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We develop variation formulas for the quantities of extrinsic geometry
of almost-product pseudo-Riemannian manifolds, and we consider the varia-
tions of metric preserving orthogonality of the distributions. These formulas
are applied to study the Einstein—Hilbert type actions for the mixed scalar
curvature and the extrinsic scalar curvature of a distribution. The Euler—
Lagrange equations for these variations are derived in full generality and in
several particular cases (foliations that are integrable plane fields, conformal
submersions, etc.). The obtained Euler-Lagrange equations generalize the
results for codimension-one foliations to the case of arbitrary codimension,
and admit a number of solutions, e.g., twisted products and isoparametric
foliations.
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1. Introduction

Minimizing geometric quantities have been studied for a long time: recall, for
example, isoperimetric inequalities and estimates of total curvature of submani-
folds. In the context of foliations and distributions, Gluck and Ziller [6] studied
the problem of minimizing functions as the volume defined for k-plane fields on a
manifold. In all the cases mentioned above, they considered a fixed Riemannian
metric and looked for geometric objects (submanifolds, foliations) minimizing
geometric quantities defined usually as integrals of curvatures of different types.

The following approach to problems in geometry of codimension-one folia-
tions is presented in [14, Chap. 2|: given a foliated manifold and a property @
of a submanifold, depending on the principal curvatures of the leaves, study Rie-
mannian metrics, which minimize the integral of ) in the class of variations of
metrics, such that the unit vector field orthogonal to the leaves is the same for all
metrics of the variation family. Certainly, (like in some of the cases mentioned
before) such Riemannian structures may not exist, but if they do, they usually
have interesting geometric properties.
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Our goal is to get new variation formulas for the quantities of extrinsic geom-
etry of almost-product (e.g., foliated) pseudo-Riemannian manifolds for adapted
variations of metrics and apply them to the study of the Einstein—Hilbert type
actions. These functionals are defined like the classical Einstein—Hilbert action,
the difference being the fact that the scalar curvature is replaced by the mixed
scalar curvature Spy (i.e., an averaged mixed sectional curvature) or the extrinsic
scalar curvature Sex of a non-degenerate distribution — the quantities studied by
several geometers, see [3,13,17] and bibliographies therein.

Adapted variations that we apply generalize the approach of [14], to vary the
metric in a way that preserves the almost-product structure of the manifold. We
find the Euler-Lagrange equations and characterize the critical metrics in several
classes of almost-product and foliated manifolds. The mixed Einstein—Hilbert
action for a globally hyperbolic spacetime (M*, g) was studied in [1], where the
Euler-Lagrange equations (called the mixed gravitational field equations) were
derived and their solutions for an empty space were examined. As we shall
see shortly, the Euler-Lagrange equations for the Einstein—Hilbert type action
involve several new tensors and a new type of Ricci curvature (introduced in [13],
and studied in [1] for a codimension-one foliated globally hyperbolic space-time
and in [2] for foliated closed Riemannian manifolds), whose properties are to be
studied.

The paper develops methods of [14], where the variation formulas and func-
tionals were studied for codimension-one foliations; our main result for this case
(Euler-Lagrange equations in Section 3.3) coincides with an analogue of Einstein
field equations from [1]. Our research poses open problems for further study, e.g.,
stability conditions of the action and the geometry of critical metrics with respect
to all adapted variations of metric. Although adapted variations (of metric) pre-
serve the orthogonal complement of a given distribution, note that, unlike Spx,
the extrinsic scalar curvature (see Section 2.4) does not depend explicitly on this
complement. Therefore, in our subsequent work we shall also consider general
variations more appropriate to this case.

The paper contains the introduction and two sections. Section 2 develops
variation formulas for the quantities of extrinsic geometry for adapted variations
of metrics on almost-product pseudo-Riemannian manifolds and applies them to
study the total mixed scalar curvature and the total extrinsic scalar curvature of a
distribution-analogues of the classical Einstein—Hilbert action. Its main result are
the Euler-Lagrange equations for two types of adapted variations of metrics, the
second of which preserves the volume of a relatively compact domain  (and yields
an analogue of Einstein field equations). Section 3 is devoted to particular cases,
e.g., foliated manifolds including flows, codimension-one foliations and conformal
submersions with totally umbilical fibers. We give the examples (e.g., twisted
products and isoparametric foliations) with necessary and sufficient conditions
for critical metrics.

Throughout the paper everything (manifolds, distributions, etc.) is assumed
to be smooth (i.e., C*°-differentiable) and oriented. Following [3,11], and in view
of expected applications in theoretical physics, we consider pseudo-Riemannian
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metrics on open manifolds.

2. Einstein—Hilbert type action on almost-product manifolds

Let Sym?(M) be the space of all symmetric (0,2)-tensors tangent to M. A
pseudo-Riemannian metric of index ¢ on M is an element g € Sym?(M) such
that each g, (z € M) is a non-degenerate bilinear form of index g on the tangent
space T, M. When g = 0, i.e., g, is positive definite, ¢ is a Riemannian metric
(resp., a Lorentz metric when ¢ = 1). At a point x € M, a 2-dimensional linear
subspace X AY (called a plane section) of T, M is non-degenerate if W (X,Y) :=
9g(X, X)g(Y)Y) — g(X,Y)g(X,Y) # 0. For such section at x, the sectional
curvature is the number K(X,Y) = g(R(X,Y)X,Y)/W(X,Y). Here R(X,Y) =
VyVx —VxVy + V[ X,Y] is the curvature tensor of the Levi-Civita connection
V of g.

The “musical” isomorphisms # and b will be used for rank-1 and symmetric
rank-2 tensors. For example, if w € TOIM is a 1-form and X,Y € X/, then
w(¥) = g(whY) and X*(Y) = ¢(X,Y). For (0,2)-tensors A and B we have
(A, B) = Tr(A'BY) = (A%, BY).

2.1. Preliminaries. A subbundle D C TM (called a distribution) is non-
degenerate if D, is a non-degenerate subspace of (T, M, g;), i.e., g, restricted to
st is non-degenerate bilinear form, for every « € M; in this case, its complemen-
tary orthogonal distribution D (i.e., D,ND, = 0, D, ® D, = T,M and D, 1y
D, for any x € M) is also non-degenerate. Thus, we are entitled to consider a
connected manifold M™ P with a pseudo-Riemannian metric g and a pair of com-
plementary orthogonal non-degenerate distributions D and D of ranks dim 753; =
n and dim D, = p for every = € M, called an almost-product structure on M, [7].
The following convention is adopted for the range of indices:

a,b,...€{1,...,n}, i,4,...€{1,...,p}.

The sectional curvature K (X,Y) is called mixed if X € D, Y € D. Let {E,, &}
be a local orthonormal frame adapted to (D, D), i.e., {Es}q=1..n belongs to D
and {&;}i—1..p belongs to D. Let ¢; = g(&;, &), €a = 9(Eq, E,). The function on
M,
Smix = »_ K(Ea, &) =Y €a€i g(R(Fa, &) Ea, &), (2.1)
a,.

a,t

is called the mixed scalar curvature, see [17]. If a distribution is spanned by a
unit vector field N, i.e., g(N,N) = ey € {—1,1}, then Syix = ey Ricy, where
Ricy is the Ricci curvature in N-direction. For the surfaces foliated by curves,
Smix 18 the Gaussian curvature.

Let Xps (resp., Xp and X5) be the module over C°°(M) of all vector fields

on M (resp., on D and D). For any X € X, let X = X be the 25—component
(resp., X+ the D-component) of X with respect to the direct sum decomposition
of TM. A tensor B € Sym?(M) is said to be adapted if B(X',Y*) = 0 for
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any X,Y € Xp. Let M = M(D, D) consist of all adapted symmetric tensors
on (M,D, D). Let Riem(M) C Sym(M) be the subspace of pseudo-Riemannian
metrics of given signature, and let Riem(M, D, D) = Riem(M) N M.

We study pseudo-Riemannian structures on a manifold M, minimizing the
functional

Imix,0(g) 1 g — / Smix(g) d volg (2.2)
Q

for variations g; (go = g, |t| < €) preserving orthogonality of D and D, i.e., gt €
Riem(M, 5, D). In the paper,  from (2.2) is a relatively compact domain of
M (and © = M when M is closed), containing supports of variations g;. Let
M5 and Mp be, respectively, the spaces of symmetric (0,2)-tensors with the
properties B(X+,Y) =0and B(X',Y) =0 for any X,Y € X3;. Then

M = gﬁﬁ @ Mp, (2.3)

the decomposition is orthogonal with respect to the inner product induced on
M by age Riem(M,ﬁ,D). For each (0,2)-tensor B tangent to M, we define
its components B, B+ € ['(T*M ® T*M) by setting B(X,Y) = B(XT,YT) and
BX(X,Y) = B(X+, Y1), If B € Sym?(M), then B € M < B = BL + B, sce
(2.3). In particular, g = g + ¢ for any g € Riem(M, D, D). Note that if B € 9,
then D and D are B'-invariant.

Our purpose is to compute the directional derivatives

DyJumix.q : Ty Riem(M, D, D) = 9 — R (2.4)

for any g € Riem(M, D, D) and study the geometry of almost-product or foliated
manifolds (M ,D,ZS), where ¢ is a critical point of Juixn with respect to all
adapted variations supported in domain 2. Certainly, we can restrict ourselves
to the cases DgJmix 0 : Mp — R or DyJmix o : Mz — R, when g is critical either
for g--variations, i.e., Dy Jnix(B) = 0 for all B € Mp, or for g-variations, i.e.,
DngiX,Q(B) =0 forall B € Sﬁﬁ

We define several tensors for one of distributions and introduce similar (e.g.,
ZS—Valued) tensors for the second distribution using “~” notation. The symmetric
(0,2)-tensor rp, given by

rp(X,Y) =) €ag(R(EBa, XN)E,, YY), XY € Xy, (2.5)

a

is referred to as the partial Ricci tensor for D. In particular, by (2.1),
Try rp = Smix- (2.6)

Note that the partial Ricci curvature rp(X,X) in the direction of a unit vec-
tor X € D is the “mean value” of sectional curvatures over all mixed planes
containing X.

Let T, h : D x D — D be the integrability tensor and the second fundamental
form of 25,

1

1
T(X,Y):i[)QY]J', h(Xay):§(vXY+VYX)L
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Using the local orthonormal frame {E;, £ }i<pa<n, one can find the formulas

<h7 h) = Z €a€h (h(Ea; Eb)v h(Ea; Eb))a
a,b

(T, T) = Zeaebg(T(Ea, Ey),T(Eq, Ep)).
a,b

The mean curvature vector of D is H = Trgh =), €ah(Eq, Ey). The distribution
D is called totally umbilical, harmonic, or totally geodesic if h = %H g, H=0,
or h = 0, respectively.

The Weingarten operator Ay of D with respect to Z € D, and the operator
Tg are defined by

g(AZ(X),Y) = g(h(X, Y),Z), g(Tg(X),Y) = g(T(X7 Y),Z).

For the local orthonormal frame {E;, & }i<p, a<n (adapted to the distributions)
we use the following convention for various (1, 1)-tensors: T = fga, A; = Ag,,
etc.

The Divergence Theorem states that [, (div§)dvoly = 0 when M is closed;
this is also true when M is open and £ € X)y is supported in a relatively compact
domain Q C M. The D*-divergence of ¢ is defined by div’ ¢ = > €69(Ve &, &).
Thus, the divergence of £ is

dive = Tr(VE) = divh € + dive.
Recall that for a vector field X € Xp,
divtX = div X + g(X, H). (2.7)
Indeed, using H =} ., €ah(Eq, Eq) and g(X, E,) = 0, one derives (2.7):

divX — divi X =Y € g(VE,X,Ba) = =Y _ €ag((Ba, Ea), X) = —g(X, H).

a

For a (1,2)-tensor P define a (0, 2)-tensor divP by

(@AvEP)X,Y) = 3 (Ve P)(X V). E).

(2

Then the divergence of P is (divP)(X,Y) = divP + diviP. For a D-
valued (1,2)-tensor P, similarly to (2.7), we have Y, €a g((Vg, P)(X,Y), E,) =
_g(P(X’Y)vH) and

divtP =divP + (P, H), (2.8)

where (P, H)(X,Y) := g(P(X,Y),H) is a (0,2)-tensor. For example, divth =
divh + (h, H).
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For any function f on M, we introduce the following notation of the projec-
tions of its gradient onto distributions D and D:

Vif=vf=(vH, vif:=vHt

The D-Laplacian of a function f is given by the formula A f= div (% f)-
To study the problem we introduce several tensors.

Definition 2.1. The D-deformation Defp Z of a vector field Z (e.g., Z =
H) is the symmetric part of VZ restricted to D,

2DefpZ(X,Y) =9(VxZ,Y)+9(VyZ,X), X,Y € Xp.
The antisymmetric part of VZ restricted to D is regarded as a 2-form dpZ,
2dpZ(X,Y)=9g(VxZ,Y)—-g(VyZ,X), X,Y € Xp.

Define self-adjoint (1,1)-tensors: A := >, ¢;A? (called the Casorati operator of
D)and T :=), ei(Tiﬁ)2. Define the symmetric (0, 2)-tensor ¥ by the identity

U(X,Y) =Tr(AyAx + TLTL), XY € Xp.

Proposition 2.2 (see [2]). Let g € Riem(M, D, D). Then the following iden-
tities hold:
rp=divh+ (h, H) — A — T° — U + DefpH,
dpH=—divT + Y eo(ATE + TEA,) . (2.9)

The difference, called the extrinsic curvature of 5,
Ree( XY, Z,W)=g(W(X",Z"),h(Y ", W) —g(h(XT, W), n(Z",YT)),
is useful in the study of extrinsic geometry of foliations, see [14]. The traces

(along 15),
RiCeX = Z €a Rex(’; Eav B Ea)v

a

Sex = _ ey Ricex(By, By) = g(H, H) — (h, h),
b

are the extrinsic Ricci and scalar curvatures of D.
Tracing (2.9); over D and applying (2.6) and the equalities

Trg O =Y € Try(A? + (T})?) = (h,h) — (T, T),

Tr A= (hh), TrT =—(T,T),
Try(divh) =divH, Try(DefpH)=divH + g(H,H)
yield the formula (see also [17])
Smix = Sex + Sex + (T, T) + (T, T) + div(H + H), (2.10)

which shows how Spix is built of the invariants of the extrinsic geometry of the
distributions.
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2.2. Variation formulas. Given an adapted pseudo-Riemannian metric g
on (M, D, D), consider smooth 1-parameter variations of gy = g,

{gt € Riem(M, D, D) : [t| < 5}. (2.11)

Assume that the induced infinitesimal variations, presented by a symmetric (0, 2)-
tensor B, = (Jg;/0t) € M, are supported in a relatively compact domain  in
M. We adopt the notations

Bt = 8/815, B = Btgt\tzo . (212)

Taking into account (2.3), it is sufficient to work with special curves {g;};<-
starting at g € Riem(M, 75, D) called g*-variations:

{0t +3: It <<}, (2.13)

as the associated infinitesimal variations By lie in 9tp. All the variational for-
mulas for By € Mz have the same form as those obtained for variations (2.13),

only with the roles of distributions D and D interchanged.
For variations (2.11), (2.12) it is known how the Levi-Civita connection
changes, see [16],

29t(8t(vaY>>Z) = (VB(B) (Y7 Z)
+ (VY B)(X,2) - (VL B)(X)Y), X,Y,Z€Xy. (2.14)

Lemma 2.3. Let a local (5, D)-adapted frame {E,, &} evolve by (2.11),
(2.12) according to

OF, = —%Bf(Ea), 0,6, = —%Bf(&-).
Then, for all t, {E,(t),&(t)} is a gi-orthonormal frame adapted to (D, D).
Proof. For {E,(t)} (and similarly for {&(t)}), we have
Ot (9t(Ea, Ep)) = gt (0cEa(t), Eo(t)) + g¢(Ea(t), 0:Ey(t)) + (0rgt) (Ealt), Ey(t))
= Bi(Ea(t), Bo(0) — 5 (B (Ea(0)), Ey(1))

2
— 5 0u(Eu(t), BEEW1) = 0. a
Lemma 2.4 (see [2]). For g*-variations (2.11), (2.12) and X,Y € Xp,
Z € X5, we have
29(0h(X,Y), Z) = g((h — T)(B*(X),Y)
+(h+T)(X,BY(Y)),Z) — VzB(X,Y), (2.15)

20,H = —V(TrB*), 9h=-B*oh, OH=—BH). (2.16)

Thus, g*-variations preserve the properties of D: to be totally umbilical, totally
geodesic and harmonic distribution.
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Define symmetric (0, 2)-tensors @, and @ (the last one vanishes when n =
1 and always when the suitable distribution is integrable), using the identities
(with arbitrary B € 90)

(B, B) = B(H, H) =Y eq6y B((Ea, Ey), h(Ea, Ey)),
a,b
(®1,B) == cay B(T(Eq, By), T(Eq, E)).
a,b

Similarly, we define symmetric tensors ®; and ®z. We have Try @) = Sex and
Trg &7 = —(T,T). Define a (1,1)-tensor (with zero trace)

K= alThA] =) a(TiAi - ATY).

(2

Remark 2.5. 1) Let g be definite on D. Then ®;, = 0 if and only if one of
the following point-wise conditions holds:
(i) h=0;
(i) H # 0, Sex = 0 and the image of h is spanned by H.

To show this, consider any vector X € D such that g(X, H) = 0. Then

(@, X" © X") = g(X, H)? = > eaey g(X, h(Ea, Ey))
a,b

= — Z Eaebg(X, h(Ea, Eb))Q'
a,b

Since all ¢, are of the same sign, the above sum is equal to zero if and only if every
summand vanishes. Moreover, (®),, H* ® H”) = g(H, H) Sex holds. Similarly, if
®1 = 0, then we have
(07, X" @ X*) = = eaer g(X, T(Ea, Ey))* =0 (X € D).
a,b

Hence, if ¢ is definite on D (€4 = €p), then the condition &7 = 0 is equivalent to
T = 0. Therefore, 7 can be viewed as a measure of non-integrability of D.

2) If Disintegrable, then T =0foralla = 1,...,n, hence K= D ea[ig, Za] =
0. Also, if D is totally umbilical, then every operator A, is a multiple of identity
and X vanishes as well.

Lemma 2.6. For g--variations, we have
3Sex = ((div H)g* — divh — K, B) + div ((h, B) — (Tr, B)H), (2.17)
8:Sex = — (@, B), (2.18)
(T, T) = (2T, B), 0T, T) = —(®r,B). (2.19)
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Proof. Assume Vg & € ﬁv at a point x € M. In the calculations below we

use (2.14), Lemmas 2.3 and 2.4 and vanishing of B on D. First we obtain (2.19);:

0T, T) =2 eicjeag(T(Ei, &), Ea) g(T(0E, &) + T (3, 04E;), Ea)

i,j,a
=- Zfzeaeag (7(6.&), Fa) o (T(BH(E:),€)) + T(&:, BY(E))), Fa)
= - Z €iejeag(f§(5i), &g ((T}BTj + Bﬁfaﬁ)(&), 5j>

= = 2" cicug ((TEBBATE) (€0). TE(E) )
=3 cieag ((T2)?B* + TEBTE) (€), &)

=2 (B Y ea(T$)?) = 2T (TBY) = (277, B).

Next, by (2.8) and (2.15), we obtain

0e(h, 1) =2 eiejea g(h(Ei &), Ea) g (01(R(Ei, E5)), Ba)

©,7,a

—QZezejeag (&, &), E )

1,5,a

x g((0h)(Ei, &) + (D&, &) + h(Ei, DE)), Ea)
—Zezejeag (&, &), E )

i,7,a

X (g(f(gl,Bﬁ(g])) - TBﬁ(gi),gj),Ea) - VEGB((S“E])>
=Y eicjea (9(AalE), &) (1B TH(E). &)

%,7,a
- VEa (B(givgj)g(%(gi’gj)’ Ea))
— Vig(h(ELE)), Ea)B(&-,S))
=D _cica (B(Tg(é}),A (&) + B(& To Au(& >))
+{(divh — (h, H), B) — div ((h, B))
= (divh + K, B) — div(h, B).

Here we used (ﬁ‘f)* = —ﬁ?, (ﬁa)* = A, and (Bﬁ)* = B? hence

Tr (TEA,BY) = Tr (BY(TEA,)T) = Tr (THA,)*BY)
= Tr (Ao (TF)*B*) = — Tr (A, T:B).
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Next, we get (2.17), applying B(H, H) = 0 and
Owg(H,H) = 29(0,H,H) = —g(V(Tr B*), H).
Notice that g(V(Tr BY), .FNI) = div ((Tr Bﬁ)ff) — (div H) Tr B¥. We have
d,g(H,H) = B(H,H) +2¢(0,H, H) = B(H,H) — 2¢(B*(H),H) = —B(H, H),
0ulh,h) = 0, Y eieac g(h(Fa, ), &)

i,a,b

=2 Z eica€h §(h(Eq, Ey), £) 09 (h(Ea, Ey), &)

i,a,b

=— Z cicacsg(h(Ea, E), &) g(h(Ea, By), B*(&))

i,a,b

= " cues B(W(Eq, EBy), h(Eq, Ey)).
a,b

From the above, (2.18) follows. Finally, we have: (2.19)a:

(T, T) =00 Y eicacy g(T(Ea, By), &)

i,a,b

=2 ci€acs (T(Ea, Ey), &) 0i(9(T(Ea, Ey), &)

i,a,b

=23 cicaey g (T(Ea, Ey), &) (B(T(Ea, Ey), &) + 9(T(Ea, By), 8t5i))

i,a,b
= ci€acs §(T(Ea, Ey), &) (T (Ea, Ey), BY(E)))
i,a,b
= a6y B(T(Ea, Eb), T(Eq, By)). O
a,b

2.3. Euler-Lagrange equations. In [1], Jnixo was considered as an ana-
logue of the Einstein-Hilbert action g — [, S(g)d voly, where S(g) is the scalar
curvature of metric g. However, to obtain the gravity part of the Einstein field
equation as the Euler—Lagrange equation for the Einstein—Hilbert action, one does
not consider all compactly supported variations of the metric — because for this
kind of variation in dim M # 2 only Ricci-flat metrics are critical. Instead, vari-
ations of the metric are required to keep the volume of the considered relatively
compact domain €2, and in consequence yield a more interesting, broader class
of metrics (the Einstein metrics) as the critical points for the Einstein—Hilbert
action.

In analogy to this approach, we consider variations that preserve the volume
of Q, yet still can be presented in the form (2.13). To obtain them, we confor-
mally rescale arbitrary variations (2.13) on the distribution D by a function ¢
that — for our convenience —depends only on the parameter of variation t (i.e.,
it is constant on €2 for any given t). While these volume preserving variations are
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not any more compactly supported inside  (they do not vanish on the boundary
of Q for this particular choice of function ¢), they accomplish our goal lead-
ing to ”inhomogeneous” versions of the Euler-Lagrange equations obtained for
variations (2.13).

In this section, we derive directional derivatives (2.4) and the Euler-Lagrange
equations of the action Jnixn on an open pseudo-Riemannian almost-product
manifold for two types of g-variations (i.e., either preserving the volume or
not).

For arbitrary f € L(€2,d vol,), denote by

f(Q,9) :Vol_l(Q,g)/Qfdvolg

the mean value of f on Q. Together with a family g; of (2.13), consider on € the
metrics

gt = <f>t9tl + 57 ¢t = (VOI(Qvgt)/VOI(Qag))_2/p7 ‘t‘ <e. (220)
Recall, see [14], that the volume form evolves as
1
O (dvoly, ) = §(Trgt By)dvolg, . (2.21)

We will show that Vol(€2, g;) = Vol(2, g) for all ¢. As g; are D-conformal to g
with constant scale ¢, their volume forms are related as

dvoly, = ¢¥*dvoly,; (2.22)

hence, Vol(Q,g;) = [, dvolg, = Vol(2,g). Let us differentiate (2.22) in order to
obtain

dy(dvolg, ) = (¢7/%) dvoly, +¢¥/%d,(dvol,, )
1
=3 ( Tr Bf — (Trg, Be)(Q, gt))dvolgt .

We have used (2.21) and the fact that ¢p = 1 and
/ ¢t
== (Trg, By) (2, g1)- (2.23)

For g: = ¢rgt + g, see (2.20), we have, see [1],

H!? = ¢_1Ha <T7 T>§ = ¢< > <T7 T>57 = ¢_2<T,T>g’
Hﬁ =H, (hg,hg)g = ¢~ "(h,h)g,  G(Hg, Hy) = ¢ 'g(H, H)
hg = ¢, (hg, hg)g = (h, A, G(Hy, Hy) = g(H, H),  (2.24)

where subscript g corresponds to geometric quantities calculated with respect
to g.
Next we give several technical lemmas.
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Lemma 2.7. For all g*-variations (2.11), (2.12) and all g*-variations pre-
serving the volume of €, the evolution of div on a t-dependent vector field X is
given by the formula

Oy (div X) = div (9, X) + %X(TYBﬁ). (2.25)

Proof. First, consider the arbitrary g--variation g;. Differentiating the for-
mula div Xdvol; = Lx(dvoly), see [11], we obtain (2.25).

Extending the arbitrary vector X € T, M and the basis {FE,, &} at T, M to
vector fields on a neighborhood of x, we obtain from the formula for the Levi-
Civita connection the following:

2§(VE, X, Eq) = 29([Ea, X], Ea) + X(3(Eq, Ea))
= 29([Ba, X], Ba) + X (9(Ea, Ea)) = 29(VE, X, Ea),
25(Vy106, X, 07 26) = 2075([€, X1, &) + X (¢ '9(:, &)
=29([&, X1,&) + X (9(&, &) = 29(Ve, X, &).

a

It follows that for g--variations preserving the volume of Q, the divergence divg
with respect to metric § = ¢g + g is given by

divg X =3 (Ve X, Ea) + D €idg" (V126 X, 07 &)

= €g(Ve X, E)+ > eg(Ve X, &) =divX.

Hence, again we obtain (2.25). O

Lemma 2.8. For any g*-variation, g; and g; of (2.20), supporting in Q C
M, we have

d div(H + H)d vol, = 0 e
dt Jq . %diV(Q%pH_ﬁ)(Qag)fQ(ﬂgB>dV019 for ge.

Proof. Using the equations for time derivatives of mean curvatures and the
volume form, we get

d . ~
dt/lev (H-I—H)dvolg

:L&@WW#ﬁDM%+A&NH+E@@mM

:—/div (Bﬁ(H))dvongr/div(—%(ﬂBﬂ))dvolg
Q Q

+;/Q ((aiv ((Tx B%) (H + H)) — div (H + H)(Tx BY)

+ (Tx BY) div (H + H) )d vl
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- /Q ( — div (V(Tr BY)) — div (BY(H))
45 div (e BF) (B + ) ) ) dvol, = 0,

since all the above terms are integrals of divergences of vector fields supported in
Q.

For g'-variations preserving the volume of Q, all the following derivatives
with respect to ¢ will be calculated at t = 0. By Lemma 2.7 and using (2.23), we
have

at(ding) = 0y(divH) + 1(divl‘[)(f[‘rg B)(Q,g),

3

while ﬁg = H, see [1], and hence 8;(div flg) = 0y (div I:f) We also have

O (dvolg) = 8y(dvoly ) — é(Trg B)(©,g)dvol;.

Thus,
d
T dlv(H + H, )dvolg—/at (div H+H))dvol
4 / div (H + F)a,(dvol, )
Q
(Trg (Q,9) /le 7H—7H>dvolg. O
2p

The next result compares adapted variations of the action (2.2) associated
with metrics g; and g;.

Proposition 2.9. The gt-variations of a metric g € Riem(M, D, D) for the
action (2.2) associated with g, and g, are related by

d d

7Jmix g == *Jmix
a4t ,Q(Qt) o dt ,Q(gt)

Simx(Q,g)/ (Try B) dvoly, (2.26)
t=0 2 Q

where 5
S¥ ix = Smix — E(SBX +2(T,T) — (T, T) + div H). (2.27)

Proof. Let us fix a g*--variation g;, see (2.13)1. By (2.10) and Lemma 2.8, we

have
d

d
. Y mix = 57 1 9

where Q(g) := Smix — div(H + H) is represented using (2.10) as

Q(9) = Sex(9) + Sex(g) + (T, T)g + (T, T),. (2.28)
Hence, and by (2.24),

Q) = Qlar) + (&7 " — 1)Sex(ge) + (&% = (T, T)g, + (1 — 1) (T, Ty,
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Differentiating the above at ¢ = 0 and using ¢ = 1, we get

Q1) =0 = 0 Q(a1) =g = 60 (Sex(9) +2(T. T)y = (T, T)y),
where ¢ = —% (Try B)(€2, g), see (2.23). Using Lemma 2.8, we obtain

d 1
gpteoto0| = [ {9000l + 500 T B} dvl,
d 1
aJmix,Q(gt) i = /Q { 0Q(gt) = + §Q(9)(TTgB +p¢6)}d"019
+ % /Q div (Hy, + Hg,) dvolg, |- (2.29)
Hence,
d 1
g Jmixe(9e) o /Q { 0:Q(g)li=o + 5Q(9)(Trg B — (Trg B)(Qg))} dvoly
d . ~
+ a /Q le(Hgt + Hgt)dVOlgt —0
_ / 91Q(g)],_q dvoly / Q(g)(Tr, B) dvol,
Q 2 Ja
1//2 -
+ 5 (<p (Sex + 2<T7T>g - <Ta T>g + dIVH)> (Qag)
- (Q(g) _ div(H + Hr)) («, g)) /Q (Tr, B) dvol, .
Using definition of Q(g) and (2.27) we get (2.26). O

Remark 2.10. It should be stressed that as in [2], we work with two types of
variations of metric, (2.13) and (2.20); the second of which preserves the volume of
2. The formulas containing S’ ;. correspond to (2.20). To obtain similar formulas,
corresponding to l-parameter variations of the form (2.13), one should merely
delete the mean value terms S} . (€, g) in the previous identities. Considering a
closed manifold M instead of 2, we obtain

2 ~
*ix = Smix — ];(SeX +2(T,T) —(T,T)) (for g--variations).

The next theorem gives the Euler-Lagrange equations of the variational prin-
ciple Jmix,0(g) = 0 on a relatively compact domain  of a manifold M with an
almost-product structure. These have a form P = Ag (on 75) and P = A g+ (on
D) for certain tensors P and functions A on M.

Theorem 2.11 (Euler-Lagrange equations). A metric g € Riem(M,ZS,D)
is critical for the action (2.2) with respect to g*--variations (2.11), (2.12) if and

only if

rp— (h,HY + & =T’ + &), + 7 + ¥ — DefpH + K’

- l(smix — S5(Q, ) + div(H — H))g*. (2.30)

2 mix
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Proof. Applying Lemma 2.6 to (2.28), using (2.8) and removing integrals of
divergences of vector fields compactly supported in €2, we get

/ 9Q|,_, dvol, = / (div(H g* — h) + 2T — &), — &7 — K, B) dvol,,
Q Q

where B = {0ig:}|,_o € Mp. Notice that Tr, B = (B, g*). Then, by (2.29), we
have

d L~ ~ ~ -
qp Jmix(9)li—o = /Q <d1v (Hg*t —h) +27 — &), — o7 — K’
1 ~
+ §(Smix —div(H + H))gL, B> dvolg . (2.31)

By (2.31) and Proposition 2.9, we obtain

d ~ ~ ~ ~
—Jmix0(9)| = / <div(HgL —R) 42T — @y — P — K
dt o Ja
1 -
+ §(Smix —Sh i (Q,9) —div(H + H))gl, B> dvol,. (2.32)

If the metric g is critical for the action Jyix,o with respect to gL—vauriations7 then
the integral in (2.32) is zero for arbitrary symmetric tensor B € 9 vanishing on
D. That yields

divh — 27 4+ @, + Op + K = = (Smix — St (Q, g9) + div(H — H))g*. (2.33)

| =

Using the partial Ricci tensor, see Proposition 2.2, and replacing divh in (2.33)
according to (2.9);, we rewrite (2.33) as (2.30). O

Remark 2.12. Differentiating (2.20) with respect to ¢, we see that variations
0:g preserving the volume of {2 do not vanish on the boundary of €, and hence
they are not a subclass of adapted variations (2.11). Comparing (2.33) for general
adapted variations and those given by (2.20), one can see that metrics critical
for variations (2.11) supported inside a domain € remain critical for variations
(2.20) preserving the volume of this set if and only if the following equality holds:

(p—2) /Q div(H — H)dvol, = 0.

The above equality is satisfied in particular when we consider as 2 the entire,
closed manifold M, see [2]. Also note that for general adapted variations (2.11)
the Euler—Lagrange equations are supposed to hold everywhere on M, since the
set {2 containing the support of a variation is assumed to be arbitrary. On the
other hand, metrics critical with respect to variations preserving the volume of a
fixed domain (2 satisfy the Euler-Lagrange equation only at the points of 2 (and
since 2 explicitly appears in that equation, it cannot be assumed free).
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Example 2.13 (Hopf fibrations). Let both distributions be totally geodesic.
Then (2.30) reads

~ 1
D — Tb + q)T + U = i(smix - S:(nix(Q%g))gL’

where W(X,Y) = Try(TETL) (X,Y € Xp). Also Spix = (T, T) 4 (T, T) and, see
(2.27),

= ;«p ~ (@ T + (p+ 2T T)).

Note that this is the case of Hopf fibrations, when Disa non-integrable, totally
geodesic distribution with integrable orthogonal complement.

2.4. Total extrinsic scalar curvature. The variational formulas from
Section 2.2 can be applied also to other functionals depending on extrinsic geom-
etry of distributions. In particular, we can consider integrals of extrinsic scalar
curvatures Seyx and Sey. Since the variational formulas for both these quantities
are similar, we shall examine only Sex. We consider adapted variations of the
functional

Jsalg) i g — /Q Sex(g) dvol,. (2.34)

Note that for p =1 we have gex = 0 for any metric.

Proposition 2.14 (Euler-Lagrange equations). Let dimD > 1. A pseudo-
Riemannian metric g € Riem(M,D, D) is critical for the action (2.34) with re-
spect to all adapted variations if and only if

- 1 I
divh + K> = —m(sex —S5.(Q,9)gt (for g--variations), (2.35)
1~

O = —Sexg, and if n £ 2 then Sex = gZX(Q,g) (for g-variations),  (2.36)

h™n
where S¥, = Sey for variations g, (preserving Vol(Q, g)), and St, = 0 for varia-
tions gz.

Proof. The formula for g*+-variation of Sex Was given in (2.17), and we can
write the g-variation of Sex from (2.18) as

0iSex = — (@7, B), (2.37)

interchanging the roles of D and D. Using (2.17), (2.21), (2.37), and removing
divergences of compactly supported vector fields, we obtain for g'-variations:

d

—J=~
dt ex,0) (gt)

= /Q (34Sex) dvol, + /Q Sex Ay(d voly)

= div H gL—divﬁ—IEb,B d vol +1 gcx Tr, B)d vol
g g g
Q 2 Ja

t=0
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~ ~ o~ 1~
:/ <(divH)gL—divh—icb+Zseng,B> dvoly,
Q

and for g-variations:

d

&J&,Q(Qt)

1~
= [ (& + sexg,B> dvol, .
t=0 /ﬂ < . 2 I

In the case of variations preserving the volume of €2, using the notation of Sec-
tion 2.3 and methods employed in the proof of Proposition 2.9, we get for g*-
variations:

d d 15
Y P a = —J= — —Dex Q, T B d l 5
0| = folenlad) = 58(o) [ (TeyB)dvol
and for g-variations:
d d n— 2~
Zsal@)| = ~Js S0 Tr, B) dvol, .
fen@)| = famalo)| =" 28u(@) [ (1 B) v,

Therefore, we obtain the following Euler-Lagrange equations for the action (2.34)
(terms S}, appear only in the case of g;-variations preserving the volume of 2):

~ - 1 -~
divh + K> = 3 <2 div H + Sex — S, (€2, g)) gt (for gt-variations), (2.38)
1/~ n—2~, - - Lo
;= 3 <Sex — nSeX(Q,g)> g (for g-variations). (2.39)

Taking traces of (2.38) and (2.39) yields

div H = ﬁ (S’ex - “s’gX(Q,g)) . (n—2) <;§x - ’s“;x(sz,g)> — 0. (2.40)

Using (2.40) in (2.38) and (2.39) completes the proof. O

3. Particular cases: foliations

In this section, we assume that a pseudo-Riemannian manifold (M P g) is
endowed with an n-dimensional foliation F. Since D = T'F, we write rr = 15
and obtain dual to (2.9) equations

rr=divh+ (h,H) — A — U + DefrH,  drH =0. (3.1)

Note that W(X,Y) = Try(Ay Ax). Definition (2.27) takes the form

S;knix = Smix - {

From Theorem 2.11, we obtain the following.

(Sex + AT, T) + div H) (for gtvariations),

~ P ~ 3.2
(Sex — (T, T) + divH)  (for g-variations) . (3:2)

30T I
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Corollary 3.1 (Euler-Lagrange equations). Let F be a foliation with a
transversal distribution D on M. Then a metric g € Riem(M,TF,D) is crit-
ical for the action (2.2) with respect to all adapted variations, (2.11), (2.12), if
and only if

rp— (h,H) + A —T° + ®, + ¥ — Defp H + K’

(Smix — Shix (2, 9) + div(H — H))gt  (for g=-variations), (3.3)

N =

rr— (b, H) + A + & + &z + U — Def £ H

(Smix — Siix (2, g) + div(H — I:T))ﬁ (for g-variations).  (3.4)

N =

The system (3.3), (3.4) (called the “mixed gravitational field equations”) ad-
mits a certain number of solutions (e.g., twisted products and isoparametric folia-
tions, see below), and we propose that they should have applications in theoretical
physics, see discussion in [1].

A pseudo-Riemannian manifold may admit many different geometrically in-
teresting types of foliations: totally geodesic (h = 0) and Riemannian (71 =0)
foliations are the most common examples; totally umbilical (h = %H g) and con-
formal (% = %I;T gt) foliations are also popular. The simple examples of geodesic
foliations are parallel circles or winding lines on a flat torus.

Example 3.2. Let F be a totally umbilical foliation (i.e., h = %Hg and T' =
0). Then

n—1 n—1

1 ~ 1
op=——HH, A=—gHH)F ¥="H QH, S =
n n n

g(H, H).

Hence, the fundamental equation (2.9); and the Euler-Lagrange equation (3.3)
read as

~ ~ 1
rp —divh — (h, H) + & + T’ + ~H’ ® H” — DefpH = 0, (3.5)
n
rp— (h,H)+ A —T° + H ® H” — Defp H + K’
1 N
=5 (Smix — Shix(Q, g) + div(H — H))g"  (for g™-variations). (3.6)

3.1. Critical adapted metrics. Using the natural representation of O(p)x
O(n) on the tangent bundle TM, A.M. Naveira [10] described thirty-six different
classes of Riemannian almost-product manifolds; some of them are foliations, e.g.,
harmonic, totally umbilical and totally geodesic. Following this line of research,
several geometers completed the geometric interpretation and gave examples for
each class. We will characterize critical metrics for the action (2.2) in some
distinguished classes of foliations.

Theorem 3.3. Let complementary orthogonal distributions D and D deter-
mine totally umbilical foliations with n,p > 1 of a pseudo-Riemannian manifold
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(M,g). Then g is critical for the action (2.2) with respect to g*-variations if and
only if the leaves of D are totally geodesic and

1 divH)(Q,9) =0 ifp#2
o= 28t witn 4 AVH)(9) ¥p#2, 3.7)
D Smix = const if p=2.
Proof. We have the identity, see (3.5) with T = 0 and h = %.?IQL,
1 b b 1 P — 1 ~ ~ .~ L
rp—i-HH ® H —DefDH:;? Tg(H,H)—i—leH g (3.8)

Hence, or by (2.10),

-1 -1 ~ o~ ~
Smix: nn g(HvH)+]?Tg(H7H)+d1V(H+H)

Let the metric g be critical with respect to g--variations. By (3.6), we have

rp+ H® ® H — DefpH

1
=3 (Smix — Shix (€2, 9) +

2(p—1)

= g(H,H) + div(H — H)) gt (3.9)

The difference of (3.9) and (3.8) is

n—1

H @ H

1/n—1 1 - 2%p—1) . ~
_2(71 g(H,H)erTg(H,H)—S* (Q,g)Jr%)divH)gJ‘.

n

- mix
As the symmetric (0, 2)-tensor H’ ®£Jb has rank < 1 and g has rank p > 1, we
obtain H = 0; hence, the leaves of D are totally geodesic. By (3.8), the tensor

rp is conformal on D (i.e., D-conformal). We also get S* ;. = Snix and

_9 ~
Smix + &= div H = S5, (2, g).
p
Thus, [ (div H )dvol = 0 for p # 2. The proof of opposite statement is similar.
O

Example 3.4. Let M = Mj x Ms be the product of pseudo-Riemannian mani-
folds (M;,g:) (i € {1,2}), and let m; : M — M; and dm; : TM — TM; be
canonical projections. Given twisting functions f; € C°°(M), a double-twisted
product My Xy, r,) M2 is M with the metric g = efinigi+el2nige. If f1 = const,
then we have a twisted product (a warped product if, in addition, f, = Fom; for
some F' € C*°(My)). The leaves M; x {y} (tangent to D) and the fibers {z} X
My (tangent to D) are totally umbilical in (M, g) and this property characterizes
double-twisted products (cf. [12]). For any double-twisted product, we have T' =
0 and

Ay = -Y(f1)id, h=—(V*f1)g, H=-nV'f,
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(and similarly for f, A X,E, H ) where X € D and Y € D are unit vectors. In this
case, see (2.7),

div H = —pﬁfg —p2g(€f27€f2), divH = —nAJ‘fl - n2g(VLf1, VJ‘fl).
By (2.10),

~ -1 -1
Smix = div(H + H) + =g (H, H) + = g(H, H).

Let g be critical for the action (2.2) with respect to gT-variations. By Theo-
rem 3.3, the leaves (of D) are totally geodesic, and (3.7) hold. Note that AeP/? =
P2 [pA fo + p*g(V 2,V f2)].

Summarizing, we conclude that a pseudo-Riemannian double-twisted prod-
uct metric g is critical for (2.2) with respect to g*-variations if and only if the
following conditions hold:

(i) rp is D-conformal;

(ii) if p # 2, then AeP P2 = (; hence, P/ is D-harmonic when 9 is definite (recall
that nonconstant positive harmonic functions exist on a complete manifold
with nonnegative curvature outside a compact set [9]; by S.T. Yau’s theorem

(1975), there are no nonconstant positive harmonic functions on a complete
manifold with nonnegative Ricci curvature);

(iii) f1 does not depend on My; hence, it is the twisted product of (M, e/tg)
and (MQ y gg).

The following theorem continues Example 2.13: one of distributions becomes
integrable.

Theorem 3.5. Let a distribution D be nowhere integrable and D tangent to a
totally geodesic Riemannian foliation on a pseudo-Riemannian manifold (M, g).
Then g is critical for the action (2.2) with respect to g*-variations if and only if

rp = (Smix/P)g~, where Spix = const when p # 4. (3.10)
Proof. By conditions, p > 1, h=0=h and T = 0. Thus, (2.9)1 reads as
rp=—T". (3.11)

By tracing (3.11), we find Smix = (I, T). From (3.3), we obtain
1

rp— T = 5(SmiX - fmx(ﬂ,g))gj‘ (for g*-variations), (3.12)
where S, = 24T T, see (3.2). Adding (3.11) and (3.12), we obtain
1
rp = 1 (Smix — SjniX(Q’ g))gL (313)

Tracing (3.13), we get (p — 4)Smix = pS*.. (2, g), hence, Syix = const when p #

mix

4. This and (3.13) complete the proof. O
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Theorem 3.6. Let F be a totally geodesic foliation of a pseudo-Riemannian
manifold (M, g) with integrable normal bundle D. Then g is critical for the action
(2.2) with respect to all adapted variations if and only if

(i) div <E - ;ﬁgL> =0,

(ii) oy = —Sexg and Sex = const when n # 2.
n

Proof. Using (2.33) and its dual with T = 0, rewrite Euler-Lagrange equa-
tions (3.3), (3.4) as

mix

-~ 1 -
div(h — Hg") 4+ @), = 5(8eX + Sex — Sk (Q.9)) gt (for g--variations), (3.14)

- 1 ~ ~ ~
div(h — Hg) + &5 = §(Sex + Sex — Siix(2,9))g  (for g-variations).  (3.15)
We need to show the following (for totally geodesic foliations with integrable
normal bundle):

(I) g is critical for the action Jpix o With respect to gt-variations if and only if
(i) holds;

(IT) g is critical for the action Jmixn with respect to g-variations if and only if
(ii) holds.

(I) To show necessity of (i), observe that for totally geodesic foliations h = 0;
hence, (3.14) reads

SO 1 ~
le(h - ng_) = §(SGX - S;knix(Qvg))gJ_a (316)
where S¥ . = Spix. Tracing of (3.16) yields
(1= p)div H = £ (Sex = Shi(2.9)). (3.17)

Therefore, from (3.16) and (3.17) we obtain (i): div(h — (H/p) g*) = 0.
(IT) To show necessity of (ii), from (3.15) with A = 0, we obtain for T F-

variations,
1 ~

(I)ﬁ = 92 (Sex - S:nix(Qa g))gv (318)
where S{; = Smix — %(gex + div H). Tracing of (3.18) yields
~ n ~
ex — o \Pex T :nix Qv . 1
Sex = 5 (Sex = Shuix(,9)) (3.19)

From (3.18) and (3.19), we obtain ®; = %gexﬁ. It also follows from (3.19) that

”TJASV@X = 555 (2, g) for n # 2. The proof of opposite statements is similar. [

In light of Theorems 3.5 and 3.6, it might be interesting to study totally
geodesic foliations

(a) with totally geodesic normal bundle and for which (3.10) holds;

(b) with integrable normal bundle and for which conditions (i) and (ii) hold.
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3.2. Flows (n = 1). Let the distribution D be spanned by a nonsingular
vector field N, then N defines a flow (a one-dimensional foliation). An example
is provided by a circle action S x M — M without fixed points. Assume that
|g(N,N)| =1 and let ey = g(N, N). Thus, Smix = €n Ricy, and the partial Ricci
tensor takes a particularly simple form:

e b
r5 =enRicn g, rp=en(Rn)’,

where Ry = R(N,-)N and Ricy =), €;g(Rn (&), E). The action (2.2) reduces
itself to

Jmix,Q(g) = 6N/ RiCN dVOlg . (320)
Q

We have h = ESCN , Where ESC = €N (iNz, N) is the scalar second fundamental form

of D. Define the functions 7; = Tr A (i > 0), where Ay is the (adjoint to hsg)
Weingarten operator of D. It is easy to check that Scx = 77 — 7o and

divN = Zﬁig(v&N7 gz) = _g(Na ZQV&C‘:@) = —g(N, ﬁ) = —’7N'1,
div(7iN) = N(71) + 71 divN = N(7) — 71

The curvature of the flow lines is H = ey VyN. It is easy to see that (3.2) takes
the form

. . 2T, T)+ LdivH (for g*-variations),
miXZGNRICN—Q p . pN ~ ~ - L

en(N(T1) —T2) = (T,T) (for g-variations).
From Theorem 2.11 (or Corollary 3.1) we obtain the following.

Corollary 3.7 (Euler-Lagrange equations). Let a distribution D be spanned
by a unit vector field N with respect to the metric g € Riem(M, D, D). Then g is
critical for the action (3.20) with respect to all adapted variations if and only if

en (Ry + A% — (T4)? + [T%,, AN))” — Fihse + H’ ® H’ — DefpH
1 ~ o
= §(€N Ricy —Shix(Q, 9) + div(enTi N — H)) gt (for g*-variations), (3.21)
en Ricy +55,.(Q, g) — 4T, T) — div(exTi N + H) = 0 (for g-variations). (3.22)
Proof. An easy computation shows that
A=enA%, (N, H) =Fhy, V=H @H, V= (72— (T,T))7,
H =eyVyN, h=Hg, <(hh)=g(H H),
H=exnN, 71 =enTrghe, (b, h)=ento, DefsH =enN(71)g. (3.23)
Notice that (H* ® H)(X,Y) = g(H, X)g(H,Y). Substituting (3.2) and

B =0=Sec, Sex=en(7i—7), T =exT%
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into (2.30) yields (3.21). Substituting (3.2) and

h=Hg, & =ev(fi—7)g ®7:=—(T,T)g

into equation dual to (2.30) yields (3.22). O

By (2.8), we have divh = N(hs) — Tihse and divh = (div H)§. Then, see
(2.9); and (2.10),

en(Ry + A% + (T4)?)" = N(he) — H* ® H’ + DefpH,
en Ricy = div(Vy N) + en(N(71) — 72) + (T, T). (3.24)
Remark that (3.24), is simply the trace of (3.24);.

A flow of a unit vector N is geodesic if the orbits are geodesics (h = 0),
and is Riemannian if the metric is bundle-like (b = 0). A nonsingular Killing
vector clearly defines a Riemannian flow; moreover, a Killing vector of unit length
generates a geodesic Riemannian flow. A manifold with such N-flow is called

Sasakian if the sectional curvature of every section containing N equals one, in
other words, its curvature satisfies the following condition:

R(X,N)Y = g(N,Y)X — g(X,Y)N.

Corollary 3.8 (of Theorem 3.5). Let a unit vector field N generates a
geodesic Riemannian flow on a pseudo-Riemannian manifold (MP*L g). Then
g is critical for the action (3.20) with respect to g*--variations if and only if

Ry = (1/p) Ricyid*, where Ricy = const when p # 4. (3.25)

Moreover, if p is odd, then Ricy = 0 and M splits, and if Ricy # 0, then p is
even.

Proof. By Theorem 3.5, we have (3.25), and (3.11) reads Ry = —(T%)2
Tracing this we obtain ey Ricy = (T, T). In our case, (2.27) reads

B %(T, T) (for g*-variations),
(T, T) (for g-variations).

For a geodesic Riemannian N-flow, (3.21), (3.22) reduce to
~ 1
en(Ry — (T]ﬁ\,)Q)b =3 (en Rien —Shix(2,9)) g (for g-variations),
enRicy = —S%,,.(Q,9) + 4(T, T) (forg-variations).

For p being odd, the skew-symmetric operator fjﬁv has zero eigenvalue; hence,
Ry =0 =T; and by de Rham’s Decomposition Theorem, (M, g) splits. O
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Finally, observe that we can examine codimension-one foliations and distri-
butions with critical metrics for other actions with respect to adapted variations,
for example, (2.34). Since the case of p =1 is trivial for this action, we consider
n = 1 instead. The next result provides applications to foliations whose leaves
have constant second mean curvature, see [14, Section 1.1.1].

Proposition 3.9. Let (M, g) be a pseudo-Riemannian manifold, and a dis-
tribution D be spanned by a complete in @ unit vector field N. If g is critical for
the action (2.34) with respect to all adapted variations, then Sex(€2,g9) < 0 and

71 =0, 7o = const. (3.26)
Proof. From (2.35), we obtain
= 3 SETIRL
Vivhse — Tihse + en [T An]” = 0.

By tracing the above, we get N(71) = 72, and in view of completeness in  of
the flow of N, the only solution is 71 = 0, namely (3.26);. From (2.36) with n =
1 and ®; = en(7f — 72)g, we obtain

R —Ty= enSexs  Sex = Sex(€2,9);

which together with Sex = Sf, and 7, = 0 yields 7 = —enS%, (€, 9). Hence
critical metrics of (2.34) with respect to all adapted variations are those with
constant 7. O

For n = 1, the critical metrics of the action (2.34) with respect to all adapted

variations also satisfy the differential equation V NESC + en [T;{,, A N]b = 0, which
in the case of integrable D, together with (3.26), yield the system of equations
studied in Section 3.3, see (3.50) with interchanged D and D, and 7»(£2,g) in
place of — Ricy (€2, g).

3.3. Codimension-one foliations. The structure theory and dynamics of
codimension-one foliations on manifolds are fairly well understood. The simplest
examples of codimension-one foliations are the level surfaces of a function v :
M — R with no critical points. Geometric properties of such foliations correspond
to analytic properties of their defining functions. As a particular example one
can consider isoparametric functions (e.g., see [1] for globally hyperbolic space-
time). In this section, we analyze adapted critical metrics of the action (2.2)
for codimension-one foliations and give their full classification on 3-dimensional
manifolds admitting a certain global coordinate system.

Let F be a codimension-one foliation with a normal N € Xj; of a pseudo-
Riemannian manifold (M™*1 g). Assume that |g(N,N)| = 1 and let ey =
g(N,N). We have, see (2.5),

T b
rp=enRicyg—, rr=en(Rn)’,
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where Ry = R(N,-)N and Ricy = ) ,€09(Rn(Eq), Eq). Then again, as in
Section 3.2, the action (2.2) reduces itself to (3.20). Let hsc be the scalar second
fundamental form, and Ay the Weingarten operator of 7. We have T =0=T
and

hse(X,Y) =eng(VxY,N), An(X)=-VxN, (X,Y eTF).

Define the functions 75, = Tr A%, (k > 0), see [14], which can be expressed using
the elementary symmetric functions o}’s,

det(id+tAN):1+ Z O'ktk,
1<k<n

called the k-th mean curvatures of F. For example, 71 = ey Tr hge is the “usual”
mean curvature of F, and

=01 =TrAy =—divN, 7 :af — 209 :TrA?V.

Evidently, the functions 7,,4+; (¢ > 0) are not independent: they can be expressed

as polynomials of (71,...,7,) using the Newton formulas
Tj — Tj—101+ ...+ (—1)j717'10'j_1 + (—1)jj0'j =0 (1<j<mn),
Tj—Tj_10'1—|-...+(—1)n7'j_n0n:O (]>n)

Notice that A = eNA?V and A = g(f—j, fI)N, where H = enV n N is the curvature
vector of N-curves. By (3.1); and ¥ = H” @ H®, we obtain

en(Ry + A%)" = Vihse — H> @ H” + exDef 7 H. (3.27)
Then we find, taking trace of (3.27), that (see also [17] in terms of o’s)
Ricy = N(1) — 72 + div H. (3.28)
It is easy to see that (3.2) takes the form

N(r) — 7 (for gt-variations),

S?nix = €N RiCN —261\] { (329)

L div H (for g-variations).
From Theorem 2.11 (or Corollary 3.1) we obtain the following.

Proposition 3.10 (Euler-Lagrange equations). Let F be a codimension-one
foliation of a pseudo-Riemannian manifold (M™*1,g), and a normal distribution
D be spanned by a unit vector field N. Then g is critical for the action (3.20)
with respect to all adapted variations if and only if

Ricy +enShic(Q,9) — (N (1) — 71) — divH =0  (for g--variations), (3.30)

GN(RN + A%\,)b _ Tlhsc + E[b ®ﬁb - GNDef}‘(ﬁ)
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= % <6N Ricy —Spix (€, 9) + en div (N — ﬁ)) g (for g-variations).  (3.31)

One may rewrite (3.30), (3.31) using (3.27), (3.28), as

T2 — = —enShi (2, 9) (for g*-variations),  (3.32)
1
Vnhse—T1hse = 5 (26]\7 (N(Tl) - T12)

+ en(E—72) = Shi(.9)) G (for G-variations).  (3.33)

Remark 3.11. Note that adapted variations provide the same Euler-Lagrange
equations as in [1], where the action (3.20) was examined in a foliated globally
hyperbolic space-time, and the Euler-Lagrange equations (called the mixed grav-
itational field equations) were derived using variation formulas for the curvature
tensor. There, D was spanned by a unit (for initial metric g), time-like vector
field N with integrable orthogonal distribution D. Equations (3.32) and (3.33)
are formulated in terms of a newly introduced tensor Ricp(g), whose trace is
denoted by Scalp(g). For unit vectors X,Y € D, we have in coordinate free
form:

Ricp(9)(X,Y) = (VN hse — Tihse) (X, Y),
Ricp(g)(X, N) = div(An (X)),
Ricp(g)(N, X) = —div(An(X)),
Ricp(g)(N,N) = —div H.

The Euler-Lagrange equations in [1] for the action (3.20) take the following form:

Ricp(g) — %Scalp(g)g + Ricy (N @ N” + %g) = 0. (3.34)
Since one should actually use only the symmetric part of Ricp(g) in (3.34), its
both sides vanish when evaluated on the pair (X, N), where X € D. Also, (3.34)
reduces to (3.30) when evaluated on the pair (N, N) (with S¥ . (€, g) = 0, because
in [1] the volume preserving variations is not considered), while evaluating (3.34)
on X,Y € D yields (3.31).

Lemma 3.12. Let F be a codimension-one foliation of a pseudo-Riemannian
space (ML g), and let g be critical for (3.20) with respect to all adapted vari-
ations and let the unit normal field N of F be complete in a domain Q of M.
Then the function div(Vy N) is non-positive somewhere in Q, and (3.32), (3.33)
read

72— 75 = Ricy(Q,9) — 20, Vihese — Tihse = %N@g, (3.35)

where C' = const < 0 and T1 is a global solution of the following ODE (along
N-lines):
N(r) -1 =C. (3.36)
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Proof. Recall that H = Vn,N. Put
r=(N(n)—)(Q9), y= (£ —7)(Q9), 2= (divH)(Q,g), J = Ricy(Q, g).

Integrating (3.32) and using (3.29), we obtain 2z + y = J. Integrating the trace
of (3.33) and using (3.32) and (3.29), we obtain 2(n — 1)x 4+ ny + 2z = nJ. The
rank 2 linear system

{22 4+y=J, 2(n—1)x+ny+2z=nJ} (with variables z,y,z)

admits a 1-parameter family of solutions z = z = 5, y=J— 26, where C € R.
Note that integrating of (3.28) yields z + y + z = J, which is also satisfied by
the above solution. Hence, by tracing (3.33), we obtain (3.36). If C > 0, then
the only global solution of (3.36) along N-lines is 71 = 0 (and hence, C = 02
Otherwise, if C' < 0, any global solution 71(¢) (t € R) is bounded: () < |C]
and given by

A2 o
AL/2 2(|C 1)
n(t) = |6 ( .
(161" + 7)e-201" 6% — 7
1/2 1/2

n(0) = € [-ICI",|C] (3.37)
including constant solutions 7 = +|C ]1/2. Since z < 0, the function div H is
non-positive somewhere in 2, and (3.32), (3.33) read as (3.35). O
Codimension-one foliations admit biregular foliated coordinates (xy, ..., xy),
see [4, Section 5.1], i.e., the leaves are {xyp = ¢} and N-curves are given by

{zi = ¢ (1 > 0)}. Now assume that a foliated pseudo-Riemannian manifold
(M, F,g) admits orthogonal biregular foliated coordinates (hence, g;; = 0 for i #
j), then g = goo dx% + > is0 Gii (dz;)%. Denote by gii,0 the derivative of g;; in the
Op-direction. We have goo = en|goo| and gii = €|giil.

Lemma 3.13. For a pseudo-Riemannian metric g in orthogonal bireqular
foliated coordinates of a codimension-one foliation F, one has

N = 8/\/]goo| (the unit normal),
1
hij = F% 900 = —5€N 5@‘]‘9@‘@‘0/\/ lgoo|  (the second fundamental form),

= —T7/V/|g00| = -
| oo| Gii
1 9ii,0 (Shz())
T = — ? , T etc.
1 9 jf: ) 2= 4|goo! ZE:

|goo] iso it Gii

(5] gii,0 (the Weingarten operator),

Proof. This is similar to the proof of Lemma 2.2 in [14] for the Riemannian
case. O
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Lemma 3.14. Let F be a codimension-one foliation of a pseudo-Riemannian
manifold (M, g) with a unit normal field N complete in a domain Q2. Let there ex-
ist global orthogonal biregular foliated coordinates (xg,x1,...,%y), with the leaves
of F given by {xo = c}, and g of the form

gii = € fi(x1,...,xp exp( /\/\gooyzt:rl,...,xn)dt>,i—l,...,n,

(3.38)
where f; (i = 1,...n) are positive functions. Then g is critical for the action
(3.20) with respect to all adapted variations if and only if (3.35)1 holds and every
function y;(t, z1,...,x,) solves the first-order linear ODE along the N -curves:

(1) =10V 900 ®ly(t) — -C/ oo (0] = 0. (3.39)

~

where T1(t) is given by (3.37), C < 0 is a constant and goo(t) # 0 is a smooth
function.

Proof. Let xg =t and N = |ggo| /0. Let g € Riem(M,TF, D) be a critical
point of the action (3.20) with respect to all adapted Varlatlons supported in €.
Then C < 0, see Lemma 3.12, and 71 is a bounded function: < ]C’\ see (3.37).
Using Lemma 3.13, we obtain

€ 1
(Vnhse)is = —=——— <gn’,00 590 9000 _ (gii,0)2/9i2'> - (3.40)
2|goo |gool
By (3.40), Euler-Lagrange equation (3.35)2 becomes the system for i =1,...,n:
1 1 {g00|0 2 ~
gii.00 — —(9ii.0)? — Giio ( 9001, + T/ |900!> + —Clgoolgii = 0. (3.41)
i 2 |goo| n

Substituting (3.38) in (3.41) yields (3.39). The proof of the opposite statement
is similar. O

Note that from Lemma 3.13 it follows that for the metric given by (3.38) the
Weingarten operator is diagonal in biregular orthogonal foliated coordinates and
the functions yi,...,y, are its eigenvalues (i.e., the principal curvatures of the
leaves). Hence, they must satisfy

Y1+ ...+ Yn = 71, y%—l—...—i—yi:Tg. (3.42)

Corollary 3.15. Let a metric g of the form (3.38) be critical for the action
(3.20) with respect to all adapted variations. If 1 =0 (i.e., D is harmonic), then
all principal curvatures y; (i = 1,...,n) are constant along the N-curves. Also,
if Ricny (92, g) = 0, then all y; vanish.

Proof. Taking the sum of the left-hand sides of equations (3.39) for i =
1,...,n, we obtain C = 0, substituting this result together with assumption
= 0 to every equation (3.39) yields dyy; = 0 for every i« = 1,...,n. This
proves the first claim. To prove the second one, note that y; satisfy equation
(3.42)9, from which it follows that Ricy(€,g) < 0, and if Ricy(€2,9) = 0, the
only solution of (3.42)2 is y; = 0, i.e., a totally geodesic foliation. O
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For n = 2, in global biregular orthogonal foliated coordinates, we can ex-
plicitly (for N complete in ) solve the Euler-Lagrange equations for a pseudo-
Riemannian metric.

Theorem 3.16. Let (M, g) be a 3-dimensional pseudo-Riemannian manifold
with a 2-dimensional integrable distribution D, admitting global biregular orthogo-
nal foliated coordinates. Let the unit normal field N of D be complete in a domain
Q C M. Then g is critical for the action (3.20) with respect to all adapted vari-
ations preserving the volume of  if and only if 71 is constant and one of the
following holds:

71 #0, Rien(Q,9) = —(3/2) (n1)?,

g11 = €1f1exp (Tl / vary dt) . Gg22 = €afaexp (Tl / vV |900|dt> , o (3.43)

or
T — 0, RiCN(Q, ) = —T9,

11 = e1f1 exp <i2/ \/\ggol(—% RicN(Q,g))l/th> ,

1.
= cafsexp (72 [ Viaml(-3 Rie(@,) P}, (a0

where f; = fi(x1,22) (i = 1,2) are positive functions and goo(t) # 0 is a smooth
function.

Proof. First we show that for n = 2 we must have 0,7 = 0. From (3.42);
and (3.35)1, we obtain a quadratic equation for y, from which it follows that

1 1 ~ . 1/2
me=gn g (7 410 - 2Rien(2.9)) (3.45)

where C' < 0 is a constant. Substituting (3.45) into (3.39) yields the following
two equations (for the upper and the lower signs) relating 71 with ggo:

15)%xl (7’1 + \/712 + G)
|g00| = jF( —

|C| —7'12:F7'1\/7'12+G) \/7'12+G,

(3.46)

where G = —4|C| —2Ricy (9, g). Since 71 satisfies (3.37), for 8,71 # 0, we obtain
from (3.46) two different values, for |gog| we obtain a contradiction. For 9,7 =
0, (3.46) also seems to yield a contradiction: ggg = 0. However, we cannot use
(3.46) if 724+ G =0 or —72 F 71/72 + G 4 |C| = 0, and we shall sec that this
is exactly what happens, when we treat the cases 71 = 0 and 71 (¢, 21,...,2,) =
T1(21,...,2,) # 0 separately.

1. Let 71 be nonzero and constan‘g along the N-curves. According to Lemma

3.12, it is only possible for 7, = + |5\§, with C < 0. Then from (3.35)1 we obtain
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Ty = — 6| — Ricy(£2,9) > 0. The principal curvatures of the leaves obey y; +

1 N
y2 = £|C|* and y1y2 = |C| + 1 Ricn (€2, g), and therefore are constant

1 1 . =~
Y12 =37 + 5( — 2Ricy(Q,9) — 3|C|) . (3.47)

(SIS

For g11 and go2 as in (3.38), we get

g11 = €1f1(z1, x2) exp <—2y1 / var dt) ;
g22 = €2 fo(x1, x2) exp <—2y2 / V| go00] dt) - (3.48)

The metric (3.48) is critical for Juix with respect to all adapted variations if

and only if (3.35)2 holds, i.e., y; and ys are both solutions of (3.39). The only

solution of (3.39) constant along the N-curves is y = % = %7'1. Comparing this

result with (3.47), we see that there exists a metric of the form (3.48) critical
with respect to all adapted variations if and only if
3 A 3

Ricy (€2, 9) = —§|C’| = —57'12. (3.49)

In this case, we have y1 o = 371, and from (3.48) we obtain (3.16), and (3.16)s.

Note also that from (3.49) it follows that
7 +G = 0]~ 4/C| - 2 Ricy.n(2,9) =0,

thus, we cannot use (3.46).

2. Consider now the case 1 = 0. According to Lemma 3.12, it is only possible
for C' = 0. The system (3.35) reads

T2 = —RiCN(Q,g), VN hsc =0 (350)

with Ricy (€2, g) < 0, while the system (3.41) has the following form:

1 1 .
9ii.00 = —(9i1,0)” = 59i5,0(108 [goo]) 0 = 0 (i =1,2),
Gii 2
and y' = 0, see (3.39). Thus, y; = —y2 are constant along the N-curves. In

view of (3.50); and assumption 71 = 0, the principal curvatures of the leaves are
Y12 = +(— Ricy (2, 9)/2)'/2. Note that we cannot use equation (3.46) because

\a]—T%IFTl\/W:O. O

Corollary 3.17. Let conditions of Theorem 3.16 hold. If g is critical for the
action (3.20) with respect to all adapted variations, then the leaves of the foliation

tangent to D are either totally umbilical or minimal, with the principal curvatures
constant along the N -curves.
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A critical metric for the action (3.20) satisfies (3.35), but we are free to make
various assumptions about its behaviour along the leaves of the foliation. In
particular, we can assume this foliation to be isoparametric (i.e., composed of
the level sets of an isoparametric function).

Recall (see [15, Chap. 8]) that a smooth function f without critical points on
a pseudo-Riemannian manifold (M, g) is called isoparametric if for any vector X
tangent to a level hypersurface of f the following conditions are satisfied:

X(g(Vf,Vf) =0, X(Af)=0. (3.51)

Proposition 3.18. In biregular foliated coordinates (xg, x1, .. .,xy), the func-

tion f = xq is isoparametric if and only if for any X tangent to a level hypersur-
face of f we have
X(lgool) =0, X(m1) =0, (3.52)

where T is the mean curvature of the level sets of f.

Proof. We have

N, g(VfVf) =IO N

Vf=eng(Vf,N)N =en ~ lgoo? W'

1
v/ |g00]

It follows that (3.51); and (3.52); are equivalent. Let X be a vector tangent to
a level set of f, satisfying (3.52);. Then similar computations, as in the proof of
Theorem 8.22 in [15], lead to X (Af) = —en| goo| /% X (71); hence, (3.51)3 and
(3.52)9 are equivalent. O

Since the derivatives of |ggo| and 71 in the directions of D do not appear in
equations (3.35); and (3.41) (the second being (3.35)2 in the biregular orthogonal
foliated coordinates), there exist metrics critical for the action (3.20) with D
tangent to an isoparametric foliation. To obtain such an example, it is enough to
find a metric satisfying (3.35); and (3.41) along one N-curve and then to extend
its coefficients to leafwise constant functions on M.

3.4. Conformal submersions. Conformal submersions form an important
class of mappings, which were investigated also in relation with Einstein equa-
tions, see survey in [5].

Definition 3.19. Let (M, g), (M\ ,g) be smooth pseudo-Riemannian mani-
folds. A differentiable mapping 7 : (M, g) — (M,g) is called a conformal (or:
horizontally conformal) submersion if

1. 7 is a submersion, i.e., it is surjective and has maximal rank,

2. dm restricted to the distribution orthogonal to the fibers of 7 is a conformal
mapping, i.e., there exists a smooth function f : M — R (called dilation of
the submersion) such that for all vectors X,Y orthogonal to the fibers of 7w
we have

e g(X,Y) = §(dn(X),dn(Y)).
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Note that for p = 1 any submersion is conformal.

In this subsection, we denote by D the distribution tangent to the fibers of
conformal submersion and we assume that both D and its orthogonal complement
D are non-degenerate. It follows that D is integrable, and one can also show [§]
that D is totally umbilical with the second fundamental form satisfying

h=—(V'f)g (3.53)

Among conformal submersions, those with totally umbilical fibers are an example
of particularly interesting geometry. While the adapted variations (2.11), (2.12)
preserve the orthogonality of two distributions, we can consider their particular
class which preserves the structure of conformal submersion with totally umbilical
fibers.

Definition 3.20. We say that a variation g; € Riem(M, D, D) is D-conformal
if 9,9 = sgp for some s € C°°(M). We define D-conformal variations in a
similar way and say that variation g; is biconformal if it is both D-conformal and
D-conformal.

A tensor B € Mp is D-conformal if B = sgt for some s € C®(M,R).
Given g € Riem(M, D, D), the subspace of M, consisting of biconformal adapted
tensors, splits into the direct sum of D- and D-conformal components.

Proposition 3.21. Let w: (M"P g) — (]\//.71’@) be a conformal submersion
with totally umbilical fibers, and g be an adapted variation of g. Then all map-
pings 7 : (M, g) — (M,q) are conformal submersions with totally umbilical fibers
if and only if variation g; is D-conformal and

v (B — :L(TrBﬁ)ﬁ) =0. (3.54)

Proof. If all the mappings 7 : (M , gt) — (]\/4\ , §) are conformal submersions,
then we have e 2/tg;- = 7*(g) for some f; € C>°(M). Differentiating the above,
we obtain

e_zftatgtl — 28tfte_2f’fgtL =0.

Hence, 0;g; = sgj- for s = 20, f;, that is, our variation is D-conformal.
If D is totally umbilical for all g;, then h = %H gt, and from (2.15), we obtain

%(B(X, Y)H +g(X,Y)0:H) = %B(X, Y)H — VB(X,Y)
for all X,Y € D. Using (2.16); yields the equality 1¢(X,Y)V(TrBf) =
VB(X,Y).

On the other hand, if (3.54) is satisfied and the variation is D-conformal,
then from the uniqueness of the solution of ODE it follows that h = %H gr and
e 2ft gi- = m*g for all t; hence, all 7 : (M , gt) — (]/\4\ , §) are conformal submersions
with totally umbilical fibers. O
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Note that the condition (3.54) is satisfied, in particular, by biconformal vari-
ations.

We examine the metrics critical for the action (2.2) with respect to D-
conformal variations. The Euler—Lagrange equation for these metrics is a scalar
equation. To find it, we can use our equation (2.32), with B = sg'; by demanding
it to be satisfied for all s € C*°(M), we obtain

(p—1)divH + J%Q(Sex +(T,T)) + g(éex F(T,T) — Sii(Q,9)) = 0, (3.55)

*
where S} .

= Smix - %(Sex + 2<T7 T> - <Ta T>)

The mixed scalar curvature is an important tool in investigation of conformal
submersions with totally umbilical fibers. In [18], it was used to obtain some in-
tegral formulas and existence conditions for such mappings. There, the following
formula was established:

Smix = —pAf —pg(VT £,V f) +{(T,T) +div H + nT_lg(H, H),  (3.56)

which is just a particular case of (2.10) expressed in terms of f and H. We can
present in a similar way the Euler—Lagrange equations for biconformal variations
on the domains of conformal submersions with totally umbilical fibers.

Proposition 3.22 (Euler-Lagrange equations). Let m : (M"*p,g) —

(]\/4\1’,5), where p > 1, be a conformal submersion with totally uwmbilical fibers.
Then g 1is critical for the action (2.2) with respect to biconformal variations if
and only if

—2p(p— DAf = p*(p—1)g(V £,V f) + (p_Q)Tfn_l)g(H, H)

+(p— 2)<f, CF> = pS; (2, 9)  (for D-conformal variations), (3.57)
p(p—1)(n—2)g(V' £,V f) +2(n—1)divH + (n—1)g(H, H)

+ n<f, T> =nS (R 9) (for D-conformal variations), (3.58)

where

=0 (B +9(VT 1Y) + NI

-|-(n_1)(p_2)g(H7H)+p_2diVH,

np P
- _9 +92 ~ ~
= =0 (Af +g(VTAVT)) + (T

L divH + nT_lg(H, H). (3.59)

Proof. For conformal submersions with totally umbilical fibers, we have

T—0. Su="Sg(HH), Se=""tg(fl. 1)
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and from (3.53) we obtain H = —pV' T f. Using this, we rewrite (3.55) as (3.57).
For D-conformal variations of metrics on the domain of conformal submersion
with umbilical fibers, a formula analogous to (3.55) yields (3.58). Using (3.56) in
(2.27), we get remaining formulas (3.59). O

We examine the above equations in a particular case of totally geodesic fibers,
ie., H=0.

Proposition 3.23. Let 7 : (M"’“p,g) — (M\p,ﬁ), where p > 1 and g|z >
0, be a conformal submersion with complete totally geodesic fibers. Then g is
critical for the action (2.2) with respect to biconformal variations if and only if
eM, where X = 5=(pn+ (p — 2)(n — 2)) > 0, is a fiberwise harmonic function.

Proof. From (3.57) and (3.58), we obtain
N p— 2~* P o
p(p - 1) (Af + )‘g(va7 va)> = Tsmix(gyg) - ismix(gag)'
Using the identity ﬁf + )\g(VTf, VTf) = %e_)‘fﬁe” in the above yields

AN = GreM (3.60)

where G = p(pl_l) (pT_Q,N;‘mX -5 ;knix) (2, g). Equation (3.60) is a closed eigen-

value problem of operator A on every fiber, and e*f is its positive solution;
hence, G = 0 and eV is fiber-wise harmonic. For closed fibers, (3.60) admits
only fiber-wise constant solutions f. If we allow our variations not to preserve
the volume of €2, then again G = 0 and (3.60) becomes the fiberwise Laplace
equation for e . O

Remark 3.24. The set of bounded (or positive) harmonic functions on open
manifolds with nonnegative curvature was described in [9]: in particular, positive
harmonic functions correspond to “large ends” of the manifold (in our case, the
fiber of the submersion).
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Hisg tuny Eitnmreiina—T'inn0epra Ha
ICeBAOPiMaHOBUX MHOTOBHUJAX-MalixkKe-100yTKax

Vladimir Rovenski and Tomasz Zawadzki

Mu pocmimkyemo Bapiamiiiai (GOpMyJIH JJIsi 30BHIITHBO M€OMETPUIHUX
BEJIMYINH TICEBI0PIMAHOBIX MHOTOBHUIIB-MaiizKe-T00yTKIB 1 MU PO3T/ISIIaEMO
Bapiamii MeTpukH, siki 36epiraroTh oproronaabuicTs po3nomiiis. i dpopmynn
3aCTOCOBAHO JjIsI BUBUEHHs it Tuny Eitnmreitna—Iinnbepra misa 3mimmanol
CKaJISIPHOI KPUBHUHM Ta 30BHIITHBOI CKAJISIPHOI KDUBUHU PO3NOIiTY. PiBHAHHSA
Eitnepa—Jlarpam:ka oJiep:KaHo y MOBHIiM 3araJbHOCTI Ta B JIEKLIHLKOX OKpe-
MUX BUIJKaX (pO3IIapyBaHb, Kl € IHTErPOBHUMHU [LJIACKUMU MOJIAME, KOH-
dopmuux cybmepciii ta in.). Ouepxkani piBusuns Eiiepa—Jlarpanxka y3a-
TaJIbHIOIOTh PE3YJIbTATH I PO3IIapyBaHb KOBUMIPDHOCTI OJIMH Ha BUIAJI0K
JIOBIJIbHOI KOBHUMIPHOCTI Ta, JIOMyCKalOTh 6araTro po3B’si3KiB, TOOTO CKpyde-
HUX JIOOYTKIB Ta i30MapaMeTpuIHUX PO3IIAPYBaAHbD.

KirrogoBi cioBa: TiceBIOPIMaHOBA METPHUKA, MHOTOBHJ-Maiizke-100yTOK

) )
po3ImapyBaHHs, Apyra QyHIaMeHTaaIbHa (popMa, aarnToBaHa Bapiais, 3mi-
maHa CKaJIIpHa KPUBUHA, KOH(MOPMHA CyOMepcis.
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