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We derive the long-time asymptotics for the Toda shock problem using
the nonlinear steepest descent analysis for oscillatory Riemann—Hilbert fac-
torization problems. We show that the half-plane of space/time variables
splits into five main regions: The two regions far outside where the solution
is close to the free backgrounds. The middle region, where the solution can
be asymptotically described by a two band solution, and two regions separat-
ing them, where the solution is asymptotically given by a slowly modulated
two band solution. In particular, the form of this solution in the separating
regions verifies a conjecture from Venakides, Deift, and Oba from 1991.
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1. Introduction

The investigation of shock waves in the Toda lattice goes back at least to the
numerical works of Holian and Straub [18] and Holian, Flaschka, and McLaugh-
lin [17]. A theoretical investigation was later on done by Venakides, Deift, and
Oba [38] employing the Lax—Levermore method. As their main result they showed
(in the case of some special symmetric initial conditions) that in a sector |%| <
&l the solution can be asymptotically described by a period two solution, while
in a sector |%| > &, the particles are close to the unperturbed lattice. For the re-
maining region . < |%| < & the solution was conjectured to be asymptotically
close to a modulated single-phase quasi-periodic solution but this case was not
solved there. Despite some follow-up publications by Bloch and Kodama [2, 3]
and Kamvissis [20] this problem remained open. The aim of the present paper
is to fill this gap. Our method of choice will be the formulation of the inverse
scattering problem as a Riemann—Hilbert problem and an application of the non-
linear steepest descent analysis developed by Deift and Zhou [7] based on earlier
ideas from Manakov [29] and Its [19]. For more on its history and an overview
of this method applied to the Toda lattice in the classical case of constant back-
ground we refer to [27] (cf. also [21,28]) and the references therein. Soon after
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the introduction of this method Deift, Kamvissis, Kriecherbauer, and Zhou [5]

applied it to another steplike situation, the Toda rarefaction problem. However,
only the case t — oo with n fixed was considered there. In fact, asymptotics
in the (n,t) plane require an extension of the original nonlinear steepest descent
analysis based on a suitably chosen g-function as first introduced in Deift, Ve-
nakides, and Zhou [6]. Recently this was done for the modified Korteweg—de
Vries equation by Kotlyarov and Minakov [24, 25, 32] and for the Korteweg—de
Vries equation by two of us jointly with Gladka and Kotlyarov [10]. However, all
these works have in common that the spectra of the underlying Lax operators
overlap and hence the associated Riemann surface is simply connected. While
Riemann-Hilbert problems on nontrivial Riemann surfaces have a long tradition,
see, e.g., the monograph by Rodin [34], the nonlinear steepest descent analysis in
such situations was developed only recently by Kamvissis and one of us [22, 23]
(see also [28,31]). It is our main novel feature in the present paper to formulate
the problem on a Riemann surface formed by combining both spectra and work-
ing on this surface. More precisely, in the most interesting region &1 < [¥] <
& we will work on a dynamically adapted surface.

To describe our results in more detail we recall that the Toda shock problem
consists of studying the long-time asymptotics of solutions of the doubly infinite
Toda lattice

{ b(n,t) = 2(a(n,t)® —a(n — 1,8)?),  (n,t) € Z xR, w1

a(n,t) = a(n,t)(b(n +1,t) — b(n,t)), (n,t) € Z xR,

with so-called steplike shock initial profile

a(n,0) = a1, b(n,0) — by, asn— —oo, (1.2)
a(n,0) = a, b(n,0)—b, asn— +oo, .
where the background Jacobi operators with constant coefficients
(Hy)(n) = ay(n — 1) + by(n) + ay(n + 1), nez, (13
(H1y)(n) = ary(n — 1) + biy(n) + ary(n + 1), nez, (14

have spectra with the following mutual location: info(H;) < info(H). These
spectra can either overlap or not, and it produces essentially different types of
asymptotic behavior of the solution.

For the steplike case in the general situation o(H;) # o(H) there are two
principal cases distinguished by the conditions info(H;) < info(H) (the Toda
shock problem) and info(H;) > info(H) (the Toda rarefaction problem). As
mentioned before, the Toda shock problem was studied partly in [38] for non-
overlapping background spectra of equal length, and the Toda rarefaction problem
in [5] using the Riemann—Hilbert problem approach for finite n only, as t — oo,
under the restriction that the spectra are again equal in length, non-overlapping,
and that the discrete spectrum is symmetric with respect to 0. An overview
on the asymptotic solution in the general situation can be found in [30]. The
rarefaction problem is discussed in [14].
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In this study we analyze the asymptotic behavior of the solution of the Toda
shock problem in the space-time half-plane (n,t) € Z xR in the case of arbitrary
non-overlapping background spectra sup o(Hy) < inf o(H). For ¢t < 0, the lattice
behaves as a solution of the so-called Toda rarefaction problem and will be con-
sidered in a forthcoming paper. We consider the value £ := % as a slow variable
and propose the precise form of the solution in a vicinity of the rays & = const
as usual. We only compute the leading terms of the long-time asymptotics of the
solutions, but in all principal regions of the space-time half-plane, excluding small
transition regions. To simplify our exposition, we assume that no eigenvalues are
present in the domain R\ [inf o(H;),sup o(H)|. They can easily be added using
the techniques developed in [28]. We suppose that there is one eigenvalue in the
gap (supo(Hy),info(H)) to compare our result with the results of [38]. We will
also not provide detailed error estimates or study the case of overlapping spectra

but defer these to forthcoming papers.
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Fig. 1.1: The case for a pure step with o(H;) = [-5,—-3] and o(H) = [-1,1],
without discrete spectrum.

In Fig. 1.1 the numerically computed solution corresponding to the initial
condition a; = 1/2, by = —4, a = 1/2, and b = 0 is shown. The left picture
depicts the function n +— a(n,t) at a frozen time ¢ = 90. In areas where the
function seems to be continuous this is due to the fact that we have plotted
a large number of particles (around 800) and also due to the 2-periodicity in
space. So one can think of the two lines in the middle region as the even- and
odd-numbered particles of the lattice.

Let us give a short qualitative description of our result. There are five
principal regions on the half plane (n,t) divided by rays n/t = &, with £ =
gcr,lagér,lafcr,[)a éér,gcr where écr,l < 527«,1 < écr,O < éér < &er. In the domain § >
&.r, the solution is asymptotically close to the constant right background solution
{a,b}, and in the domain £ < &1 it is close to the left background {a;,b;}. In
the domain £, < £ < &, there appears a monotonous smooth function v(¢) € R
such that v(¢.,.) = supo(H1), v(&er) = inf o(Hy). When the parameter ¢ starts
to decay from the point &.., the point y(§) “opens” a band [inf o(H1),v(§)] (the
Whitham zone). This interval and o(H) can be treated as the bands of a (slowly
modulated) two band solution of the Toda lattice, which turns out to give the
leading asymptotic term of our solution with respect to large t. This two band so-
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lution is defined uniquely by its initial divisor. We compute this divisor precisely
via the values of the right transmission coefficient on the interval [inf o (H;), ()]
(see formulas (5.14), (5.25), (5.26), (5.34), and (5.35) below). Thus, in a vicinity
of any ray % = { the solution of (1.1), (1.2) is asymptotically finite-gap (Theo-
rem 5.5). This asymptotic term also can be treated as a function of n, , and %
in the whole domain ¢(¢}, +¢) < n < t(§ —¢). A numerical comparison between
the solution and the corresponding asymptotic formula in this region is shown in
Fig. 1.2. Next, in the domains &0 < € < &, and £,.; < § < &0, the asymp-
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Fig. 1.2: Comparison between the solution (black) and the asymptotic formula
(gray) in the region £, < & < &

totic of the solution of (1.1), (1.2) is described by two finite-gap solutions. They
are connected with one and the same intervals o(H;) and o(H) and the initial
divisors (or shifts of the phase) do not depend on the slow variable &, but differ
due to the presence of the soliton. The situation in the domain &1 < § < 5(’:,,71
is similar to the Whitham zone described above. There appears a monotonous
smooth function v1(§) € R such that v1({er1) = supo(H), 11(&,,.;) = info(H).
The finite-gap asymptotic here is again local along the ray, and is defined by the
intervals o(H;) and [y1(§),supo(H)].

We do not study the transitional regions in vicinities of the points inf o(H7)
and supo(H), but one can expect the appearance of asymptotic solitons here
(see [1]). We emphasize that the RH problem with jumps on several disjoint
intervals was first treated rigorously in [8]. Among the results of this seminal
paper was a formula for the leading term of the asymptotics for coefficients of the
respective Jacobi matrix, given in terms of a quotient of theta functions. However,
from that formula it was hard to see that it is a finite-gap Jacobi operator, which
was later shown in [15]. In contradistinction to the situation considered in [8,15],
in the present paper the jump contour of the limiting RH problem depends on the
variable &, which dictates a special choice of the g-functions to replace the phase
functions. We choose these g-functions as linear combinations of Abel integrals of
the second and third kind such that we can easily control the lines where Reg = 0
(cf. Fig. 3.5 below). To study the specific properties of the g-functions in detail it
is convenient to use standard properties of the associated Riemann surface, which
pushed us to consider the RH problem on the Riemann surface. We emphasize
that this approach leads to quite simple and natural asymptotic formulas for the
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solution of (1.1), (1.2), which are exact finite-gap solutions of the Toda lattice
considered in a small vicinity of the ray £ = const.
2. Statement of the Riemann—Hilbert problems

To set the stage we describe the class of initial data which we study. Without
loss of generality, by shifting and scaling of the spectral parameter of the Jacobi
spectral equation

(H(t)Y)(n) :==a(n —1,t)p(n — 1)+ b(n,t)yb(n) + a(n,t)y(n+ 1) = Mp(n) (2.1)

we can reduce the asymptotics of the initial data to

1
a(n,0) — 2 b(n,0) — 0, asn — +oo, (2.2)
a(n,0) —»d, b(n,0) = —c, asn— —oo,
where ¢,d € R are constants satisfying the conditions
c>1, 0<2d<c—1 (2.3)

The spectra of the free (background) Jacobi operators (1.3), (1.4) are given now
by o(Hi) = [—¢ — 2d,—c+ 2d] and o(H) = [-1,1]. We suppose that the initial
data decay to their backgrounds exponentially fast

Zevn <|a(—n, 0) — d| + [b(—n,0) + ¢| + |a(n,0) — %| + |b(n, 0)|> < oo, (2.4)
n=0

where for a small positive ¢
coshV = max {c+2d, (1 +¢)(2d) "} + 2. (2.5)

Let a(n,t), b(n,t) be the unique solution of the Cauchy problem (1.1) with initial
condition of the type (2.2)—(2.5). It is known (see [12, Lemma 3.2], [37]) that the
decay condition (2.4) is preserved by the time evolution of the Toda lattice, and
therefore for any fixed ¢ the solution a(n,t), b(n,t) is exponentially close to the
background constant asymptotics as n — £oo.

The spectrum of the Jacobi operator H(t) consists of an (absolutely) contin-
uous part [—c — 2d, —c¢ + 2d] U [—1, 1] of two nonintersecting bands of spectra of
multiplicity one, plus possibly a finite number of eigenvalues. For simplicity we
assume in addition to (2.3) and (2.4) that

the discrete spectrum of H(0) consists of one point A\g € (—c+ 2d,—1) (2.6)

such that we can compare our results with [38], where a single soliton is present.
It is easy to extend our result to an arbitrary finite number of eigenvalues using
standard techniques [26].
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2.1. Elements of scattering theory. In this paper we will use either
left or right scattering data of the operator H(t), depending on which region of
the space-time half-plane we investigate, and apply the Riemann—Hilbert (RH)
problem approach in vector form (cf. [5]). To this end we recall some facts
from scattering theory of Jacobi operators with steplike backgrounds from [11].
Instead of the complex plane with a cut along the continuous spectrum consider
the spectral data of H(t) on the upper sheet of the Riemann surface M connected
with the function

RYZ(\) = =/ (A2 = 1) (A + )2 — 4d?)), (2.7)

where v\ = |ﬁ|em§w, —m < arg(A) < m, is the standard root with branch cut
along (—o0,0]. A point on M is denoted by p = (A, £), A € C, with (oo, %) :=
oot. The projection onto C U {oo} is denoted by m(p) = A. The sheet exchange
map is given by p* = (A, F) for p = (A, £). The sets

Iy ={(A,+) [A€C\ (c(H1)Uo(H))} CM, I ={p"|pely},
are called upper, lower sheet, respectively. Denote

Yu={p=(A+1i0,4)}, Se={p=0A\-i0,+)}, I€o(H),
S1.={p=0A+10,4)}, Ziy={p=NA-10,4)}, Xe€o(Hi), (2.8)

and X = X, Uy, X1 = Xq, U1 We consider ¥ and ¥ as clockwise oriented
contours, when looking on the upper sheet. For any function f(p) holomorphic
in a neighborhood of I' := >; U on Il and continuous up to the boundary, we
consider its value on the contour as

fp) = p,elliqrélﬁpf(p'), pel. (2.9)

The points p = (A +10,+) and p = (A — 10, +) are called symmetric points of T.

On Iy, introduce two new spectral variables z(p) and z;(p), with |z(p)| < 1
and ’21(]7)‘ < 17 by

2p) = A=V =1, z(p) = 271d ()\+ c—vV(A+¢)?— 4d2> : (2.10)

These variables are different Joukovski transformations of the spectral parameter

1
A= (e+27) =—ctd(atz).

The functions y(A,n) = z(p)™ and y;1(A\,n) = z1(p)~ " are the “free exponents”
connected to the background operators H and Hi, respectively.

On closIly := Iy UT, there exist Jost solutions ¢ (p,n,t) and ¥ (p,n,t) of
the equation

H(t)p(p,n,t) = po(p,n,t), p € closlly, (2.11)
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which asymptotically look like the free solutions of the background equations,

lim Z_n(p),(vb(pan?t) =1, lim Z?(p)wl(pﬂ,l’?t) =1, pé€closlly.

n—oo n——oo
These solutions satisfy
v(@,n,t) =¢pnt), pel; Ypnt)ER, peR\o(H),
¢1(pan7t) = @51(29, nvt)a peE El; ¢1(pan,t) € Ra pe R \ J(Hl)'

They can be represented via the transformation operators

(2.12)

—0o0

Y1(p,n,t) = Z Ki(n,m,t)z1(p)~"™, (p,n,t) Z K(n,m,t)z(p)™,

m=n
where the real-valued functions K (n,m) and K;(n, m) satisfy due to (2.4), (2.5)

(n+M)

Ki(n,m,t) < Ci(n,t ,  m<n;
= ne 219
K(n,m,t) < Cy(n,t)e 2, m > n;
Ki(n,n,t) =14+ 0(""), n— —oc; (2.14)
K(n,n,t) =1+ 0@ ""), n— foo '
Introduce two values p; > 1, j = 1,2, such that
prtpt = (@) (140 +2e, patpy’ =2(c+2d+e) (2.15)
Let ® be a domain in Il defined by
D={peclly: 1<|z7'(p) < p1, 1 <]z (p)| < p2}- (2.16)

The constants p; are chosen in such a way that each pre-image of the circles
12(p)| = py!' and |z1(p)] < py' on Iy, which is an ellipse, contains both X
and ;. On the other hand, p; < V, respectively, |27 (p)| < V, |27 (p)] < V
uniformly in ®. Thus one can introduce a solution of (2.11), which is an analytic
continuation of ¥(p,n,t) (respectively, ¥1(p,n,t)) to ©, usually defined on X
(respectively, ¥1)

P1(p,n,t) = ZKlnmtzl(p), p,nt ZKnmt p)~ ™"

From (2.13), (2.14) it follows that

W1, 010 (p,t) =/ (p— )2 —4d2, (Y, ¥)(p,t) = —/p*—1, peD, (2.17)

where <f,g>(p, t) = CL(TZ - 1,t)(f(p,n - 1,t)g(p, nvt) - f(pa n t)g( -1 t))
the Wronskian of two solutions of (2.1). Denote by W(p,t) = <w1,w)( p,t) the
Wronskian of the Jost solutions. By (2.6), W(p,t) has on Il the only simple
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zero at pg = (Mg, +) and does not vanish on 3 except at possibly the edges of the
continuous spectrum 0o := {—c — 2d, —c + 2d} U {—1,1} = do(H;) U do(H). If
W(E,t) =0 for E € do, we call the point E a resonant point. If F is a resonant
point then W(p,t) = C(t)\/p — E(1 4+ 0o(1)) as p — E, with C(¢t) # 0 for all ¢ €

R,.
The Jost solutions satisfy the scattering relations
T(p, t)¢r(p,n,t) = P(p,n,t) + R(p, )¢ (p,n,t), peX, (2.18)
Tl(pat)¢(pan7t) = wl(p7n7t) +R1(p>t)w1(p7nat)’ pe Ela (219)

where T'(p,t), R(p,t) (respectively, T1(p,t), Ri(p,t)) are the right (respectively,
left) transmission and reflection coefficients. They satisfy

T(p,t) =T(p,t), R(p,t)= R(p,t), peZ,

Tl(ﬁv t) - Tl(p7 t)v Rl(T%t) = Rl(pvt)7 pE 217 (220)
and the identities
T(p,t Ti(p,t
p.t) _ R(p,t), pex, 1Y) _ Ri(p,t), pe€Xi. (2.21)
T(p,t) Ti(p, 1)

If the coefficients of the Jacobi operator H(t) tend to their constant asymptotics
with finite first moment (which is a more general situation than (2.4)), then the
transmission coefficients can be continued as meromorphic functions on Iy with
a simple pole at pg = (Ao, +), and satisfy

Vpr—1 (p+c)? — 4d?
= T = los Iy;. 2.22
T(p,t) Wip,t) Ti(p,t) Wi D) , p € closlly ( )

Moreover, T'(p, t) (respectively, T1(p,t)) is continuous in a vicinity of I' = ¥ U ¥
up to the boundary, excluding possibly the points do(H;) (respectively, do(H)),
where a discontinuity can appear due to the resonance. If £ € Jdo(Hy) (re-
spectively, E € do(H)) is the resonant point then T(p,t) = O((p — E)~/?)
(respectively, T (p,t) = O((p — E)~'/?)), i.e., this transmission coefficient has a
simple pole at such a point.

Now we observe that under condition (2.4) the reflection coefficients can be
continued in the domain ©. It is natural to continue them via (2.18) and (2.19),

)

¢(pan>t) = T(pvt)wl(pa nat) - R(pvt)w(pv’nwt)’ pe ©7
il(pa n>t) = Tl(p7t)w(p7n7t> - Rl(p> t)wl(panat)7 pe 97 (223)

which is the same as to introduce them as usual via Wronskians (see (2.17) and
(2.22)),
<'¢17 ¢>(pat) <¢’ ¢1>(p7t)

Wip,t) W(p,t)
In particular, (2.23) implies that both reflection coefficients also have simple
poles at pg. Moreover, a pole for R(p,t) (respectively, Ri(p,t)) at the edge points
of 0o (Hy) (respectively, do(H)) also appears in the resonance case. Thus, the
following is valid:

Ri(p,t) = R(p,t) = —
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Lemma 2.1. Let © be defined by (2.15), (2.16). Then the functions

T(p7 t)wl (p7 n, t) - R(pv t)¢(pv n, t) and Tl (p’ tW’(Pa n, t) - Rl (p7 t)¢l (pv n, t)
are holomorphic in ® and continuous up to the boundary I' =X U 3.

Note that the time evolution of the scattering data preserves its form after
analytical continuation. Set

o(p) = =(2(p) — 2 M(p),  d1(p) =d(27"(p) — 21(p)),
and denote

/Bil(t) = Z(w(po,n,t))2, 61_1(75) = Z(wl(p()?nvt))Z? B = /81(0)7 B = ﬁ(0)7

nez nez

and T'(p) = T(p,0), T1(p) = T1(p,0), R(p) = R(p,0), R1(p) = Ri(p,0), then we
have

T(p,t) = T(p)e PP T1®) Ty (p 1) = Ty (p)e!@PHo1)) -y € 11y,
R(p,t) = R(p)e*t*®), Ri(p,t) = Ri(p)e¥ 1@ peD, (2.24)
B(t) = Be?toro) Bi(t) = Bye2torro),

2.2. Statement of the Riemann-Hilbert problem. Let m(p) =
(m1(p), ma2(p)) be a vector-valued function on the Riemann surface M, which
has a jump on the contour I', oriented clockwise. We will denote

— i - — 1
m4(p) Cenégperm(@’ m_(p) Cengrgperm(o

at the same point p € I'. In general, for an oriented contour 3 on M, and for a
function f(p) on this surface, the value fy(p) (respectively, f_(p)) will denote the
nontangential limit of the vector function f(¢) as ( — p € 3 from the positive
(respectively, negative) side of 2, where the positive side is the one which lies to
the left as one traverses the contour in the direction of its orientation.

We say that the vector-function m satisfies

e the symmetry condition if
% 0 1
m(p*) =m(plo; or:={, 4]; (2.25)

e the normalization condition if there exists

pli)géi m(p) = (mq(co4), ma(co+))

and
mi(oog) -ma(oog) =1, my(oox) > 0. (2.26)
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On Iy define two vector-valued functions m(p) = m(p,n,t) and m!(p) =
m* (p,n,1):

’I’)’L(p) = (T(pvt)wl(pan7t)zn(p)v w(pvna t)z_"(p)) )
ml(p) = (Tl(p) t)l/}(p,n,t)zl_n(p)7 1/11(]77”,75)2?(?)) .

They are considered as functions of the variable p, and n and t are parameters.

(2.27)

Lemma 2.2 ([11]). The functions m(p) and m*(p) have the following asymp-
totic behavior as p — 004-:

) = (A (1= 2R ) s (14 250
+o(%).
) = (i) (1= PO ) s (100 200

+0 (;2) . (2.28)

where
A(?’L,t): H2a(]7t)v B(nat):_ Z b(]7t)7
j=n j=n+1
n—1 CL(] t) n——:
Ai(n,t) = AH . Bi(n,t) = — .Z (c+b(j,1)). (2.29)

Extend the functions m and m; to Il by the symmetry condition, m(p*) =
m(p)oy, m1(p*) = my(p)o1. Evidently, this extension produces jumps along T
To apply the nonlinear steepest descent method we have to describe the jumps
along I' by matrices depending on a large parameter ¢ and on a parameter & =
%, which does not change much (the slow variable). To this end, introduce the

phase functions ®(p) = ®(p, &) and ®1(p) = P1(p, &) on Iy,

®1(p) =d (27 (p) — 21(p)) — €log 1 (p),
1

®(p) = 5 (2(p) = 27 (p)) + log 2(p), (2.30)

and continue them as odd functions to Il

D(p*) = —0(p), P1(p") = —P1(p). (2.31)

This corresponds to the continuation z(p*) = 2~ !(p) and 21(p*) = 2; ' (p), which

is natural for the Joukovski transformation. With this continuation, z and z1 are
not holomorphic on M; z(p) has a jump on ¥; and z;(p) has a jump on X. In
particular,

21(p) = 21(p) = 2, '(p*) €R, peE, (2.32)
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and z(p) is real-valued with the same type of jump on X;. Denote

x(p)=— lim _Ty(p,0)T(p',0), peTl. (2.33)
p' €lly—peEX

We observe from (2.22) that

x(p) =ilx®), peTu, x() =-ix®)| pely, (2.34)

(cf. (2.8)), and therefore x(p) = —x(p) for p € T".

Theorem 2.3. Suppose that the initial data of the Cauchy problem (1.1)

satisfy (2.2)~(2.5). Let {R(p), p € ¥; Ri(p), p € X1; x(p), p € T; po = (Ao, +),
B1, P2} be the scattering data of H(0). Then the vector-valued functions defined
in (2.25) and (2.27) solve the following Riemann—Hilbert problems:

L

II.

The function m(p) = (mi(p), ma(p)) (respectively, m*(p) = (m1(p), m3(p)))

is a meromorphic function on M\ T' with a simple pole at py for mi(p) (re-
spectively, mi(p)) and a simple pole at pj for ma(p) (respectively, mi(p)).
It is continuous up to I' except at the points (—c — 2d,£) and (—c + 2d, +)
(respectively, (1,4) and (—1,4)), where my(p) (respectively, mi(p)) admits
a square root singularity O((p — E)~'/2) from the upper sheet, and ms(p)
(respectively, m3(p)) from the lower sheet.

They satisfy the jump conditions m(p) = m—_(p)v(p), mk (p) = m™ (p)vi(p),

where

v(p) = (R@)SM)(M _R(p)(i2t¢’(p)> | e
u(p) = (X(P)et(‘1>+1(p)<1>_(p)) (1)> | . (2.35)
vi(p) = (Rl(p)22t<1>1(p) _Rl(mi_%@l(m) ; p € X,
o1 (p) = (X(P)et(q>1,+1(p)—‘1>1,(p)) (1)> | e .

III. They satisfy the pole conditions

Resp, m(p) = (@ma(po),0), Resy: m(p) = (0, Qmi(pp)) (2.37)
Resp, m' (p) = (Q1my(po),0),  Resyym'(p) = (0,Qumi(pg)),  (2.38)

where

Q= Q(t) =/} — 1826"7®), Q1 = Qu(t) = v/{po + 07 — 2B,

IV. They satisfy the symmetry and normalization conditions.
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Proof. Use (2.12), (2.18)—(2.20), (2.21), (2.24)~(2.26), and (2.31)—(2.33).
Condition I takes into account possible resonances, which produce poles of
the transmission coefficients on the Riemann surface at the respective branch
points. ]

Lemma 2.4. Fach Riemann—Hilbert problem 1-IV has a unique solution.

Proof. Since the RH problems for m and m! can be easily transformed into
each other by a simple conjugation it suffices to study the uniqueness of m. Let
f="(f, f2) and g = (g1, g2) be two solutions satisfying I, (2.35), (2.37), and IV.
For convenience we consider them as in Section 8 as functions on the Riemann
surface M of VA2 — 1. The contour ¥; transforms to two contours: the interval
Iy = [-c — 2d, —c + 2d] on the upper sheet of M oriented in positive direction,
and /7 on the lower sheet with negative orientation, with jump matrix

. 1 0

U(p) - (X(p)e%q)(p) 1> ) p € I,
o(p) = a1(6(p*)) Lo, pelf,
v(p) = v(p), pe.

Let

[ filp) fa(p) <
Sp) = (gl<p> 92@)) » PEM,

then the scalar function s(p) = det S(p) has no jump since detv(p) = 1. More-
over, s(p) has no pole at the eigenvalue py and is holomorphic on M except at
four points (—c—2d, +), (—c+2d, &) (these are no longer branch points on M) in
the case of resonances, where s(p) = O((p + ¢ #+ 2d)~/?). Since s(p) is bounded
at ooy, then s(p) = const by Liouville’s theorem. The symmetry condition (2.25)
implies s(p) 4+ s(p*) = 0, hence 2s(1) = 0 and s(p) = 0. R

Therefore f(p) = c¢(p)g(p), where ¢(p) is a scalar function without jumps on M,
and lim;,_,o, ¢(p) = 1 by the normalization condition. Hence to show uniqueness,
it suffices to show that the associated vanishing problem, where the normalization
condition (2.26) is replaced by the condition that the first component of m(oco.)
vanishes, has only the trivial solution. To this end we introduce the meromorphic
differential ]

i) = —P ) el
Ve ’ ’
with simple poles at cox. A brief inspection shows that df2 is positive on ¥ and
i~1dQ is positive in I;.

Let m be a solution of this vanishing problem and let C be the closed contour
from Fig. 8.2 oriented counterclockwise. Denote by m' the adjoint (transpose
and complex conjugate) of a vector/matrix. Since there is no residue at oco; we
obtain 0 = [, m(p)m!(p*)dQ(p), that is,

. PPN rp— i
27i Resy, (m(p)me*)) ——=
Do — 1
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/ ()i (FF)dp) — / A (p)ymt (77)dn(p) + / A (p)t (p)a0p)
I I b))

| (Ao o) - ol ) d2o) + [ )it )ao)

I >

3

Using the pole condition (2.37), the jump conditions

'fr\Ll’Jr - T/fLL, == XthRe(DﬁLQ,,, fI\’L27+ = T/T\L27,, on Il, (239)
'fr\Lz’Jr == 7/7\127, - Ee_2t¢ﬁ117,, fI\’LL+ == Rth(DTTLQ,,, on E, (240)

together with x(p) = i|x(p)|, p € I1, and Re ®(p) =0, p € X, imply

0=2 [ |x(p)e* Py _(p )I2id9(p)+/ 2~ (p)*d(p)
Iy P

+ 47 Ba| 2 (po) |2 ®#0) 4+ 2iTm / R(p)e** P iy _ (p)ima — (p) dQU(p).
>

Since the first three summands are positive and the last one is purely imaginary,
this shows mg _(p) = 0 for p € I; UX. By (2.39) ma 1 (p) = ma,_(p) =0 for p €
I and so my also has no jump along I;. In particular, m is holomorphic in a
neighborhood of I; and consequently vanishes on the upper sheet. By symmetry
it also vanishes on the lower sheet which finally shows m(p) = 0 and establishes
uniqueness. ]

Our aim is to reduce these RH problems to model problems which can be
solved explicitly. To this end we record the following well-known result for easy
reference.

Lemma 2.5 (Conjugation). Let m be a solution of the RH problem m4 (p) =
m—(p)u(p), p € S, on a Riemann surface M which satisfies the symmetry and
normalization conditions. Let S} be a contour on M with the same orientation as
Y on the common part of these contours and suppose that S and % contain with
each point p also p*. Let D be a matriz of the form

o) = ("0 0 = e (g 1),

where d : M \ S Cisa sectionally analytic function with d(p) # 0 except for a
finite number of points on X. Set

m(p) = m(p)D(p), (2.41)

then the jump matrixz of the problem my = m_v is

~ 511 1712d2 ~ ~ o~
v=1\{~ _ = , eX\ (XN,
<U21d S ) pEXA( )
. (Undtd- adid- - &
=1~ ~ XN
v (Ugldi_ldzl U22d:1d+ p € n ’
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o (ditd- 0 o e
U—( 0 d:1d+>’ pe X\ (¥NX).

If d satisfies d(p*) = d(p)~! forp € M\f], then the transformation (2.41) respects
the symmetry condition (2.25).

In addition to this lemma we will apply the technique of so-called g-functions
in the form proposed in [24]. In contradistinction to [24] we work on the Riemann
surface, and these g-functions are in fact Abel integrals on modified Riemann
surfaces which are “slightly truncated” with respect to M and depend on the
parameter £&. These Abel integrals approximate the phase functions at infinity
up to an additive constant, and transform the jump matrices in a way that allows
us to factorize them and to get asymptotically constant matrices on contours. The
respective RH problem with constant jump is called the model problem and will
be solved explicitly for our case. In the next section we rigorously study the
analytical properties of the g-function which approximates the phase ® in one
of the domains, and then list analogous properties of the other g-functions in
Section 6.

3. g-function: existence and properties

3.1. Boundaries of regions. We start with properties of the phase func-
tions which would be desirable to be “inherited” by the g-functions. In accordance
with (2.30) and (2.31) we represent ®(p) and ®;(p) via the integrals

P P
_ ﬁd)\’ B (p) = Atets o
1 VAZ -1 —c+2d /(A + ¢)? — 4d?
Evidently (2.31) is valid. The function ®(p) has a jump along the contour ¥;

and no jump on X, respectively, ®; has a jump along ¥ and no jump on ¥;. For
p € Uy,

®(p) = (3.1)

O (p) = £in€ + Re ®(p), for m(p) € (—o0, —1],
@, 1 (p) = Fin€ + Re 1 (p), for m(p) € (—o0, —c — 2d|, (3.2)

with the natural symmetry on the lower sheet. The jumps of the phase func-
tions along these intervals are equal to 2”% up to a sign, which implies that
et(®1+(P)=®1,-(P)) = 1 along contours on II;; and II;, with projection on (—00, —c—
2d], and e!(®+(®)=®-(P)) = 1 along two contours with projection on (—oco, —1]. The

phase functions have the following asymptotic behavior as p — ooy
1 _
®(p.§) = —p — {logp —Elog 2+ 5+ Ofp %),

1 _
1(p€) =p+Elogptec—glogd+ (6 —24°) +0(p™).  (33)
We observe that the graph Re ®(p,£) = 0 (respectively, Re®1(p,&) = 0) on
clos(Ilyr) consists of two curves. One of them is the contour ¥ (respectively, 1),
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and the other one crosses the real axis at the point 7 (respectively, 11). If there
is no confusion, we consider the real numbers 7, 11, and £ as points on Il when
necessary. In particular, to evaluate the point 1 observe that for & > 1, the
function ®(p, &) maps the upper half-plane C* C Iy conformally to the domain
that lies below the polygon in the right picture of Fig. 3.1. The line Re ®(p, &) =
0 starts at n < —¢ for which

®(n,€) = ¢(=1,¢). (3.4)

Fig. 3.2 demonstrates that the curve Re ®(p,£) = 0 starts at n = —£ when & €
[—1,1].

\\R,e@ =0 L0 = ®(1)
=3 3 O (p) (=5 [a(-1)
n -1 1 ~ 1 2(n)
Re® = Oi*iﬂh

Fig. 3.1: Conformal map ®(p,&) for £ > 1 and p € Iy, Imp > 0.

Red =0 gen
: (1) =0
(p)
- . - o)
Re® = Oifiﬂh
Fig. 3.2: Case £ € (—1,1).
The signature table on M for ®(p) in the case n € I} = [—¢ — 2d, —c + 2d]

is given in Fig. 3.3. We observe that as the parameter ¢ decreases from +oo to
—00, the point 7 increases from —oo to 400 and the point 77; decreases from +o0
to —oo. One can expect from the signature table in Fig. 3.3 that for { = 3 > &,
where &, corresponds to n = —c — 2d, the asymptotic behavior of the solution of
(1.1), (2.2)—(2.5) will be close to the coefficients of the right initial background
operator H. Respectively, if { < &1, where &1 corresponds to n; = 1, the
solution will be close to the coefficients of the left background operator H; (see
Section 8). According to (3.4), &, is the solution of the equation ®(—c—2d, &) =
®(—1,¢). From (3.1) we obtain

Er = ((c+2d)2 = 1)"% log™ (c +2d + ((c + 2d)% — 1)1/2> . (35)
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On II: On II;:
n Re® =0 B _ \Re®=0 n
n Re® =0 n* Re® =0
I by Iy by
+ - - +

Fig. 3.3: Signature table of Re ®(p) for n € I;.

Here the positive value of /- is used. In turn, the point &..; is the solution of
the equation ®;(1,£) = 0, that is

€t = ((1+ )2 — 4d2)"? <log 2d — log (1 Yot (1+e)?— 4d2)1/2>>71 . (3.6)

We observe that &1 < —2d and & > 1, therefore &1 < &.. To determine the
parameters which distinguish four other regions of the (n,t) half plane where the
solution has different types of finite-gap asymptotic behavior, we introduce the
points vy, v € (—c + 2d,—1) such that

! ()\_I/2)(A+C—2d) o -1 ()‘_Vl)(/\+1> B
/—c+2d RY/2()) d\ =0, /—c+2d RU2(\) d\=0. (3.7

Explicitly one obtains

), (3.8)

14

(c—2d)I; + T b I+ T, _ /—1 Y
(c—2)To+T" 2 To+Zi ' ) craa RVZ(N)

where the integrals 7, can be explicitly evaluated in terms of Jacobi elliptic func-

tions [4] yielding

2 —(2d+1)? o 2
2 —(1-2d)% /2 —(1-2d7

1—c+2d
C

Ty = 5 (dK (k) + (1 —c = 2d)(1 + ¢ = 2) E(k)) — .

To=CK(k), k=

Set
g =—vy—2d, §ér’1 =-—v; —c+1. (3.9)

Since vy, vy € (—c+2d, 1), then |[vy — 11| < —1+4c—2d. Therefore, ., <&,

To compute the critical value &..o which corresponds to the eigenvalue Ao,
introduce two functions 411 (§) < p2(§) uniquely defined by (7.1) for € € (&,.1,&.,.)-
Observe that for ¢ = £, we have 1 = —c + 2d and ps = v5. Respectively, for
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&= §£T71, p2 = —1 and pp = 1. Since A\g € (—c+ 2d, —1), the parameter & ¢ is

defined by
O = ) (A — p)
dx =0, 3.10
L, "R (310
and therefore 5&,1 < &ero < &, In fact, the following inequalities are valid
gcr,l < gér,l < fcr,O < §ér < fcra (3'11)

where the parameters & are uniquely defined by (3.5)—(3.10) and (7.1). These
inequalities define three regions with different g-functions. In the region £ €
(&rs Eer) (vespectively, & € (€er1, €irq))s @ g-function will be a good approxima-
tion for the phase function ® (respectively, ®1), in the middle region a g-function
will approximate both phase functions up to the sign. More precisely, in the right
(respectively, left) region we study the RH problem associated with the right (re-
spectively, left) scattering data and in the middle we study both problems and
compare solutions. The inequalities (3.11) can be verified directly, but we get
them as a byproduct of existence of such g-functions.

3.2. Definition and properties of the g—function for ¢ € (£, & ).
With the boundaries of the domains in place, we start by introducing the g-
function for &, < & < &,. Consider two real-valued functions, v(§) € (—c —
2d,—c+ 2d) and p(€) € (y(€),—1), such that the following two conditions are
satisfied:

c+2d+ (&) + 2u(f) = —2¢, (3.12)
and
A=A =7)
B = e el (3:19)
where

RY2(\, ) = =/ (X2 =D (A + c+ 2d)(A — 7). (3.14)
Evidently, we can always choose two points v € (—c — 2d, —c + 2d) and u(y) €
(v, —1) such that (3.13) holds true. Hence our aim is to show that in the given
region, (3.12) can also be satisfied.
Lemma 3.1. For any & € (.., &) the following is valid:
(i) There exist points y(§) € (—c —2d,—c+2d) and p(§) € (v(§), —1) satisfying
(3.12), (3.13), they can be chosen uniquely.

(ii) There exist points v1(€),h(§) € (v(§), —1) and v2(§) € R such that

= mEN =€) _
RI2(,~(€))

(X, €) + &w(X, §), (3.15)

where

(A = ()X = m(9))
R2(A(8)

wr €)= P M

b8 = = R20A(0)
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with
—1

-1
a QN &) d\ = 0; b w(N, &) dA=0, 3.16
()/m<£> (>/m<s> (3.16)

and

QA =-14+0(172), w\§ = —% +0(\2), asA—oo.  (3.17)

(iii) The following formula is valid

06 RV2(A\~(€))

(iv) The point (&) moves continuously to the right from (&) = —c — 2d to
v(&,) = —c+2d as & decreases.

This Lemma is proved in Appendix A.

Now, let M(&) be the Riemann surface of the function (3.14), and denote by
Iy (€) and IIL(§) its upper and lower sheets. Set I(&) := [y(£),—1] and Iy :=
(—00, —c — 2d], and consider these intervals as contours on I (§) oriented in
positive direction.

i 1(¢)
[y —c—2d ~(€) 1 1
i I*(¢)
1153

Fig. 3.4: The Riemann surface M(¢).

Let I*(£) and I5 be the respective contours on I, (£) with negative direction.
Denote D(&) := M(&)\ (L(§) U I* (&) U Io U I5) and for p € Iy (§)NID(E), introduce
the function

P A= p(&)A—(8)
= = dA 3.19
and continue it as an odd function to the lower sheet,
9(p*) = —g(p). (3.20)

Then ¢ is a singe-valued function on D(£). By (3.12), it has the asymptotic
behavior

2k(&) — 1

o +0(p~%) asp — ooy, (3.21)

D(p,&) —g(p, &) = K(§) —
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where k() is the real-valued coefficient for the term of order % in the expansion
of g(p, &) with respect to large p € II7(§), and

(@ —p@vVe—a) =+ )
V@2 —1D(z+c+2d) Va2-1

3.22
A——+o00 1 ( )

A
K(¢) = lim (
is a real constant.

Lemma 3.1, (ii), (iii), demonstrates an essential property of the g-function. It
is an Abel integral on the Riemann surface M(&) which is represented as a linear
combination of the normalized Abel integrals of the second and third kind, see
Section 5 for details. Both Abel integrals of the second and third kind depend
on the parameter £, but (3.18) shows that the derivative of the g-function with
respect to & can be expressed in terms of the Abel integral of the third kind only.
Another important property of the g-function is depicted in Fig. 3.5.

Reg=0

+

Fig. 3.5: Sign of Reg on Iy (&).

We observe that the curve Re g = 0 crosses the real axis namely at the branch
point y(§), which allows us to control the signature of the real part more accu-
rately. The signature table for Re g has opposite signs on the lower sheet due to
(3.20).

To describe the jumps of g(p,§) on I(£) UI*(§) U Iy U I3, denote

YO A= p@))A=~(9) ,, . DOV = w(©)) (N = 7(9)
/. R +i0,4() 7 B /, R+ 10,1()

where the integration is taken on Il (£). Abbreviate I'(§) := ¥1(£) U X, where
Y1 () is the contour on M (&) along the interval [—c—2d, vy(§)], oriented clockwise.

= iB/ (g) 9y

Lemma 3.2. The function g(p) satisfies the following properties:

9(p,€) = —9(p,§) € iR, peT(&), (3.23)
ello+(PE)—9-(p8)) — G2itB(E) p e I(E)UT* ), (3.24)
et(g+(p7§)_g*(p7€)) — 1’ D & _[2 @] I; (325)

Proof. Property (3.23) follows from (3.13). Moreover, it is evident that

9+(p, &) — g9-(p,§) = —2iB'(¢), for p € 1(&) UT*(¢), (3.26)
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9+(p.§) — 9-(p,§) = —2i(B + B)(§), forpe LU I;. (3.27)

Let C, be a circle with radius p and clockwise orientation enclosing the interval
[—c — 2d,1] on the upper sheet. By (3.13),

_ f A=A =) ,\ _ . :
PO = P pa) = HBO + B ©)

On the other hand,

—9riRes. ATHEOIA=E))
P() = 2miResoo, =003 2(6) 2iss
due to (3.3) and (3.12), which implies (3.21). Hence
B(&) + B'(§) = —~¢, (3.28)

which justifies (3.27). Since { = %, we obtain tP(§) = 27in and thus (3.25). We
also replace the jump (3.26) by the jump

g+, &) — g9-(p,§) = 2iB(§) + 27, pe [(§)UI (),

from which (3.24) follows. O

4. Reduction to the model problem for ¢ € (£, &)

cr)

In this section we perform four basic conjugation/deformation steps which
allow us to transform the initial RH problem to an equivalent RH problem with a
jump matrix close to a constant matrix for large ¢, except for neighborhoods of the
points —c—2d and y(&). Up to a natural symmetry these steps will be the same in
all domains under consideration, and all of them are invertible. Moreover, each
step preserves the symmetry condition (2.25) and the normalization condition
(2.26).

Let m(p) be the solution of the RH problem described in Theorem 2.3, con-
sidered for the values £, < & < &

Step 1. Let M() be the Riemann surface introduced in Subsection 3.2 and
consider m(p) as a function on M(§). Using the symmetry property (2.25) we
rewrite the initial RH problem as a problem on M(&) with complementary jumps
along the contours [y, —c + 2d] = I3(§) C Iy () oriented from left to right, and
I3(¢) C IIL(€), oriented from right to left. The function

X(p) = - lim T (p/,O) T(p/,O)
P Elly—=peXi v

is considered as a function on I3(§). Respectively, x(p) = —x(p*) for p € I5(&).
Thus we get an equivalent holomorphic RH problem on M(€) for m( (p) = m(p):
to find a meromorphic function on M(§) \ (21(§) U I3(§) U I5(€) U ), satisfying
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conditions (2.25), (2.26), (2.37), and the jump condition mgrl)(p) = m(_l)(p)v(l)(p),
where

,U(l)(p) _ (X(p)et(d>+1(p)—<1>_(p)) [1)> , )
v(l)(P) = <X(p)612t<1>(p) (1)> > pE I3(§)v
v (p) = o1 (M (p*) oy, p € I3(9),
v (p) = v(p), peX. (4.1)

Step 2. Factorize the jump matrix v (p) on ¥ using Schur complements,

o= ) (e 1)

Let y = y(§), v < y < —c + 2d, be the midpoint of I3(£) and let (&) be a

—c2d 7€)

Fig. 4.1: Contour deformation for m" (p) on ITy.

domain on the upper sheet as in Fig. 4.1, inside the domain © given by (2.16).
Recall that the reflection coefficient can be continued analytically inside ®, and

therefore to (), and has a pole at pg. We define R(p) = R(p*) for p € Q*(§).
Set

m® (p) = m® (p) (—R(p)le%q)(p) (1)> , p € Q(),
CR(p*)e-220)

m® (p) = m®(p) (é R(p )1 %p ) ’ b0 (6),

m® (p) = mW (p)1, else. (4.2)

This vector has no jump along ¥. Instead it has jumps along the contours C(&)
and C*(€), which are oriented clockwise. Taking into account that R(p,t)z%" =
R(p)e?*®®) and (2.27), Lemma 2.1, we conclude that the components of m?)(p)

have no poles at py and pf;. Moreover, in the case of a resonance at w(p) = —c +

2d, the first component m§2) (p) has no singularity at (—c+ 2d,+) since by (2.27)
and Lemma 2.1 we have

. (2) _ . . 2t®(p) _
palircr}yzd my” (p) = p_}lrcr}&_% (ml(p) R(p)e ma (p)) = const < oo.
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The same is true for the second component of m® (p) at (—c¢ + 2d, —). Thus,
m® (p) is the unique solution of the following RH problem: to find a holomorphic
function on M(&) \ (£1(&) U I3(&) U I3(€) UC(E) UC*()), continuous up to the
boundary (except possibly at —c — 2d, where poles are admissible for one of the

components), which satisfies the jump mf) (p) = m? (p)v® (p) with

o (p) = (X(p)et(¢+1(p)—¢(p)) (1)> | p € e,

oD (p) = <X(p)e12t<1><p> (1’> , p € Li(9),

)= (} ><<p>ef”’“’)>, pETi(6),

oD (p) = <_R(p)1e2t<1>@> (1)> , pEC(©),

O R} pece, ()

and standard normalization and symmetry conditions.

Here I4(€) := [v(€), y(§)] C I3(§) with the same orientation as I3(€). Orientation
on Ij(&) is preserved from I35(£). Note that the jump matrix on I3(&) \ I4(&)
(respectively, I5(€) \ I;(€)) is equal to I, because the lower (respectively, upper)
element of the jump matrix vanishes due to the identity (cf. [10])

Ri(p) — R(p) + x(p) = 0. (4.4)

Step 3. Denote ) = A0 )
where g(p) = g(p, ) is defined by (3.19), and set

m® (p) = m® (p)[d(p)] . (4.6)

Lemma 2.5 is applicable for this transformation by (2.31), (3.20). Applying
Lemma 3.2 we obtain that the vector function m®)(p) solves the following RH

problem on M(&): mf) (p) = m® (p)v® (p), where

~2tg(p)

o®)(p) = (eé% . ) , peSHe).

9 e2itB 0
@)= (% ). pe (I UI(E)\ (L&) UL (©)).

@) e2itB 0
v (p) = (X(p)GZtReg(p) e—2itB> ) pE 14(5)7

2itB —2tRe g(p)

@0 = (%) "), perni.
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U(Q) (p) = <_R(p)1€2tg(p) (1)> ’ pec C(f)a
—R(p*)e 2ta(p)
@ = (5 ) e (4.7

Note that m(cos) = m(® (coL), but the conjugation of Step 3 changes this value
due to (3.21),

e_tK(é) 0
m®(00}) = m(ooy) ( 0 etK(g)) , mP(oo-) =m®(co)or.  (4.8)

Note that m(®) still obeys (2.26) and that K (¢) is defined by (3.22). Moreover,
the symmetry condition is preserved as well.

Step 4. Our next conjugation step deals with the factorization of the jump
matrix on X (§). Consider the following scalar conjugation problem:

Find a bounded holomorphic function F(p) on M(§) \ (£1(&) UI(€) U I*(€))
with F(p*) = F~1(p), real-valued at oo+, and satisfying the jump conditions

Fi(p) = F-(p)Ix(»)], p € Z1(8),

Fi(p) = F-(p)e'™®), pEIQUIE). (4.9)
The value of the real constant A(&) will be specified later in (5.14). As is shown
in Lemma 5.2 below this problem is uniquely solvable. Given the solution of (4.9)
and taking into account that g has no jump on ¥;(§) and x(p) = —i|x(p)| for p €

¥1.0(€) by (2.34), we factorize the conjugation matrix v (p) on ¥;(¢) according
to

F! 0 - Fy —2tg(p)
(3) o = 1 0 F+ [§]
vip) = <Fxle2tg(P) F_) (0 i) <0 o ) P& Bnull)

F~! 0 _; Ey —2tg(p)
3 o — 1 0 F+ e
v®(p) = (F){le%g(p) F_> <0 —i> ( N Fol > , pEX1(8). (4.10)

Next introduce lens-shaped domains € (§) and Q7 (§) around the contour X (§) as
depicted in Fig. 4.2 with Q;(¢) € © and transform the vector m® (p) as follows:

-1 _F(p) —2tg(p)
(4)( _ .3 F~(p) Vip)©
m(p) = m™ (p) P : p € h(f),
( 0 F(p)
F~l(p) 0
@ (p) = m® *
m =m -1 , €N ,
(p) (p) (FV( Igz o290 F(p) p € Q(¢)
-1
() = @ (£ @) 0
m™(p) = m™ (p) ( 0 F(p)) clse, (4.11)
where V(p) is an analytic continuation of x(p) = —T(p)Ti(p) to Q1(§) and

V(p*) = —=V(p) for p € Qi(§). This transformation preserves the symmetry
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(e) S

Fig. 4.2: The lens contour near ¥;(§). Views from the upper and lower sheet.
Dotted curves lie on the lower sheet.

property for m® due to F(p*) = F~!(p). Since F(coy) € Ry (see Lemma 5.2
below), the normalization property is also preserved for m®. Recall that the
only singularity at an edge point of the current jump contours which can happen
for m(3)(p), is the singularity at —c — 2d, where mg?’) (p) = C(p+c+2d)~ /2 (1 +
o(1)), p € Il in the resonant case. But in this case x(p) = C(p+c+2d) /2 (1+
o(1)), p € 1, and therefore F(p) = C(p + ¢ + 2d)"V*(1 4 o(1)) for p € Iy
and F(p) = C(p + ¢ + 2d)Y/*(1 4 o(1)) for p € I (cf. [33]). Here C' denotes
arbitrary non-vanishing constants. Thus, in a vicinity of —c — 2d we have by
(4.11) that m{” (p) = mP (P)F~1(p) = C((p+ ¢+ 2d)"/4)(1 + o(1)) for p € Iy
in the resonant case. In the nonresonant case x(p) = C(p + ¢ + 2d)/?(1 + o(1)),
and F~'(p) = C(p+ ¢+ 2d)~/4(1 4 o(1)) for p € IIy. Consequently mg4) (p) =
C((p+ ¢+ 2d)~Y*), p € Iy, in the nonresonant case too. Denote

[(§) == (Y UEUI(E) U T (§) UC1(§) UCT(§) UC(E) UCH(S),

where the orientation is chosen as before. We proved the following

Theorem 4.1. For any & € (€.,.,&.r), the initial RH problem formulated in
Theorem 2.3 is equivalent to the following RH problem: To find a holomorphic
vector function m® (p) in the domain M(E) \ '(€), with both components contin-
wous up to the boundary except at the point —c — 2d, where

m{M(p) = m{Y (p*) = Clp+c+2d) V41 +0(1)), forpelly, C#0. (4.12)

This vector function satisfies the symmetry and normalization conditions from

Theorem 2.3 and the jump condition mf) (p) = m? (p)v™® (p) with
o (p) = il p € Tru(f),

v (p) = —il, p € X14(8),
4 e?itB—i—iA 0
W = (T aba)s e O UIEONIEO ULE)
2it B+iA 0
0(4)(1?) = (X(p)FJ:1(;)F:l(p>eztReg(p) e2itBiA> ) p € 14(8),
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p € I5(§),

e2it B+HA F+( )F (p)e—Qt Reg(p)
e 2itB—iA )

p € C1(),

1 F%(p ) —2tg(p)
: )

="
n-(
( F2(p (p)e2a(®) (1)>7 p € Ci(§),
=

0

—2tg(p)
’U(4)(p) _ (O R( )F21( ) 2tg ) 7 pe C*(f)

Here 1 is the identity matriz. Moreover, the solutions of the initial and present
RH problems for large p are connected by

-1
m®((p) =m s—(p 0 where s(p) = o (®@)—9(P))
(p) = m(p) ( 0 S(p)> . where s(p) F(p).  (4.13)

Observe that for p € C(&) U C*(&),
0 < Ce~thO < |F2(p)R(p)e29®)| < Ce=O | where 0 < h(€) < h(€),

that is, as ¢ — oo the jump matrix v (p) is exponentially close to the identity
matrix on C(&) UC*(€). The same holds true for v (p) on C;(€) U CF(€), except
for a small neighborhood of the point . Since

IX(P)F (o) F= M (p)| + Ix(0") F-(p*) F(p*)| < Ce ™9 pecy(€)\ O,

where h(&,e) > 0 and O is a small neighborhood of -, we conclude that outside
of O, v¥(p) is exponentially close to the following matrix:

v™d(p) =il p € X1u(f),
v™d(p) = il p € X1(),
d ethB—i—lA 0 .
i) = (T aba). pel@UPE. (@

Thus we may expect that the solution of the RH problem for m*(p) can be
approximated by the solution of the following model RH problem: To find a
holomorphic function in M(€) \ (£1(&) U I(§) U I*(€))

m™(p) = (m**4(p), m** (p)) (4.15)

which is continuous up to the boundary except of possibly the points —c¢ — 2d
and -y, satisfies the jump condition

mod mod(

m°d(p) = m™*%(p)v™*(p) (4.16)
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with jump matrix (4.14), the standard symmetry condition
mod /, * mod 0 1
mPE(pT) =m™ )\ o) (4.17)
and the normalization condition
i (o0 )i (oos) = 1, mi™(co) > 0. (4.18)

We will solve this problem explicitly in the next section.

5. Solution of the model problem

We first choose a canonical basis of a and b cycles for the Riemann surface
M(¢) associated with the function (3.14). The b cycle surrounds the interval [—c—
2d,v(&)] counterclockwise on the upper sheet I (£) and the a cycle coincides with
I(¢) U I*(&), passing from (&) to —1 on the upper sheet and back from —1 to
(&) on the lower sheet. Let wpy+, p € M(&) \ (L(§) U I*(§)), be the normalized

Abel differential of the third kind with poles at p and p* such that

/wpp* =0. (51)
a
Then it can be represented as (see [36])
RY2(p,7) dX
= =— 7 —_— 2
wpp ( ) ) mEOS) 2
where G(p) is determined from the normalization condition (5.1). Hence
R'(p,) dA
G(p) = ! / , (5.3)
Y o (m(p) — N RY2(X,7)
where
Y—Y(f)'—/d)\>0 (5.4)
' a R1/2()\7 20) . .
Lemma 5.1. Uniformly for A € X1(&) there exists
nggi Wppt = Woogoog.-
Proof. For example, let p € II;. For p — ooy,
—c—2d
RY2(p.y) = =p? + T=5—p+ f(3,p),  where f(1.p) =O(1).  (5.5)
Then (5.3) and (5.5) imply
1/2 1/2 (142 + ”\—Q)d)\
R/=(p,7) RV (p,7) P 2
YG(p) = X\ pij2 d\ = 1/ +O(p™?)
ap(l— 5)R (A7) D RZ(A,7)
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RY/? b
_y B ) (1 +o “2) +0(p7?), (5.6)
p p D

where the coefficients a = a(§) and b = b(¢) are defined as

A2 d\ dX -
a:=a(§) = /I(g) R2(),7) (/1(5) Rl/Q(/\,’y)> ) (5.7)
-1
Ad dX
b:=0b(¢) = /1(5) R1/2()\77) </I(§) Rl/z(A,y)) . (5.8)

Substituting (5.6) and (5.5) in (5.2) the following holds for any fixed A as p —
OO+

L _REey ey (5160
PO RROA) (1) mea)
s

_A-bE) 1 g i (A:p) (5.9)
RY2(\,y) ' pRY2(\,y) ' p? RV2(\,q) '

where

(f)fcde'

a() == a(\ &) = X = v(EA +1(Eb(E) — al§), 1(§) = T (5.10)

The function f(A, p, ) is uniformly bounded with respect to (A, p) on any compact
set for A\ as p — oo4. Next, from condition (3.16) (b), we get

h:=h(§) = b(&). (5.11)
We see that the first summand in (5.9) corresponds to the definition of wee, oo
(see [35]). The case p — oco_ is analogous. O

Equation (5.3) also implies the continuity of G(p) on M(¢) \ (L(§) U I*(§)),
but along I(§) U I*(&) (oriented as above) the function G(p) has a jump

2mi N
Gi(p) = G-(p) = =<+, PEIEUI(E), (5.12)
where the constant Y is defined by (5.4). To prove (5.12) one applies the
Sokhotski-Plemelj formula to (5.3). Similarly for any A € () U X,

2mi dA

(wppr) . — (wppr) _ = Y RO = —2mi(,
where
(L1
- Y RY2()\9)

is the holomorphic Abel differential, normalized by the condition fa( =1 1In
summary, we proved the following
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Lemma 5.2. The function

1
F(p) :=exp / log | x|wpp* 5.13
® <2m [ ol (513)
solves the conjugation problem (4.9) with
log \x )\dA
A(€) = 1/ log [x|¢ = / ————— € R (5.14)
Note that this function has finite real limits at cox by Lemma 5.1. It satisfies
F(p*) = F~1(p) because wyy = —wy+p. Moreover, (5.9) implies that for p — oo
1 Q) 1

F(p) = exp / lo Woo 00— <1—|—+O — , 5.15
(p) <27rl 1(6) 8 x| " ) p p? ( )

e log [y ()] g1, O

og |X a(A,
Qo - [ S eR, (5.16)
21(5) 2mi R ()\, ’y)

with g(A, &) defined by (5.10).

Denote by
1 dA
b Y Js,e) RY2(A\7)

the b-period of the normalized holomorphic Abel differential . Since Y > 0 by
(5.4) we have 7 € iR. Introduce the theta function

O(v):=0(wv|T1)= Z exp (7rim27 + 27imu)
mEZL

and the Abel map A(p) := A(p,§) = ffC_Qd ¢, which has the following properties
(cf. [16,35)):

T

AW') = —A(),  A(y) = =7 (mod 7),
A(p) = A(p) = =7 for peIQUI(E),

Ap) = Aloos) £ o +OO), p=(A4) soos,  (517)
2A(004) = A(00s) — A(oo_) = Q%A, (5.18)
where
A=A = /bwoowo. (5.19)
Let £ = 7 + 5 be the Riemann constant. Then the functions 6 (A(p) + 5 — E)

1
2
+ 35— E) both have their only zeros at 7. Denote

™

0 (Ap)+ 7§ —=(0) + 29 4 59) 50
) |
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Standard properties of theta functions show that this function is holomorphic on
M(&) except at the point 7, and has a single jump along I(&) U I*(§),

Oz+(p) _ O{_(p)eZitB(f)-i-iA(f)7
= 0_—

oz+(p*) (p*)ef2itB(£)7iA(£)'

Now, on the upper sheet IIy7(£), introduce the function

5@%:4ﬂgﬁgjw, (5.21)

where the branch of /- is chosen to take positive values for 7(p) > 7. Hence this
function also takes positive values for p < —c — 2d. We continue §(p) by d(p*) =
d(p) as an even function to Iy (§). Observe that §(p) has no jump on X, because
it is real-valued and takes equal values at symmetric points of ¥, and ¥, on IIy.
On ¥;(€), it solves the following conjugation problem:

i, pc El,u(f),
54 (p) =6_
+() (m{q,pezu@)

Thus the vector m(p) = (0(p)a(p), d(p*)a(p*)) solves the jump problem m (p) =
m_(p)v™°d(p), where v™°4(p) is defined by (4.14), and satisfies the symmetry
condition (2.25). But m(p) does not satisfy the normalization condition, because
mi(ocot)me(cos) # 1. To mend this, recall that 6(cot) = d(co—) = 1. Hence

mod () ! (6(p)a(p). 6 a(p")) (5.22)

a(oor)aloo-)

m

solves the model problem including (4.18). Note that this solution is bounded
everywhere in M(&) except at the branch points —c — 2d, (&), where both
components of m™°d(p) have singularities of type O((p +c+ 2d)‘1/4) and
O ((p— 7)_1/4). The first singularity matches well with (4.12).

Our next task is to derive the asymptotic formula for this vector as p — oo
up to terms of order O(p~2).

Lemma 5.3. Let Qg be the Abel differential of the second kind on M(§) with
second order poles at coy and co_ normalized by the condition fa Qo =0 and let
Wooyoo_ be the Abel differential of the third kind as above. Then

aipg(pa f)d’ﬁ = QO + gwoo+0077
where (%g(p,f) is defined by (3.19). Moreover,
—2iB(&) = U + €A,

where U = U(§) = fb Qo is the b-period of Qo and A = A(§) is the b-period of
Wooyoo_ defined by (5.19).
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This lemma is a direct corollary of Lemma 3.1 and (3.15). Since £ = % we

have
tB(§) y U A

T 2mi 27

and substituting this into (5.20), taking into account that 8(v+1) = 0(v), we get

a(p) = ) . (5.23)

Passing to the limit as p — oo and using property (5.18) we obtain

afocot) = Q(Z(no; 1’t)), afoo_) = 9(z£yn, t)),
where
A U A A
2 1) = Afpoy) — ) T8 TE B0 RO g 500
and
ot =a(€) =0 <A(ooi) + 7(25) - E(f)) .
Note that since % — % € R and T(;) = —A(7), by the Jacobi inversion
theorem [35], there exists a point p(&) € I(£) U I*(§) such that
_AQ _A©
—Alp) +AM) = 5 -5+ (5.25)

Thus we can represent z(n,t) in a more familiar form for finite-gap operators

z(n,t) == A(ooy) — A(p) — nA - ti —E. (5.26)

27 27

Passing to the limit p — ooy in the first component of vector (5.22) we get

(oo = a(6) | Lo, (5.27)
where
o= | 0(Alen) + T —E(g)
B =\ 5= ( ’ ) eR (5.28)

(1]

0 (Aoos) + 76 ~2(9))

is a real-valued continuously differentiable function of ¢ with a bounded deriva-
tive on the interval under consideration. Recall now that we assume m® (p) =
m™4(p) + o(1) as p — ooy, where o(1) is understood with respect to t — oo.
Apply this to (3.21), (3.22), (4.13), (5.13), (5.27), and Lemma 5.1. We obtain
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that the first component of the solution of the initial RH problem, which is equal
to [T, (2a(j, 1)) by (2.28) and (2.29), is

E(za(j, 1) = B(e)e KO oy o el [02(n = 1,1)) (ZE:(; ;;)) (1+0(1)),

where 3(£) and z(n,t) are defined by (5.26) and (5.28), and o(1) is a function
which tends to 0 as t — oo. Recall that we treat ¢ as a slow variable, and

that all functions of £ are continuously differentiable with respect to & in our

considerations. This means, for example, that if £ = % and ¢ = ”T‘H, then

t
BEBHE)=1+0(t"!) and
HE©O-KE) — =% © L o,
etc. Consequently,

a(n,t) = }e—QK’(g) 0(z(n —1,1))0(z(n + 1,1))
’ 4 6%(z(n,t))

+ o(1). (5.29)

Lemma 5.4. Let a = a(&) be the constant from the expansion (cf. [35, Eq.

(9.42)])

(1 P2y o<x2>>, p=(\+) € My(e),

D
ef—cf2d Woo oo

> N

and let K'(€) := GE(€), K (&) = % (&), with K(&) and k(€) defined by (3.22) and
(3.21), respectively. Then

1O =70, (5.30)

K () = b(). (5.31)

Proof. According to equation (9.43) in [35], the constant @ can be computed

A
loga = lim (/ Woo 0o T log /\>.
A—+oo 1

Therefore, one has to prove that K’'(§) +1log2 = —loga. By (3.18) and (3.22),

. /A<(ﬂc—u(§)) 0 _ wts

— — dz 4 log 2
d€ A—4oo V(22 = 1)(z + ¢+ 2d) xz—l) &

A 82
= — lim (/1 mﬁ(w,{)dw—l—log()\—kv)@—l))+log2

A—~+00

A
= — i sopoo_ T1og A,
)\—1>I-11:loo (/1 Woo tog )

which proves (5.30). Formula (5.31) follows immediately from (3.18). O

as




Long-Time Asymptotics for the Toda Shock Problem 437

To derive the term of order A\~! for the first component of the solution we
observe that by (5.17), (5.23), and (5.24),

1 0 0 (z(n—1,t) )
+ﬁ87w10g <G(A(oo+)+g—5+w)>

n:=n(&) = 1 glog (0 (A(oo+) + g —=E+4 w))‘ ., - ’7—1—%—%2(1 (5.33)

Then combining (5.21), (5.22), (5.27), (5.32), and (5.33) we get

1 0

+”+0@40.

) = i, (14 !

w=0

Respectively, by (2.28), (3.21), (4.5), (4.6), (5.10), (5.15), and (5.16),

~Blu—1,6) = (KO + 5 + (6 + QO

1 9
—i-? 8—wlog9(g(n— 1,t) + w)

) (o)

w=0

where o(1) tends to 0 as t — oo and % = ¢ is almost a constant. Apply now
the same arguments as for (5.29) and use (5.31) to get b(n,t) = b(n,t,&) + o(1),

where
Mma@:@+;éigg<sﬁzn;2;f» . (5.34)
Lemma 5.4 and (5.29) also imply a?(n,t) = a?(n,t,£) + o(1) with
a*(n,t,&) =a° Ozln 02820( g;” LY) (5.35)

Formulas (5.34) and (5.35) for fixed £ describe the standard two-band Toda lattice
solution (cf. [35, Theorem 9.48]). Thus, assuming that the solution of the model
RH problem (4.14)—(4.18) approximates the solution of the initial RH problem
-1V well, we arrive at the following

Theorem 5.5. Let

1. {a(n,t), b(n,t)} be the solution of the problem (1.1), (2.2)~(2.5) as n,t — o0
in the domain &, t < n < & t, where the parameters .. and & are defined
by (3.9), (3.7), and (3.5);

2. €€ (&,, &) be a parameter; ¥(§) € (—c — 2d, —c + 2d) be defined by (3.12)
and (3.13); M(&) be the Riemann surface of the function (3.14);
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3. p(&) be a point on M(E), defined by (5.14) and (5.25) with 7(p) € [y, —1];

4. {a(n,t,&),b(n,t, &)} be the finite-gap solution corresponding to the initial di-
visor p(§) via (5.26), (5.34), (5.35).

Then in a vicinity of any ray n = &t the solution of the problem (1.1), (2.2)—(2.5)
has the following asymptotic behavior as t — +00

a(n,t) =a(n,t, &) +o(1), b(n,t) =0b(n,t,&) + o(1). (5.36)

!
cr,1

6. Asymptotics of the solution in the domain &, ; < § < ¢

In this domain we study the asymptotic behavior of the solution to the prob-
lem (1.1)—(2.5) with the help of the RH problem I-IV. The considerations are
similar to those in Sec. 3-5, and we give a short description of the necessary
changes. Let £ € (§CT71,§LT71) with &1 and gr,:r,l defined by (3.6), (3.7), (3.9).
Here we choose the g-function with its moving point v = 71(§) on the interval

<_17 1)7
ning) = - [ L 8y,

where the function

R 07) = VOt et 2d) (A +c—2d) A= 1)(A— ) (6.1)

defines the corresponding Riemann surface M;(§). The points pi(§) € (—c +
2d,v1(§)) and 71(§) € (—1,1) are chosen to satisfy

/”1(5) (A =) (A —mn(8) d\ = 0
—ct2d R}/Q()\, 71(£)) 7

2c—1+m(8) +2m(§) =-2¢ (6.2)

The last condition implies

k _
(0.6~ 1(p.) = K2() + L £ 002, asp = (0, 4) = oo,
where K and k; are real-valued constants. For the same reasons as above,
K P
85;’5) = lim <—1og<z1 (p) + /1 wéom) = logd, — logd, (6.3)

where z1(p) is defined by (2.10) and wee, o0_,1 is the normalized Abel integral
of the third kind on M;(&). The by circle surrounds the interval [—c — 2d, —c +

2d] counterclockwise on the upper sheet, and a; follows the gap I'(¢) = [—c +
2d, 1] on the upper sheet in positive direction, and then back on the lower sheet
of M1 (5)

The following lemma justifies the existence of this g-function; its proof is the
same as before.

Lemma 6.1. The functions v1(§) € (—1,1) and pi(§) € (—c+ 2d,71(§))
satisfying (6.2) ewist for & € (§er1,80.1)- On this interval, v1(€) is decreasing
with y1(§er,1) = 1 and 1 (&) = —1.
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Reg1 =
- +
Reg; =0 IY(¢) Reg; =0
—c—2d —c—2d - -~ E ---------- 1(8) 1
- +

Fig. 6.1: Sign of Re g1(p) on the upper sheet of My ().

The signature table for Re g; is depicted in Fig. 6.1. The remaining consid-
erations are completely identical to those of the previous two sections up to a
natural symmetry, so we just formulate the result here. Denote

—c+2d — -
/ (Al/Qm)()\ MW\ = By (e),

and

i log |x(M\)|dA dA
1. J%() Rl (A77l) I Rl ()‘7’71)

We preserve the clockwise orientation on ¥; and on the truncated contour ().

Let wyp+« be the normalized Abel differential of the third kind with poles at p
and p* and NZ be the holomorphic normalized Abel differential on M({). Denote
by 1 = [,, ¢ andlet 61(v) = (v | 71). Set A1(p) = I . 5, ¢ and denote by Z; the
Riemann constant. Let U; be the b-period of the Abel differential of the second
kind on M (§) with second order poles at co; and co_ and A; be the b-period

of Woo, 00 . We use

tBl(E) — —tﬂ _ nﬂ
T 2mi 27

and define

A U 1 A A
21(n, )= Afooy) —nak L O LSO g (g5)

For ¢ fixed and the spectrum [—¢ — 2d,—c + 2d] U [y1(&),1], let
{ai1(n,t,£),b1(n,t,&)} be the finite-gap solution of the Toda lattice defined by

—201(z1(n + 1,1))01(z1(n — 1, 1))

(al (TL, t’ g))Q = 0% (él (n t)) ) (66)
bo(n,t,€) = b+ rll Ejﬂlog (9 (;ES:(; ;2;;”) . (6.7)

This finite-gap solution is connected with the solution of the model problem in the
same way as in the previous section. Thus, if we solve the parametrix problem,
we can expect that the following result is valid.
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Theorem 6.2. Let

1. {a(n,t), b(n,t)} be the solution of the problem (1.1), (2.2)—(2.5) as n,t —
0o in the domain &qat < n < &, t, where {1 and &, are defined by
(3.6)—(3.9);

2. £ € (§er1s o) be a parameter; v1(§) € (—1,1) be defined by (6.2);

3. {ai(n,t,£),b1(n,t,&)} be the finite-gap solution defined by (6.5)—(6.7).

Then in a vicinity of any ray n = &t the solution of the problem (1.1), (2.2)—(2.5)
has the following asymptotic behavior as t — +00

a(n,t) = aj(n,t,§) +o(l), b(n,t) =bi(n,t,&)+ o(1).

Remark 6.3. In the case of spectra of equal length, that is, if d = 1/2, one
could also derive these results from Section 4 by the following transformation.
Set a(n) := a(—n — 1), b(n) := —b(—n) and rescale the spectral parameter by
Xi= (A—c)/2d, which shifts the original problem with background spectra [—c—
2d, —c + 2d] and [—1,1] to [—¢ — 2d, —¢ + 2d] and [—1,1], where ¢ = ¢/2d, d =
1/4d. To obtain explicit formulas for the solution in terms of theta functions,
this approach requires to recompute all quantities, for example, &, = ﬁfcnl =

&er,1, and so on.

7. Asymptotics of the solution for £ € (£,.,¢.0) U (§er0, L)

cr,ly
In this region we work on the initial Riemann surface M corresponding to the
function (2.7). The g-functions associated with the left and right RH problems
(2.35) and (2.36) coincide up to the sign. Namely, introduce two points —c +
2d < 1 (&) < p2(€) < —1 such that

A (@) — m(e)
/cm reyy T

p(8) + p2(8) + ¢ = =€ (7.1)

The last equality implies that

tonlp,) = /lp (¢ - mgl)/)Z((CC)— 12(8)) dc

has the following asymptotic behavior
ggap(p) = @(p) + O(1) = —P1(p) + O(1) as p — ooy

Moreover, p and pg exist as & € (€,.1,&,) and the line Re ggap(p) = 0 crosses
the real axis between these two points. We introduce the b and a cycles and all
normalized Abel differentials on M analogously to those on M(E), My (§). It is
evident that both RH problems can be solved by an analogous procedure as above,
but with Step 1 (cf. Section 4) excluded. Moreover, to cancel the poles at py and
p§ when performing Step 2 one has to use the right RH problem (2.35), (2.37)
for § € (£er0,&.,), and the left RH problem (2.36), (2.38) for £ € (§,.1,&r0)-
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Thus, as the asymptotic of the solution of the problem (1.1)—(2.5) we get two
finite-gap solutions, described by (5.34), (5.35) and (6.6), (6.7) with the same
theta function (7 = 1), but with different arguments: (5.24) and (6.5). Namely,
since z(n,t) and z;(n,t) are defined on the same surface, then A = Ay, U = Uy,
= =Z1, A(cot) = Ai(oot). Moreover, none of them depends on £. Thus

A1 A
zi(nt) = 2(n.t) = o~ + 5 - 2—; (7.2)

A / log|x|¢, A =i / log | XIC.
> D)

and ( is the holomorphic normalized Abel differential on M. The contours X
and X are the same as in Section 2. Formula (7.2) implies the following reason-
ing. To prove that the asymptotics of the Toda lattice solution are the same
when obtained from the right and from the left RH problems in the absence of
discrete spectrum in the gap [—c+ 2d, —1], it is sufficient to prove that A+ A; =
7 (mod 27) or

where

el(AtA) — 1, (7.3)

Let us first make sure that this is true. Denote I = I' = [—c + 2d, —1] € IIy.
Recall that (cf. Lemma 5.2) the function

1
F(p) :=exp (2711/2 g logxlwpp*>
U2

is the unique solution of the following conjugation problem: to find a holomorphic
function on M\ (X UX; UT UT*), such that

F(p*)=F'p), peM, (7.4)
Fi(p)=F-(p)lx(p)l, peX U (7.5)

On the set I U I* this function has a jump,

Fi(p) :F_(p)eiﬁ, pelUI* with A ::i/E g log [x|¢ = A+ Ay (7.6)
U2

The orientation on I UI* is the same as for the a cycle. Note that the jump along
I'UTI* can not be arbitrary. In fact, one can solve (7.5) without the Sokhotski-
Plemelj formula as follows. Consider the function

~ 2 _ 42 -
5(A) =4 W, 0(2) >0, Ae C\ [—c—2d,1].

Let the interval [—c — 2d, 1] be oriented in the positive direction. Then
—i, e (-1,1),

5+()\) = (5*()\) _17 A € (—C+ 2d7 _1)7
i, A€ (—c—2d,—c+ 2d).
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Set §(p) = 6(A) as p = (A, +) € Iy and 8(p) = 6~ 1(p*). Then &(p) solves the
following conjugation problem

(7(p)+c)?—4d?

pE XU,

d+(p) = 0-(p) ’
-1 pelUl*.

On the other hand, the transmission coefficient f(p) = T'(p) is a single-valued
function on the upper sheet of Ml and takes complex conjugated values in sym-
metric points of 3. Continue f on the lower sheet by f(p) = T~1(p*), p = (A, —).
Then f(p*) = f~1(p), p € M, and it is a solution bounded at oo+ of the problem

f+) = f~ITKP)?, peTULL (7.7)

We also observe that f(p) and §(p) are bounded at oor. Taking into account
(2.22) and (2.34) we conclude that the function F(p) = §(p)f(p) solves the prob-
lem (7.4), (7.5) and Fy(p) = —F_(p) as p € I UI*. Comparing this with (7.6)
we get (7.3). Thus both RH problems provide the same finite-gap solution.

We return now to our case. The function T'(p) has a simple pole at py on Iy,
and we have to take as f(p) the following function:

fp) = {B(p,po)T(p), p €1ly,
f_l(p*)v pellp,

4
B(p,po) = exp ( / wpopa>
—c—2d

is the Blaschke factor (cf. [36]). Since |B(p,po)| = 1 as p € ¥ U X4, then f(p)
solves the jump problem (7.7). But unlike in the previous case, the Blaschke
factor has a jump along I U I'*,

where

By (p,po) = B—(p,po) exp (/bwpo,p8> :

Thus 1
A+ Ay :7T+i/wpo,p3a
b

or, taking into account (7.2),

z1(n,t) = z(n,t) — 2i7r1 /bwpops (mod 1). (7.8)

To formulate the result, recall that all objects introduced in Sections 5 and 6,
namely, A(p), 7, A, U, E, Y, A, @, b do not depend on ¢ for § € (&, 1,&,)
Respectively, the finite-gap solutions constructed in (5.34), (5.35) or (6.6), (6.7)
do not depend on £. Formula (7.8) implies that we can represent them via

— 0(z(n —1,1))0(z(n + 1,1))

62(71,15) =a P202(n, 1)) , (7.9)
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N 100 0(z(n—1,t) +w)
b(n,t)—b—i-? &wlOg( Q(g(n,t)—i-w) )

, (7.10)

w=0

where the argument of the theta-function undergoes a phase shift due to the
presence of the eigenvalue,

A U T A A
= A e e - b — — — o0, €] 11
g(nﬂf) (OO+) n27ri t27Ti + 2 + 2 2ri ) 5 € (§ ,07§cr)7 (7 )

and

AU 7 A A
H=A g LTy e 2
z(n,t) = Alooy) —no o —to ot ot o T o5

— 1
—== % /bwpop37 S (f(/:r,lﬁgcr,O)' (7'12)

Theorem 7.1. In the domain & ot < n < E,,.t, the solution {a(n,t),b(n,t)}
of the problem (1.1), (2.2)—(2.6) is asymptotically close as t — oo to the two band
solution {a4(n, t),g(n, t)} constructed by (7.9)—(7.11). In the domain &, 1t < n <
Eerot, the solution {a(n,t),b(n,t)} of the problem (1.1), (2.2)~(2.6) is asymptot-
ically close as t — oo to the two band solution {Ziq(n,t),g(n,t)} constructed by
(7.9), (7.10), (7.12).

Ifd= % such that the spectra of the background operator are of equal length,
then the solution of (1.1), (2.2)—(2.6) is close to the periodic Toda lattice solution,
which undergoes a phase shift if discrete spectrum is present, as shown in [38].

8. Asymptotics of the solution for > &, and £ < &,

Let us consider the domain £ > &, first, where we study the right RH problem
I, (2.35), (2.37), IV. The signature table of Re ®(p) in this case is depicted in

Red =0
Re® =0
I _ >

Fig. 8.1: Signature table of Re ®(p, &) for £ > &, on Ily.

Fig. 8.1. Here ® serves as the g-function itself. Step 1 is the same with Is = I} =
[—c¢—2d, —c+2d], which means that we switch from the initial Riemann surface M
to the Riemann surface M of the function vAZ — 1. Step 2 is done on the domain
QCcODn{pelly | Re®(p) < 0} as depicted in Figure 8.2. Taking into account
(4.4), we obtain that the jump matrix on I; U I is simply the identity matrix.
Thus on M we have the following conjugation problem: m? (p) = m? (p)v?(p)



444 Iryna Egorova, Johanna Michor, and Gerald Teschl

Fig. 8.2: The lens contour for Step 2 on Il (&).

with
vz(p) =1, peEX,

1 0
UQ(p) = (_R(p)th{)(p) 1) y pE C,

1 _R % —2t<I>(p) "
vz(p)—<0 (p)le > peC.

These transformations did not affect the asymptotic behavior of the initial so-
lution. The jumps on C U C* are close to the identity matrix with a difference
that is exponentially small with respect to t. Clearly, the unique solution of the

model problem m¥°d(p) = m™°d(p)v™°d(p) on ¥ with standard normalization

and symmetry conditions is the unit vector. Taking into account Lemma 2.2, we

get a(n,t) = & + o(1) and b(n,t) = o(1) when t — oo in the region 2 > &.
Studying the left RH problem I, (2.36)-1II in the domain % < far 1, we obtain

in the same manner that a(n,t) = d+ o(1) and b(n,t) = —c + o(1) when t — oc.

A. Proof of Lemma 3.1

We start by proving items (i) and (iv), i.e., we first prove that the points
v(§) € (—e —2d,—c+2d) and p(§) € (v(§), —1) satisfying (3.12), (3.13) can be
chosen uniquely, and that v(£) moves continuously to the right from (&) =
—c — 2d to y(&.,) = —c+ 2d with respect to decreasing &. First of all note that
if v € I, then = p(y) € (v, —1) is defined as

T AG - oAy
() :L Rl/Q()\,W)d)\ <L Rl/Q()\,V)d)‘> : (A1)

Evidently, p(v) is a continuous function of v and by the mean value theorem
v < u(y), Yve(—c—2d,—c+ 2d). (A.2)

Now consider p as a function of ¢ defined via (3.12) and insert it into (3.13).

Then
/\ TE+ ~y+c+2d>
/ d
\/ /\2 YA+ ¢+ 2d)

satisfies F(y(§),&) = 0. Thus (&) is an 1mp1101t1y given function and

OF dy n or
Oy de " 0¢

=0.
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Since
-1 -1 .
87}7’:_} 5+37+c+2d / dA 7 BF:/ A—7 dx,
oy 2 2 ~ R1/2()\,7) o0& ~ Rl/z(/\,fy)

and R'/2(\,~) does not change its sign on the interval (-, —1), then

dy 4K(€)
de 26 +3y+c+2d (A-3)

where

-1
B3 L d
K = / — s dA\ — >0
+(e) BY2(X,7(8)) e RV2(A7(8))
in the region under consideration. We want to show that

f(&) =26+ 37(§) +c+2d <0, for § € (&, &or)- (A.4)

First observe that
Y(er) = —c — 2d. (A.5)

Namely, for any +, the function u(v) is defined by (A.1), which for v = —c — 2d
is equal to

-1 -1 -1
A d\
f(—c — 2d) :/ SEEANY (/ ) = —er2
—c—2d )\2 —1 —c—2d )\2 —1

by (3.5). On the other hand, for u = =&, v = —c — 2d, and £ = &, (3.12) is
also satisfied. Thus (A.5) is true and f(&.) = 2(&r — ¢ — 2d). Moreover, (3.5)
and c+ 2d > 1 imply

Since ¢+ 2d + 1 < 2c¢ + 4d by (2.3), then f(&,) < 0 where f is defined by
(A.4). Moreover, the function 7y is continuously differentiable with respect to &
at least in the right vicinity of &... In fact, it will be continuously differentiable
up to the first point £ where f(§) = 0. But if f(£) = 0 then 3y + ¢+ 2d = —2¢.
On the other hand, by (3.12) —2¢ = v + 2 + ¢+ 2d. Thus at § where f({) =
0, one obtains = v which contradicts (A.2). Therefore Z—g < 0, starting at the
point v = —c — 2d where £ = ., and at least up to the point v = —c + 2d where
é’ = gé’r'

Now we prove (ii), i.e., we prove representations (3.15)—(3.17). Let h = h(§)
be defined by (5.11). Given v, p and h, we observe that v; and vy are zeros of
the polynomial

PA) =A=v)(A =) = A=7)A—p) =&A—-h)

with real-valued coefficients. These zeros cannot be complex conjugated, because
(3.15), (3.16) (b), and (3.13) imply

/—1 pVAA
Y R1/2()"7) ’
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moreover, this formula implies that at least one zero belongs to the interval
(7,—1). Condition (3.17) is true due to the asymptotic behavior of the Lh.s. of
(3.15) and function w(\,§).

To prove (3.18) we observe that

0 (A= u@))A =)
9 RY2(A4(9))

+w(X¢)

2 A=)+ (A= p) A=h
SR TCT e R R Rl

By (3.12), 2u' ++' = —2, therefore (A.7) is in turn equivalent to

21 (€)7(€) + 7' (E)u(§) = —2h(). (A.8)
Hence to prove (3.18) amounts to proving (A.8). From (A.3) we have

264 3y(6) +c+2d

where b(§) is defined by (5.8). On the other hand, (3.12) implies 2u' = —2 — 4/
and 2u = —2§ — v + ¢ + 2d. Substituting this into the Lh.s. of (A.8) and using
(A.9) yields

/

2ty + = —% (3v+26+c+2d) — 2y = —(2b— 27) — 2y = —2b.

By (5.11) b(§) = h(&), which proves (A.8).

B. Uniqueness for the model problem

In this appendix we prove uniqueness for the solution of the model problem
(4.14)—(4.18), which admits weak singularities at two points on the jump contour.

Lemma B.1. Let m(p) = (mi(p), ma(p)), p € M(£), be a solution of the prob-
lem (4.14)—(4.18), which is holomorphic in M(§)\ L, £ := (£1(§) UXe U I3 U I3),
and has continuous limits as p approaches any point of the contour L with the
exception of the two branch points Eo := (y(§),£) and Ey := (—c — 2d,+). Let
m(p) = O((p — E;)~Y*) as p — E;, j = 1,2. The solution with such properties
18 unique.

Proof. Let m = (m1,mz2) and m = (1m1,m2) be two solutions satisfying all
conditions of the lemma. Consider them as functions on the Riemann surface M
of the function v/ A? — 1. Then the contour ¥ (&) transforms onto two contours:
I, = [E1, Es] on the upper sheet of ]\7, oriented in positive direction, and I} on
the lower sheet, oriented in negative direction. The jump matrix for m and 1 on
I, will be v(p) =0y, and on I v(p) = —io;.

Consider the matrix o
o mi1 Mo
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and let s(p) = det S(p). Since detv(p) = 1 on XU T U I*U I} UI{ then s(p)
has no jumps on M and is a holomorphic function on this surface except of four
points (Ej,=£), j = 1,2. In these points s(p) has isolated singularities of order
O((n(p) — m(E;))~Y/?). Therefore these points on the upper and lower sheets of
M are removable singularities. We conclude that s(p) is holomorphic on M and
bounded at cox due to normalization conditions for m and . By the Liouville
theorem s(p) = const on M. The symmetry condition implies s(p) + s(p*) =0,
respectively at the branch points of M we have s(—1) = s(1) =0, that is s(p) =
Oaspe M.

Therefore (mi(p),ma2(p)) = c(p)(mi(p), m2(p)), where a scalar function
¢(p) has no jumps on M, moreover, the normalization condition implies
limy, ,o0, c¢(p) = 1. Respectively for any two solutions mm and m we have in
fact m(oox) = m(ocos). Therefore, to prove the uniqueness of the solution of the
RH problem under consideration, it is sufficient to prove that the only solution
m(p), satisfying the jump condition (4.14), symmetry condition, “vanishing con-
dition” m(co+) = 0, which has “weak singularities” of order O((p — E;)~/4) at
Ej, is the trivial solution.

Let m(p) = (m1(p), ma2(p)) be a solution of this “vanishing problem”. Con-
sider the weight

=2 () eME)
A2 -1’ b ’ ’
on the initial Riemann surface M(§), which corresponds to the model problem.
Let C be a closed contour on the upper sheet oriented counterclockwise. Since
the function f(p) := m(p)m'(p*) has the behavior f(p) = O ((p — E;)~1/?) at
the edges of 31(), it is integrable and by the residue theorem

o=/¢@ﬂﬂ=/ Fwa+ [ fp.d = 51+ .
C 21(5) I

The integrals along the upper and lower sides of I cancel each other due to the
jump condition (4.14). Since VA2 —1 < 0 as p € Z¥(&) U XL (€) and idQ > 0 as
p € X} () then by (4.14)

A:{/ (Im1— )P +Ima— (PP d2—i | (jm,— (p) P+ |ma,— (p)[?) 2 > 0.
216 XY(3)

On X we have d2 > 0 and m4(p) = m_(p) = m(p), therefore

bszmeza
>

Thus m(p) = 0 on ¥1(§) and X, except of Ey and Ep. Since both components of

m(p) have no jump in a neighborhood of Ej, this point is an isolated singularity,

and since m(p) = O((p — E;)~/*), then in fact m(p) is bounded near Ej.
Introduce now a new weight

idA

p= (A +) € M(¢).




448 Iryna Egorova, Johanna Michor, and Gerald Teschl

We observe that d2; > 0 as p € I. Consider (note, that here we integrate m'(p),
not m (7))

= m mTi = m mT* =
O—L(M(WM@ A@m ()l (B)d + T =

where
J = 2cosy/(]m1,_|2 + |m27_\2)d91,
I

with y = 2¢tB + A. Since J = 0 then for those ¢ for which cos(2tB + A) # 0,
we have m_(p) = m4(p) =0 on I. The same consideration as above then shows
that m has an isolated removable singularity at Eo too. Since m(p) = 0 on [
and, respectively, on I*, m(p) = 0. O
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AcuMOTOTHKH 3a BEJINKHM YacOM AJIA XBWJIi CTUCKY
JIAHITIO2KKa TOI[I/IZ Hel'[epeTI/IHHi CIIeKTpu

Iryna Egorova, Johanna Michor, and Gerald Teschl

3acTOCOBYIOUN HEJIHIWHAN aHaJ3 HANIMIBUIIIONO CIIYCKY JJIS OCIUJIsI-
TopHOI 3aa4i dpakropusarii Pimana—Iiibbepra, Mu BUBOIUMO aCUMIITOTUKA
[IPY BEJIMKWUX 3HAYEHHSIX Yacy JJIs XBUJI CTUCKY JaHIoxkka lomm. Mu me-
MOHCTPY€EMO, IO TIBILIONHA TPOCTOPOBOI/9acoBOl 3MIHHUX PO3IAIAETHC
Ha 11’ITh OCHOBHHUX OOJracTeir.y JTBOX 30BHIIHIX PO3B’SI30K € ACUMIITOTHUIHO
HaOJIMKEHUM JI0 BiJIIOBITHUX BIJIBHUX TOHIB. ¥ CEPEJIHLOMY PErioHi BiH €
HAOJIMYKEHNM JI0 JIBO30HHOTO PO3B’sI3KY JIAHITIOXKKa Tomm. Y JBOX perioHax,
10 3AJTUIIUIACS, PO3B’ 30K € ACHMIITOTHIHO HADJIMAKEHUM [0 TIOBLIBHO MO-
JLYJIOBAHOI eIITUIHOT XBII. 30KpeMa, (hopMa PO3B’sI3Ky B IHUX OOJACTIX
miarBepKye rinoresy Bepraxkineca, Heiidra Ta Oba Big 1991 p.

Kirogosi cioa: nanioxok Tomau, mpobiema Pimana—T'insbepra, xBuss
CTHUCKY.



	Introduction
	Statement of the Riemann–Hilbert problems
	Elements of scattering theory.
	Statement of the Riemann-Hilbert problem.

	g-function: existence and properties
	Boundaries of regions.
	Definition and properties of the g-function for (cr, cr).

	Reduction to the model problem for (cr, cr)
	Solution of the model problem
	Asymptotics of the solution in the domain cr,1 < < cr,1
	Asymptotics of the solution for (cr,1, cr,0) (cr,0, cr)
	Asymptotics of the solution for > cr and < cr,1
	Proof of Lemma 3.1
	Uniqueness for the model problem

