f3 + e®¥4 0y fo,
(Lx9)a5.0, = 93fa

(LX), = 5 (Osfs + 0111
(Lx9)a,0, = Onfs-

By using (2.3) and (4.1) in (1.1), a standard calculation gives that a four-
dimensional generalized symmetric space of type C is a Ricci soliton if and only
if the following system holds:

A
ofi—fi=3, (42)
€40y fo + e F40y f1 = 0, (4.3)
O1f4 + 266721483]61 =0, (4.4)
81f3 + 286_2x484f1 =0, (4 5)
A
fatfa=3, (4.6)
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Do f1 + 26€%¥495 fo = 0, (4.7)
Do fs + 2e€*™9, fa = 0, (4.8)
D3fs + Oufs = A, (4.9)
O4f3 =2, (4.10)

93 fs = 0. (4.11)

Equation (4.11) yields f4 = fa (21,22, 24) . Deriving equations (4.5) and (4.8) with
respect to x4, we obtain, since d4f3 = 2,

O3 fr = 204f1,
93 f2 = —204fo.
Hence, integrating, we get
fi= 62‘764]1(1’1,:112,.1:3) +H(x1,x2,a:3), (4.12)
fo = ek (x1, 22, 3) + K (21,22, 73)

where h, k, H, and K are smooth functions depending on x1, 2, x3.
Next, from equations (4.2) and (4.6), we have 01f1 + O2f2 = A. Then we
replace f1 and fo to obtain

X1 h + e 2400k + O H + 0K = \.
Deriving with respect to x4, we have
e®191h — e 2195k = 0,
which, since x4 is arbitrary, gives d1h = 02k = 0, and so
O1H + 0K = ). (4.13)
We replace fi and f2 in equation (4.3) to find
K + e ¥4 0, H + 01k + Osh = 0.
Deriving with respect to x4, we find that 01 K = 0o H = 0, which gives
01k + 02h = 0. (4.14)

Equation in (4.2) yields, since 01h = 0, fy = 01 H — % Then from equation
(4.4), we get
OFH + 2e03h + 2ce™ 2493 H = 0,

which, by derivation with respect to x4, gives 03H = 0. Hence, H depends only
on x1 and thus
OFH + 2e93h = 0. (4.15)

We derive (4.13) with respect to x1, we deduce (since 91 K = 0) that 0 H = 0.
Thus H = axy + 8 where o, 5 € R.
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Replacing H in (4.15), we have d3h = 0, and we can conclude that h depends
only on xo. Because of (4.13), we then have K = (A — ) o3 + K (x3), where K is
a smooth function.

Next, taking the derivative of (4.14) with respect to xa, we prove, since dok =
0, that h = vy +0 where 7,0 € R. Hence, k = —yx; +k(x3), where k is a smooth
function. Thus, equation (4.6) yields fy = a— % Moreover, equation (4.7) implies
O3f2 = 0, that is, k' (z3)e 2% + K'(x3) = 0, which gives k’(z3) = K'(x3) = 0, and
so k(x3) = a and K(z3) = b, where a, b are arbitrary real constants. Therefore,
(4.12) becomes

fi = (ywa +6) €™ + oy + B, (4.16)
fo = (—yx1 + a) e 2T 4 (A—a)xy+b.

By equations (4.9) and (4.10), we have
f3 = )\x3 + 2x4 + Z(:Cl, xQ),

where L is a smooth function.

By equation (4.8) and using the second equation in (4.16), we prove that
OoL (w1, 12) = 4e (—yx1 +a). Then L (z1,x2) = 4e (—yx1 + a) 2 + L(x1), where
L is a smooth function, and so f3 = 2z4 + A\x3 + 4e (—yz1 + @) x2 + L(z1).

Thus, deriving with respect to x1 and using equation (4.5) and the first equa-
tion in (4.16), we obtain L(x;) = —4edx; + n where n € R. The calculations
above proved that the general solution of (4.2)—(4.11) is given by X = f101 +
f202 + f303 + f104, where

f1=(yza +9) e?®  axy + B, (4.17)
fo=(—yx1 +a)e 2 + (XA —a)xg + b,
f3 =2x4 + Axs + 4de (—yx1 + a) x2 — dedxy + 1),

A

f4:04—§

for arbitrary real constants a,b,«,3,7,d,n7. Therefore, the four-dimensional
Lorentzian generalized symmetric spaces admit appropriate vector fields for which
(1.1) holds. For any value of A\, we have the following result:

Theorem 4.1. A four-dimensional Lorentzian generalized symmetric space
of type C is an expanding, steady and shrinking Ricci soliton.

Now, let X = grad h be an arbitrary gradient vector field on the four-
dimensional Lorentzian generalized symmetric space (M, g) with potential func-
tion h. Then X is given by

grad h = 662w4 (61h) oL + 66_2964 (82h) Oy + 2 (84h) O3 + 2 (agh) 04.

By a standard calculation, we prove, using (4.17), that the four-dimensional
generalized symmetric space of type C is a gradient Ricci soliton if and only if

Oh = ee ** [(yzo + 8) ¥ + az1 + ], (4.18)
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Ooh = ee®™ [(—ya1 +a) e ™ + (A —a) a2 +b]
a A
h=2_2
%h=5"1

A
Osth = x4 + 503 + 2e (—yx1 + a) zo — 2edx1 + g

Deriving the last equation in (4.18) with respect to 3 and using the third equation
in (4.18), we prove that A = 0. Hence the Ricci soliton is necessarily steady. Next,
deriving the first equation in (4.18) with respect to z3 and the second equation
in (4.18) with respect to x1, we get v = 0. Now, taking the derivative of the last
equation in (4.18) with respect to x; and using the derivation of the first equation
in (4.18) with respect to x4, we obtain « = 3 = § = 0. Then the derivative of the
last equation in (4.18) with respect to xo gives (since dyh = € (a + be®™)) a =
b = 0. Thus, h depends only on z4. Integrating the last equation in (4.18) with
respect to x4, we deduce that

1
h:§(77+:1:4)x4+k, k,n e R.

Thus, we have shown the following corollary.

Corollary 4.2. A four-dimensional Lorentzian generalized symmetric space
is a gradient Ricci soliton if and only if it is steady. The potential function h =
h(xz4) is given by

1
h:§(n+x4)x4+k, k,neR.

Following [6], the existence of solutions to the Ricci soliton equation for dif-
ferent values of A appears to be related to the existence of Ricci and Yamabe
solitons on homogeneous spaces.

Thus, by Theorem 4.1, one can deduce that four-dimensional Lorentzian gen-
eralized symmetric spaces of type C are also Yamabe solitons.
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CoJtitorn Pid4di Ha JJopeHIeBUX YOTUPUBUMIPHUX
y3arajbHEHUX CUMETPUIYHUX MPOCTOPaxX

Amel Bouharis and Bachir Djebbar

JoBenieHo icHyBaHHsT HeTpuBiaJIbHUX (TOOTO, HEEHHINTEHHIBCHKIX) COJTi-
ToHiB Piudi Ha 4OTUPUBUMIPHUX JIOPEHIIEBUX y3arajbHEHUX CUMETPUTHUX
mpocTopax. Bijikin Toro, mokazaHo, IO TiABKHU CTiiiKi cositonn Pigui mo-
KyTh OYTH T'PaJi€HTHUMA.

KirrouoBi ciioBa: jiopemtieBa MeTpuka, cojitonu Piudwi, rpasmienTHi coJti-
Tonu Piudi, y3arajbHeHi CHUMETPUYHI ITPOCTOPH.
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