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Defocusing Nonlocal Nonlinear Schrodinger
Equation with Step-like Boundary
Conditions: Long-time Behavior for Shifted
Initial Data

Yan Rybalko and Dmitry Shepelsky

The present paper deals with the long-time asymptotic analysis of
the initial value problem for the integrable defocusing nonlocal nonlinear
Schrédinger equation ig:(z,t) + que (z,t) — 2¢% (2, t)G(—,t) = 0 with a step-
like initial data: ¢(x,0) — 0 as * — —oo and ¢(z,0) — A as x — +oc.
Since the equation is not translation invariant, the solution of this problem
is sensitive to shifts of the initial data. We consider a family of problems,
parametrized by R > 0, with the initial data that can be viewed as pertur-
bations of the “shifted step function” ggr a(z): gra(z) = 0 for x < R and
qr,a(z) = A for > R, where A > 0 and R > 0 are arbitrary constants. We
show that the asymptotics is qualitatively different in sectors of the (x,t)
plane, the number of which depends on the relationship between A and R:
for a fixed A, the bigger R, the larger number of sectors.
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1. Introduction

The nonlocal nonlinear Schrédinger (NNLS) equation was introduced by M.
Ablowitz and Z. Musslimani [4] as a particular reduction of the Schrodinger sys-
tem [2]:

{Z.Qt(‘%t)+qgcx(mvt)+2q2(xvt)’r(x’t> =0 (1 1)
—iry (2, ) + 1o (z,t) + 2q(z, t)r%(2,1) = 0 '

where r(x,t) = 0G(—x,t) with 0 = £1. Here and below, ¢ denotes the complex
conjugate of g. Recall that the reduction r(x,t) = og(z,t) in (1.1) leads to the
conventional (local) nonlinear Schrédinger (NLS) equation. The NNLS equation
has attracted a considerable interest due to its distinctive physical and mathe-
matical properties. Particularly, it is an integrable equation [4,27], which can be
viewed as a parity-time (PT') symmetric [8] system, i.e., if ¢(x,) is its solution,
so is g(—z, —t). Therefore, the NNLS equation is closely related to the theory
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of PT symmetric systems, which is a cutting edge field in modern physics, par-
ticularly, in optics and photonics, (see, e.g., [12,14,26,33,53,54] and references
therein). Also, (1.2a) is a particular case of the so-called Alice-Bob integrable
systems, which describe various physical phenomena occurring in two (or more)
different places somehow linked to each other [38,39]: if these two different places
are not neighboring, the corresponding model becomes nonlocal. Being an inte-
grable system, the NNLS equation possesses exact soliton-like solutions, which,
however, have unusual properties: particularly, solitons can blow up in a finite
time, and the equation supports, simultaneously, both dark and anti-dark soliton
solutions (see, e.g., [1,5,16,29,41,49-51]), which is in a sharp contrast with the
conventional (local) nonlinear Schrédinger equation.

We consider the Cauchy problem for the defocusing NNLS equation with the
step-like initial data:

iqs (2, 1) 4 Qoo (2, 1) — 2¢% (2, t)@(—2,t) = 0, xR, t>0, (1.2a)
q(z,0) = qo(x), reR (1.2b)
(which corresponds to o = —1), where
0, z=— —o0,
qo(x) — { (1.2¢)
A, T — o0,

with some A > 0. We assume that the solution ¢(x,t) satisfies the boundary
conditions (consistent with the equation) for all ¢ > 0:

0 _
, T — —00, (1.3)
A, x— oo,

q(z,t) — {
where the convergence is sufficiently fast.

The choice of the boundary values (1.3) is inspired by the recent progress in
studying problems with step-like (generally, asymmetric) boundary conditions for
conventional (local) integrable equations, such as the Korteweg—de Vries (KdV)
equation [6,7,28], the modified KdV equation [35], the Toda lattice [18,22, 48],
the Camassa—Holm equation [42], and the conventional focusing [13] and defo-
cusing [10] NLS equations. Particularly, asymmetric boundary conditions arise in
nonlinear optics for describing an input wave with different amplitude in the two
limits and in hydrodynamics for modeling shock waves of temporally nondecreas-
ing intensity. Problems with different backgrounds are known to be a rich source
of nonlinear phenomena, such as modulational instability [43,52], asymptotic
solitons [31, 34, 36], dispersive shock waves [9, 13,15, 23], rarefaction waves [30],
etce.

In the present paper, we deal with the initial conditions go(z) close to the
“shifted step function” gr a(x):

0, z<R
)=<{" ’ 1.4
qr,A() {A, v R, (1.4)
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where A > 0 and R > 0 are constants. Notice that in the case of local integrable
equations which are translation invariant (e.g., the NLS equation [13]), it is clear
that the long-time asymptotics of the solution of the initial value problem with
these initial conditions along the rays J; = const does not depend on R. But in
the case of a nonlocal equation, the situation is obviously different: the nonlocal
term(s) immediately “mixes up” the state of the system at x and —x and thus
one expects the different behavior for different R.

The case of the focusing NNLS equation (i.e., o = 1 in (1.2a)) is considered in
[46], where we show how sectors with different long-time behavior arise depending
on A and R. Particularly, in [46] we show that for R € [0, ﬁ), there are two

sectors with different asymptotics:

(i) the quarter plane z < 0,¢ > 0, where the solution decays to 0 and

(ii) the quarter plane x > 0,¢ > 0, where the solution approaches the “modulated
constant” (i.e., different (generally, nonzero) constants along different rays
x/t = const).

Moreover, if R € ((2712;141)7: (2”221”) for some n € N, then each quarter plane,

x> 0,t>0o0rz<0,t>0, splits into 2n + 1 sectors with different asymptotic
behavior, the sectors with decay altering the sectors with “modulated constant”
limits. Thus the number of sectors in each quarter plane is always odd.

In the present paper, dealing with the defocusing case, we show that the
asymptotic picture is similar to that in the focusing case, an important difference
being that the number of sectors in each quarter plane (with qualitatively different
long-time behavior) is always even. More precisely, if @ < R < =f for some
n € N and if the initial data is close to gr 4(z) with the parameters satisfying

the inequality above, then the following result holds:

Theorem 1.1. Under Assumptions (a)—(c), see Subsection 2.3, on the spec-
tral functions associated with the initial data qo(x), the solution of the initial
value problem (1.2), (1.3) has the following asymptotics as t — +o0, qualitatively
different in sectors of the (x,t) plane specified by ranges of § = ;-

m—1 2
2200 T (55) +ol = Ronm <€ <onm,
=0 n—s
0(1)7 —Wn-m < &< Rpn—m,
=" (1.5)
Prn—m Prn—s
7PN +o(1 ) R n—-m < § < —Wp—m—1,
A82(0, —€) sl;[o < ¢ > o(1) D § w 1
0(1)7 Wn—m—-1 < § < _%pn—m-

Herem =0,n— 1, wo =0, w, = +00, the function §(0,&) and the numbers {p;}}
and {wj}IFl (p; € C with Sp; > 0 and w; € R), satisfying

—00 < Rpp, < —wpn1 < Rppo1 < —wpo < -+ < Rp1 <0
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are determined in terms of the spectral functions associated with the initial data
qo(x), see (3.4) and Assumptions (a)—(c). Particularly, in the case n = 1, the
principal asymptotic terms are as tn Fig. 1.1.

At
’Yd»\V«OJ\e
2 o(1)
$rx,
72
o(1) A8*(0,E)+0(1)
0 X

Fig. 1.1: Asymptotic behavior of the solution of problem (1.2), (1.3) satisfying
Assumptions (a)—(c) with n = 1.

Moreover, we are able to make this asymptotics more precise, either includ-
ing in them a second term or writing explicitly a main decaying term for the
corresponding sectors, see Theorem 3.3.

Our main tools used for obtaining these results are the inverse scattering
transform (IST) method in the form of a Riemann-Hilbert (RH) problem and the
subsequent use of the nonlinear steepest decent method (Deift and Zhou method;
see [17,21] and [19,20,40] for its extensions) for the large time analysis of the
basic RH problem. Two main peculiarities of the adaptation of this approach to
our problem are

(i) the presence of a singularity on the contour for the original RH problem and

(ii) the winding of the argument of certain spectral functions leading to a strong
singularity on the contour for the “deformed RH problem” (needed for per-
forming the long-time analysis, see (2.40) and (3.14) below).

The article is organized as follows. In Section 2, we present the implemen-
tation of the inverse scattering transform method for the initial value problem
(1.2) in the form of a RH problem and examine the properties of the spectral
functions associated to the initial data. A special attention is payed to the case
of “pure step initial data”, i.e., for ¢(x,0) = ggr,a(x), since this case provides
ingredients guiding the study in the general case. The asymptotic analysis of
the associated RH problem and the main result of the paper (Theorem 3.3) are
presented in Section 3. In Section 4, we briefly discuss the asymptotics in the
transition zones, and a short conclusion is given in Section 5.

2. Inverse scattering transform and the RH problem

The implementation of the RH problem approach to the step-like problems
for local NLS equations substantially differs in the defocusing and focusing cases
due, in particular, to the fact that the structure of the spectrum of the associated
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differential operators (from the Lax pair representation) is different: either the
whole spectrum is located on the real axis (defocusing case) or a part of it is
outside this axis (focusing case). With this respect, we notice that the focusing
and defocusing variants of the NNLS equation are closer to each other: in the
both cases,

(i) there is a point singularity on the real axis and

(ii) the winding of the argument of certain spectral functions takes place, which
affects the consequent asymptotic analysis.

The next subsection presents the results of the direct scattering analysis for the
both (focusing and defocusing) cases.

2.1. Direct scattering. As we have already mentioned, the NNLS equa-
tion (1.2a) is a compatibility condition of the system of two linear differential
equations, the so-called Lax pair [4]:

{ &, + iko3® = U(x,t)® (2.1)

®; + 2ik203P = V(x,t, k)P,

where o3 = ([1) _01), ®(x,t,k) is a 2 x 2 matrix-valued function, k¥ € C is an
auxiliary (spectral) parameter, and the matrix coefficients U(x,t) and V(z,t, k)
can be written in terms of the solution ¢(z,t) of the NNLS equation as follows:

et = (Lulen S0 v=(0E) e

where

Vll = —‘/22 = qu(x,t)CY(_xvt)a
Vo1 = —2koq(—z,t) +io(q(—x,1t))s.

Taking into account the boundary conditions (1.3) and assuming that the
solution ¢(z,t) of the problem (1.2) exists, we conclude that the matrices U(x,t)
and V (z,t, k) converge to the following constant (with respect to = and ¢) matrices
(cf. [45]):

U(z,t) - Uy and V(z,t, k) — Vi(k) asz — +oo,

0 A 0 0
U+_<o 0>’ U_<—JA 0)’

R R S|

Notice that the system (2.1) is compatible with Uy, Vi or U_, V_ used instead of
U and V, so the boundary conditions (1.3) are meaningful for the NNLS equations

where
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(in contrast with their local counterparts, where the boundary conditions have
to be exact solutions depending on z and t).

Introduce the “background solutions” ®_ which are the solutions of the sys-
tem (2.1) with U(z,t) and V(z,t, k) replaced by Uy and V4 respectively:

O (z,t,k) = Ny (k)e het2ik*t)os, (2.3)
where A
(1A (10
v =(y 5) vw=(g )

Similarly to the case of the focusing NNLS equation [45,46], N4 (k) have singu-
larities at k& = 0, which play a significant role in the analysis (see the basic RH
problem in Section 2.3 below).

Next, define the 2 x 2-valued functions V;(z,t, k), j = 1,2, z € R, t > 0, as
the solutions of the linear Volterra integral equations:

Ui (z,t,k) / G_(z,y,k)(U(y,t) — U-)V1(y,t, k)eik(ff—y)os dy,
ke (Ch,C), (2.4a)
\I/ ($ t k / G+ Z y? (U(yvt) - U+)\112(y,t, k)eik(w_y)(m dyv

ke (C,Ch), (2.4b)
where the Cauchy matrices G4 (z,y, k) have the form
Gi(z,y, k) = P (z,t, k) [ (y, b, k)], (2.5)

and C* = {k € C| + 3k > 0}. Here and below, the notation k € (C*,C™) (k €
(C~,C™)) means that the first and the second columns of the relevant matrix can
be analytically continued from the real axis into respectively the upper (lower)
and lower (upper) half-planes as bounded functions. The functions V,(z,t, k),
7 = 1,2, play a significant role in the analysis, namely, they are the key elements in
the construction of the basic RH problem (see Section 2.3 below). We summarize
their main properties (cf. [45]) in

Proposition 2.1. The 2 x 2-valued matriz functions V;(z,t, k), j = 1,2 (see
(2.4)) have the following properties:

(i) The functions
®;(z,t, k) = Wy (x, t, k)e (Ret2k00s e R\ {0}, j=1,2, (2.6)

are the Jost solutions of the system (2.1) satisfying the boundary conditions
(see (2.3)) :

O (x,t, k) = O_(,t,k) as v — —o0, Po(z,t,k) — Py(x,t, k) as x — +o0.

ii) detW,(x,t,k)=1, =z, keR, t>0, j=1,2.
(ii) j
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(iii) The symmetry property:

AU (—z,t,—k)A™ = Uy(z, t, k), keR\{0}, (2.7)

0 o
where A = (1 0>.

iv) As k — 0, the columns gtV x,t, k) and g2 x,t, k) of Vi(z,t, k), j=1,2,
J J J
behave as follows:

v (2t k) = % (Z;gg) +0(1), (2.8a)
U (2,1, k) = % Z;Eig) +O(k), (2.8b)
O (2,1, k) = —% <(Z’12(<_;f’t§)> + oK), (2.80)
U (2,1, k) = _% (‘2)12((_;5)> +0(1), (2.8d)

where vi(x,t) and va(z,t) are some functions.

Proof. Ttem (i) can be verified directly from the definition of ¥;(x,t, k) (see
(2.4)). Item (ii) follows from the facts that (a) det ®;(x,t, k) = det ¥;(z,t, k) for
z,k € Rand t > 0, and (b) U(z,t) and V(z,t) are traceless matrices. Item (iii)
follows from the symmetries

AU(—2,t) A" =U(x,t) and AN_(—k)A~' = No (k).

Concerning item (iv), we observe that the structure of the singularity of Ny (k)
as k — 0 and the definition of ¥;(z,t, k), j = 1,2 imply that, as k — 0,

k \veo(x,t) Oo(x, t)

22)1(.’E,t) (2) B l U}1(.’E,t)
wg(x,t)> +O0k), Uy (.t k)= <w2(x7t)) +0(1). (2.9b)

v (2t k) = 1 <”1("”’t>> +0(1), P (a,t k)= <51(‘”’t)> +O0(k), (2.9)

o etk (

Then, from the symmetry relation (2.7) it follows that

w1<$,t) _ _0'72(_'7;7& ’J}l(l',t) _ 672<_x7t)
<w2(:v,t)> = ( i) ) O g n) T \om(can) s 0
Further, substituting (2.9a) into (2.4a), we conclude that v;(z,t), j = 1, 2, satisfy
the system of integral equations

Ul(x7t) = /x Q(y7t)v2(yvt) dy,
o (2.11)

A T —
vl t) =iy ~o [ qp0umt) dy
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whereas 0j(x,t), j = 1,2, solve the following system of equations:

Bt = [ " g sy, 1) dy,
0 (2.12)
Bo(z,t) =10 / (. Dy, 1) dy.

—0o0

Comparing (2.11) with (2.12), it follows that

f)l(x7t) _ 2170- Ul(xut) ]

ba(z,t)) A \va(z,1))”
Since the Jost solutions ®1(x,t, k) and ®o(x,t, k) defined by (2.6) satisfy the
system (2.1) for all £ € R\ {0}, they are related by a matrix function independent

of z and t¢:
O (x,t, k) = Po(x,t,k)S(k), keR\{0}, (2.13)

or, in terms of ¥;(z,t,k), j = 1,2,
Uy (2,1, k) = Wy(x, t, k)e~ Ret2kK°00s g () eliket2il®os o c R\ {0}, (2.14)

where S(k) is the so-called scattering matrix. Due to the symmetry (2.7), the
matrix S(k) can be written as follows (cf. [45]):

k) —ob(—k)
S(k) = (@ > k€ R\ {0}, 2.15
o) = () \ {0} (2.15)
with some functions (the so-called spectral functions) b(k) and a;(k), j = 1,2,
which satisfy the symmetry relation a;(—k) = a;(k), j = 1,2. The spectral
functions can be obtained in terms of the initial data only:

S(k) = v;1(0,0,k)%1(0,0, k), (2.16)

or, alternatively, by using the determinant relations

b(k) = det (mé”(o,o, k), wY(0,0, k:)) , keR, (2.17a)
ar (k) = det (1115”(0,0, k), w2(0,0, k:)) . keCT\ {0}, (2.17b)
as(k) = det (\Ijgl)(o,o, k), 90,0, k)) , keC-. (2.17¢)

We summarize the properties of the spectral functions b(k) and a;(k), j =
1,2, in the following proposition (cf. [45]; particularly, item 5 below follows from

(2.8)):
Proposition 2.2. The spectral functions b(k), aj(k), j = 1,2, have the fol-
lowing properties:

1. ai(k) is analytic in k € C* and continuous in C+\ {0}; aa(k) is analytic in
k € C~ and continuous in C~.
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2. aj(k)=1+0(%),j=12and b(k) = O () as k — oo (the latter holds for
k e R).

3. al(—l;:) = al(k), ke @\ {0}, ag(—/?:) = ag(k}), ke F
4. ai(k)az(k) + ob(k)b(—k) =1, k € R\ {0} (follows from det S(k) = 1).

5. Ask—0, a1(k) = aAzf]fg(O) + 0 (1) and b(k) = UA(Z,EO) +0(1).

2.2. Spectral functions for the “shifted step” initial data. Henceforth
we deal with the defocusing NNLS equation (making comparisons, if appropriate,
with the case of the focusing NNLS equation). Analytic considerations in the case
of pure step initial data (1.4) presented below will guide us in establishing the
general framework suitable for the asymptotic analysis.

The spectral functions associated with the initial data go(z) = qr a(z) are
given explicitly by

A2
ar(k)=1- @e‘“’m, (2.18a)
as(k) =1, (2.18b)
A .
b(k) = —ﬂGZLkR. (218C)

Indeed, the scattering matrix S(k) can be obtained from (2.14) taking x = —R
and ¢t = 0:

S(k) = e *Rosg 1(—R,0,k)¥y (—R,0, k)eMios, (2.19)
It follows from (2.4) at ¢t = 0 that
Ui (=R, 0,k) = (k), (2.20a)
Us(—R,0,k) =

/ G+ -R 'Y ) < OA> \112(3/1 Oa k)e—ikz(R-i-y)Ug dyv (220b)

where Wy(z,0,k) for z € [- R, R] solves the integral equation
Uy(z,0,k) = Ny (k)

/ Gi(z,y, k < _OA) Wy (y,0,k)e*@ Vs qy o e [-R,R]. (2.21)

From the definition of G (see (2.5)) it follows that

—ik(z—y) A (gik(z—y) _ o—ik(z—y)
G+($7y7k) = <e 0 2ik (e x yc; )> ’

cik(z—
and then direct calculations show that the solution of the equation (2.21) is as

follows:
1 A _2ik(R—zx) )

Wy(z,0, k) = (0 HEE € [-R,R. (2.22)
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Substituting (2.20) and (2.22) into (2.19), we arrive at (2.18).
Now let us analyze the locations of zeros of a;(k) in C* and the behavior of
its argument for k € R.

Proposition 2.3. The following assertions hold.

(i) For (”_Tl)ﬁ <R <™, neN, ai(k) has the following properties:

(I) ay(k) has 2n simple zeros in CF: {p;, —T?j}}l:y Here {?Rpj}?:l are the
ordered set of solutions of the equations

k= ig cos(2kR)e 2kl tan(2kR) (2.23)

considered for k < 0, and Sp; and Rp; are related by

Qpj = Rp; tan(2Rp;R), j=1,n. (2.24)

Notice that

(@ -Dmr (—Dr .
3‘%6( R R . j=1n, (2.25)

and that behavior of the real and imaginary parts of the zeros p; as R
increases is similar to the case of the focusing NNLS equation [46].

(II) Define wj, j = 0,n as follows: wy = 0, w; = g—g for j =1,n—1, and
wy, = 00. Then

/ w dargai(k)=(2j—1)m, j=1,n-—1, (2.26a)

e
[ aargan®y € (27 - . 25+ ),

—Wnp—j < —f < —Wn—j-1, ] = O,TL — 1. (2.26b)

(i) If R = T for some n € NU{0}, then ai(k) has 2n + 2 simple zeros in C+
at {i%, {p;, —ﬁj}?:ﬁ; where Rp; (j = 1,n) are the solutions of (2.23), and
Qpj are determined by (2.24).

Proof.
Observe that the equation aj(k) = 0 is equivalent to the system

A
k1 = += cos(2k R)e2k2F
?4 : (2.27)
ko = :I:E sin(2k; R)e 2kt

where k = ki +iko, k € C+\ {0}. Due to the symmetry relation a1 (k) = a1 (—k),
it is sufficient to consider (2.27) for k; > 0 only.
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1. For k1 = 0, the system (2.27) clearly has no solutions, so aj(k) has no
purely imaginary zeros (notice that in the focusing case, aj(k) has one simple
purely imaginary zero [46]).

2. Assuming ko = 0, the second equation in (2.27) implies that k1 must be
equal to 55 with some n € N. But then, from the first equation in (2.27) we
conclude that k; = %. Therefore, k = ié are simple zeros of a;(k) if and only
if there exists n € N such that 7n = AR. Notice that in the case R = 0, the
spectral function a; (k) has exactly two simple zeros, g and —%.

3. Now, let us look at the location of zeros of ai(k) in the open quarter
plane k1 > 0, k2 > 0. Dividing the equations in (2.27) sidewise, we arrive at (cf.

(2.24)):

2 1
ko = kitan(2kiR), K # ”(Zg), neN, (2.28)
from which we conclude (cf. (2.25)) that
(n—1m (2n—1)m
ki € ( TR iR , neN. (2.29)

Substituting (2.28) into the first equation in (2.27) and taking into account the
sign of cos(2k1 R) for ky satisfying (2.29), we obtain the equations for k;:

k= gCOS(leR)e_leRtan(leR)

“Ur (4n—3
for ky € <(” = Lt ”4R )”>, neN,  (2.30a)

or

k= —g cos(2k, R)e 2k itan(2k R)

2n—1)7m (dn— )7
2R 7 4R

for k1 € ( > , neN. (2.30b)

Since the r.h.s. of (2.30a) and (2.30b) monotonically decrease w.r.t. ki in the

corresponding intervals, it follows that for w < R < ™F equations (2.30) have
n simple solutions {k1 ; };‘:1 in the quarter plane k1 > 0, k2 > 0 such that k; ; €

(%%) j=T,n (cf. (2.25)).
(n—1)m
<

Concerning the winding properties of argai(k), the estimates (for
R <)

A? 4ik(y R mm

4]€(2m) emt <1 for k(m) = _ﬁ’ m € N’ m>n, (2‘3121)
A2

741{:(2 )64zk(m)R >1 for k:(m) = —%, meN, m<n, (2.31b)

yield (2.26). 0
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Remark 2.4. Considering the pure step initial data gr 4 as varying with R
(for a fixed A), the values R = “f, n = 0,1,2,... turn to be the bifurcation
points: when R is passing any of these values, a1 (k) acquires an additional pair
of zeros at k = j:% (cf. [11], Section 4.1, where the box-type piecewise-constant
initial data for the defocusing NLS equation with nonzero boundary conditions
at infinity are considered illustrating the bifurcation of discrete eigenvalues).

2.3. The basic RH problem and inverse scattering. One of the main
advantages of the RH approach in the inverse scattering transform method is
that it is highly efficient in the asymptotic analysis. Recall that the RH problem
(as widely used in applications to integrable systems) consists in finding an n x
n-valued piece-wise meromorphic function that satisfies a prescribed jump condi-
tion across a contour in the complex plane and prescribed conditions at singular
points (if any). The jump matrix for RH problems associated with initial (and
initial-boundary) value problems for integrable systems are usually oscillatory
with respect to a large parameter (in our case, time); in treating (asymptoti-
cally) these problems, the so-called nonlinear steepest decent method (Deift and
Zhou method [21]) has been proved to be extremely efficient.

The construction of the RH problem for an integrable system is usually based
(at least in the case when the differential equations in the Lax pair representation
are of the second order), on analytic properties of the Jost solutions ®;(z,t,k)
and, correspondingly, the functions ¥;(x,¢, k). Similarly to the case of the fo-
cusing NNLS equation [45,46], we define the 2 x 2-valued piecewise meromorphic
(relative to the real line) function M(x,t, k) by

(Y (a,t,k)

oD WP (2,1,k) ), ke C

M(z,t, k) = (2.32)

1 WP (2t k
‘I]g)('xatvk%% )

keC.
The scattering relation (2.14) implies that the boundary values

My(z,t, k) = k/_}iigleciM(x,t, k), keR,

(we take the non-tangential limits) satisfy the jump condition
M+(I‘,t, k) :M_(l‘,t,k‘)J(SC,t,k), k ER\{O}, (233)

with the jump matrix

1 — 1y (k)ra(k) —Tz(/f)€2ik$4ik2t> : (2.34)

J(z,t, k) = (Tl(k)e2ikx+4ik2t 1

where the reflection coefficients r1(k), j = 1,2, are defined by

ri(k) = ra(k) = : (2.35)
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Observe that from the determinant relation (see item 4 with ¢ = —1 in
Proposition 2.2) we have

1
1—ri(k)re(k) = ————~. 2.36
r1(k)ra(k) o (F)aa(h) (2.36)
Moreover,
M(z,t, k) — 1, k — o0, (2.37)

where [ is the 2 x 2 identity matrix.

Taking into account the singularities of ¥;(x,¢,k), j = 1,2, and a1 (k) at k =0
(see Propositions 2.1 and 2.2), the function M(x,t, k) has the following behavior
as k — 0:

4 _
i B _7A2a2()vl(x,t) Ua(—x,t) k 0
)= (T B Javom (§9)

k—0, keC", (2.38a)

2i ((T(—wt) 2D
Mzt k)y==1{ " 2200 ) +0(k), k=0, keC, (2.38b)
A\t~

where vj(z,t), j = 1,2 are some functions.

Similarly to the focusing NNLS equation [46], the properties of a;(k), j =
1,2, in the case of the “shifted step” initial data (see Proposition 2.3) guide us to
make assumptions on the spectral functions a;(k), j = 1,2 associated with initial
data satisfying (1.2c). We emphasize that these assumptions differ from those
made in the focusing case (particularly, the order of Rp; and w; is different, see
(2.39) below), which significantly affects the resulting asymptotic formulas.

Assumptions:

(a) ay(k) has 2n, n € N, simple zeros in C+ \ {0}, {pj}7_1 and {-p;}}_;, with
Sp; > 0 and Rp, < --- < Rpy < 0.

(b) as(k) has no zeros in C~.

(c) There exist numbers wy, > 0, m = 1,n — 1 such that

—00 < Rpp < —wp1 < Rpp_1 < —wp_o < -+ < Rpy <0, (2.39)
—Wn—m .
/ darg (ai(k)az(k)) = (2m —1)m, m=1,n—1, (2.40a)

and

—£
/ darg (a1 (k)as(k)) € ((2m — D), (2m + 1)),

—00

—wpem < €< —wp—m-1, m=0n—1 (2.40Db)

(here we adopt the notations wp = 0 and w,, = +00).
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The construction of M implies that at the zeros of ai(k), M (z,t, k) satisfies
the following residue conditions:

Res MW (2,4, k) = — L 2Piet4njt \p@) (3 4 oy j=T,m, (2.41a)
k=p; ai(p;)
1 _ _
Res MW (z,t, k) = —— e 2P0 N () (5 ¢, ~p,;), j=1Ln. (241b)
k=— Mja1(—p;)
Here n;, j = 1,n are constants determined by the initial data through

1 2
\Ijg )(0,0,pj) = ﬁj‘I’g )(anvpj)'

Basing on the analytic properties of M presented above, we observe that
we can characterize M as the solution of a RH problem, with data uniquely
determined by the initial data go(z), through the associated spectral functions.

Basic RH Problem:
Given b(k), k € R and a;(k), j = 1,2 which satisfy properties 1-5 in Proposition
2.2 and assumptions (a)—(c) above, and constants 7;, j = 1,n, find the 2 x 2-
valued piecewise (relative to R) meromorphic in k function M (z,t, k) satisfying
the following conditions:

(1) The jump condition:
M+(x7t7 k) :M—(l‘)ta k)‘](xatvk)v k GR\{0}7 (242)

with the jump matrix J(z,t, k) given by (2.34), where r;(k), j = 1,2, are
determined in terns of b(k) and a;(k), j = 1,2, by (2.35).

(2) The residue conditions (2.41).

(3) The pseudo-residue conditions (2.38) at k = 0, where v;(z,t), j = 1,2 are
not prescribed.

(4) The normalization condition at k = oo:

M(z,t k) =1+ O(k™") uniformly as k — oo.

Assuming that the RH problem (1)—(4) has a solution M (z, ¢, k), the solution
of the initial value problem (1.2), (1.3) can be expressed as follows:

q(z,t) = 2i klim kEMo(x,t, k) (2.43)
—00
or
q(—z,t) = 2i klim kEMa (z,t, k). (2.44)
—00

Remark 2.5. The solution of Basic RH Problem is unique. Indeed, let M and
M be two solutions of the problem, then MM ~! has no jump across R\ {0} and
it is bounded at k = 0 (which can be seen from (2.38)), k = p; and k = —p;.
Taking into account the normalization condition (4), by the Liouville theorem it
follows that MM~! = I.



432 Yan Rybalko and Dmitry Shepelsky

Remark 2.6. (2.43) and (2.44) imply that the solution of problem (1.2), (1.3)
for all x € (—o00, 00) can be expressed in terms of the solutions of the RH problems
evaluated for = > 0 only.

Remark 2.7. In contrast with local integrable equations, where zeros of certain
spectral functions (analogues of a;(k), j = 1,2) are associated with solitons
traveling on a prescribed background (even in the cases when the background is
nonzero), for nonlocal equations, certain number of zeros of a;(k), j = 1,2, is
always associated with the background itself. In the present paper, we restrict
ourselves to the case without additional zeros (associated with the deflection of
qo(x) from the background (1.4)).

3. The long-time asymptotics

In the present section, we study the long-time behavior of the solution of the
initial value problem (1.2), (1.3) under Assumptions (a)—(c). For this purpose,
we adapt the nonlinear steepest-decent method [21] to Basic RH Problem (1)—(4)
(see Section 2.3).

3.1. Jump factorizations. Introducing the phase function

0(k, &) = 4k€ + 2k, (3.1)
in terms of the slow variable £ = 7,
factorizations of two types [45,46]:

1 0 — —ra(k)e=2it0
J(1'7 t, k) - 1 (k)e2itt (1 " %ﬂrQ(k) ? ) 1 1—r1(k)ra(k)
T=r (st =@/ \0 1
(1 —ry(k)e 20 1 0
- <O 1 ri(k)e* 1)- (32)

The idea of the nonlinear steepest descent method is to transform the original RH
problem to such a form, where the jump matrix converges rapidly to I away from
a vicinity of the stationary phase point k = —¢ of §. Since 0(k, £) and its signature
table (see Fig. 3.1) are the same as in the case of the local NLS equation, we can
initiate the RH problem transformations similarly to the local case, introducing
an auxiliary scalar function §(k, &) in order to get rid of the diagonal factor in
(3.2). This function can be defined as the solution of the following scalar RH
problem:

the jump matrix (2.34) admits the triangular

5+(k7§) = 6—(k7£)(1 - Tl(k)TQ(k))a ke (_007 _5)7 (3?’&)
o(k,&) — 1, k — oo. (3.3b)

Although problem (3.3) seems to be exactly the same as in the case of the local
NLS [17], a principal difference is that the jump (1 — r1(k)r2(k)) is, in general,
a complex-valued function, which can lead to a strong singularity at k = —¢£. In
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Im# <0 Imé >0

£
Im6 >0 Iméf <0

Fig. 3.1: Signature table

order to cope with the similar problem in the focusing case, in [46] we introduced
a finite number of “partial delta functions”, which have weak singularities, and
proceed with their product. Here we proceed in a different way, defining a single
function §(k, &) as the solution of the scalar RH problem (3.3) and then dealing

with the strong singularity at k = —¢&.
The function d(k, &), given by the Cauchy integral

LIl = ri(Qr2(¢))
£) = — 4
o) —exp {5 [ REE RO g (3.4)
satisfies (3.3) and can be written as
Ok, €) = (k + €)™ eX®S), (3.5)
where
1 —£
x(k, &) = 5 In(k — ¢)dc(1 = r1(Q)ra(¢)), (3.6)
and
(-9 = ot = (€6 - o= ([ dare(l = ri(@ra(0)) . (37
v =3 n r1 T2 o \ . arg r1(C)r2(C . .
Now we notice that in view of (2.36) and (2.40b) we have:
Sv(=¢) € ((m —1/2), (m +1/2))
for —¢ € (—wn—m, —wWn-m-1), m=0,n—1, 3.8a)
Sv(—wp—m—-1) =m+1/2, m=0,n—2, .8b)
which leads to, generally, a strong singularity of d(k, &), see (3.5).
Introducing
M(x,t, k) = M(x,t, k)57 (k,£), (3.9)
the function M (x,t, k) satisfies the jump and norming conditions
My (z,t,k) = M_(x,t,k)J(z,t,k), keR\ {0}, (3.10a)

M(z,t,k) — 1, k — oo, (3.10b)
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with
1 0\ (1 _r2MmE®O oo
<r1(l~c)6_2(k,$) 2it0 1) <0 1_m(k)rlz(k) ;
T—r (k)ra(k) €
J(x,t, k) = . k € (=00, -8), (3.11)
1 —ro(k)o?(k, &)e 2t 1 0
0 1 ri(k)o2(k,&)e2t? 1)’
{ k€ (=€, 00)\ {0},
the residue conditions
~ ) 2z'pjz+4z'p3.t _
RQSM(l) .’L',t,k' = W—M(Q) $7t7p' 9 | = 17n7
k=p; ( ) a1(p;)0%(p;j, §) ( i) g
) o~ 21D o +4ip;t - %)
Res M\ (x,t, k) = — — — M\ (x,t,—p.), =1,n,
k=—p, ( ) 7;a1(=p;)0%(=p;, &) ( 2 ’

and the pseudo-residue conditions at k = O:

4v1 (z,t)

Mot ) = [ Ae0500: 6(0,8)va(—m,1) (I +O0(k) E 0
T el 50, €Yoy (—, ) 0o 1)
AZa5(0)5(0,€) VAL )

k
k—0, keC", (3.13a)

~ . T2 (—x,t) —~5(0 v1(z,t)
M(z,t, k) = e I (0:6)%0) +0(k), k—0, keC . (3.13b)
A 1 (—2,t) _5(0 6) va(z,t)
5(0,6) 75/ az(0)
Moreover, M (z,t, k) is, in general, singular at k = —¢:

NEa(w,t, k) = (M (@,8) + Ok +€)) (k+ 9%, ko —g,  (314)

where det My (z,t) = 1 for all x,¢.
Notice that conditions (3.10)—(3.14) determine a RH problem whose solution
is unique, if exists, for any value of Sv(—¢).

3.2. The RH problem deformations. The triangular factorizations
(3.11) suggest deforming the contour for the RH problem to a cross centered

at k = —¢ (see Fig. 3.2) so that the (transformed) jump matrix converges (as
t — o0) to the identity matrix exponentially fast away from a neighborhood of
k = —&. In general, in order to be able to do this, we have to use analytic ap-

proximations of the reflection coefficients 7;(k), j = 1,2, outside the real axis.
In order to avoid technical complications related to such approximations and to
keep transparent the realization of the main ideas of the asymptotic analysis, we
assume in what follows that r;(k), j = 1,2, are analytic at least in a band con-
taining the real axis. This assumption holds, for example, if the initial value go(z)
is a local (with a finite support) perturbation of the background step function.
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. Pn—1

Fig. 3.2: The domains Qj, 7 =0,...,4 and the contour I = A U ... UAy.

Adopting the notations Qj, j=0,...,4 for the sectors as in Figure 3.2 (notice
that the points {p;}{ and {—p;}} are located in €)y), we define M(z,t, k) as

follows:
M(m’ t? k)?
~ 1 12k —2it
M(CL‘, t, k?) 1—r1(k)ra(k) ’
0 1
- 1 0 N
~ M(x,t, k 4 , ke Qo
st = OO s e ;
5 1 — k 52 k —2it0 .
M(xvtﬂk) T2( ) (1 ’g)e ’ kEQ&
- 1 0
M(@, 8 k) rg9s-2(6) 2ito 1]’
\ T=r1 (Byra(k) ©
Then M (z,t, k) satisfies the jump (across I') and norming
My (x,t, k) = M_(z,t,k)J(z,t,k), kel,
Mz, t, k) — 1, k — oo,

with the jump matrix

~

J(x,t k) =

the residue conditions

[

(

k?EQ(),

1 (k) (ke) —2ito
1—r1(k)ra(k) ’ = ,3/1’
0 1

1 0
P(R)62(h, €)1
L ro(k)o%(k, €)e 20
0 1

, kE’AyQ,

; keﬁ@a

1 0 A
(RS2 e | K EM
1—r1(k)ra(k)

Res M (2,8, k) = fi(, ) MP) (x,t,p;), j=Tn,

k=p;

ke,

k€Q4.

(3.15)

(3.16a)
(3.16b)

(3.17)

(3.18a)
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Res MW (a,1,k) = fy (e, )M (@8, -p;), j=Tm, (3.18D)
:—pj
with
_2ip;z+4ipt —2ip x+4ip3t
nje J ~ e J J
filx,t) = ——5—=, [ilz,t) = —7— — 3.19
) = 28 ) = a5, 0 (3.19)
the residue condition at k = 0:
ResM @ (z,t, k) = co(&) MM (x,,0), (3.20)

k=0

with ¢o(§) = A‘SQ(.O’O, and the (singular) behavior at k = —¢:

(.t k) = (M _¢(,0) + Ok +€)) (k+ 9%, k> —¢,  (3.21)

where M_¢(x,t) is some matrix function with det M_¢(z,t) = 1 for all z and t.
Notice that the pseudo-residue conditions (2.38) have transformed into (3.20),
the latter having the form of a conventional residue condition.

Proposition 3.1. For any fived { = 7, £ > 0 such that § ¢ {wm}?_l U
{Rpm }T U{0}, the solution of the RH problem (3.16)—(3.21) can be approximated
(ast — o0) by the solution of a RH problem (denoted by M®) characterized by a
single residue condition (at k = 0) and a weak singularity at k = —¢. Depending
on the value of &, the approximating RH problem has one of two forms (to make

ma2
the presentation more compact, we adopt the convention [ (1)s =1, if m3 >

mg) : -

(i) for —wn—m < —& < Rpp—m, m =0,n—1, M solves the RH problem
M“@tk).M“@tkﬂ“@tk) kel, (3.22a)
M*(&t, k) — k— oo, (3.22b)
Resh (¢, ¢, ) c§*(©M* (¢, 1,0), (3.22¢)
M (& t,k) = (M2G(&,) + Ok + §)) (k + &GO 7ms,

kE— =& (3.22d)
where ) ,
wsoy _ AT20,8) T (€
5’ (§) = 2% 51_[0 <pns> (3.23)
and
" ke \ ke N T
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(ii) for Rpp—m < —€ < —wp—m—1, m = 0,n — 1, M solves the RH problem
M (&t k) = M2 (&t k)T (&, t, k), kel, (3.25a)
M*(&, t k) — I, k — oo,  (3.25b)
Res M W& 1, k) = g (M P (&,1,0), (3.25¢)

M (z,t,k) = (M%(z,t) + O(k + €)) (k + &S 7mos
k— =& (3.25d)

where )
2ipp_m YT (P
as# _ n—m n—s
WO = g0y 11 ( ) (3.26)
and
m—1 k +£ o3 m—1 3 +§ —03
JU(E k) = (d(k) 11 k—pn—s> J(z,t, k) (d(k‘) 1T k:—pn_s> :
s=0 s=0
kel, (3.27)
with d(k) = k_p’; —

Moreover, the solution q(x,t) can be found in terms of M*(x,t, k) as follows:

g, t) = 2i lim EM{5(&,t, k) + O(e™ ), t — o0, (3.28)
—00

g(=w,t) = 2i lim kMF(E,t,k) + O(e™ ), t — o0, (3.29)
—00

with some C = C(§) > 0

Proof. (i) Consider £ such that —wy,—m < =& < Rpp—m, m = 0,n — 1. In this
case, the RH problem for M (x,t, k) involves m residue conditions, at k = pj,_s,
s = 0,m — 1, with exponentially growing factors, the other having exponentially
decaying factors, see (3.18a). Then, introducing M (z,t,k) by

m—1 k& —03

M(x,t,k) = mtk<Hk pns> , keC, (3.30)

we have (see (3.22c)) that M(xz,t, k) satisfies a RH problem with all residue

conditions but one (at k¥ = 0) having exponentially decaying factors. Moreover,

M (x,t,k) satisfies the jump condition with the jump matrix given by (3.24)

and has a weak singularity of type (3.22d) (in view of (3.8), Sv(—&§) —m €

(—%, %)) Ignoring the residue conditions with decaying factors, we arrive at the
RH problem (3.22).

(i) Now consider Rpp—p < —& < —wp—m—1, m = 0,n —1. In this case,

the RH problem for M (x,t, k) involves m + 1 residue conditions, at k = pj,_s,

s = 0, m, with exponentially growing factors. Applying the transformation (3.30)
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and ignoring the exponentially decaying residue conditions, we arrive at the RH
problem with two residue conditions, one of them (at k = p,_,,) having an
exponentially growing factor: (see (3.19)):

M (&, t, k) = M (&, t, k)T (€, 1, k), kel, (3.31a)

MaS(€,t, k) — 1, k — oo, (3.31b)

 Res MWt k) = fz, )M P (E,t, paom), (3.31¢)
=Pn—m

g_egM @@ (&t k) = c§* (M W (€,1,0), (3.31d)

NI (a1, k) = (M2 (,0) + Ok +€)) (k + Y CO™™70 ks —¢, (3.31e)

m—1 2
where f(x,t) = fn_m(z,t) [] (%) , c3*(€) is given by (3.23), and
0 n—m

S=

m—1 k¢ 93 m—1 k¢ —o3 X
(lS

J (&t k) = (H — ) J(x,t,k) <H — )  kel.
The latter problem has two residue conditions for the different columns, where
one of them is exponentially growing and the other one is bounded. Problems
of this type can be transformed (see, e.g., [18,46]) in such a way that the ex-
ponentially growing conditions ((3.31c), in our case) transform to exponentially
decaying. Indeed, the problem (3.31) with residue conditions can be transformed
into a regular problem (for M ?5) having additional parts of the contour in the
form of small circles, Sy and S),_,., surrounding respectively k = 0 and k =

Pn—m, and the enhanced jump conditions:

M8 (x,t, k) = M (z,t,k)J% (z,t, k), keTUSyUS,, .., (3.32a)
Mz, t, k) — I, k — oo, (3.32b)
where ~ X
Ja5($,t7k)7 kEF’
G
. k , ke S(),
J(@tk)=¢ \0o 1 (3.33)
1 0
(_ fat) 1) , k€ Sp
k‘_pnfm
Next, introducing Mos# by
Mo (z,t, k)N (&, k)d=o3(k), K inside Sp,
M“S#(m‘,t,k‘) = Mas(x,t, kE)Q(z,t, k)d=?3(k), Fk inside S, ., (3.34)

Mo (z,t, k)d= (k), otherwise ,
where d(k) =

k—pn—m’

N0 1 Epeem
N(ﬁ, k) = k Ilg , and Q(x7 t k) = flx,t) 0 7 ’
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straightforward calculations show that the jump matrices for M# across Spnm

are exponentially decaying (to the identity matrix), whereas the jump across I’
takes the form (3.27). O

Neglecting the jump conditions in (3.22) and (3.25) (recall that due to the
signature table, the jump matrices decay, as ¢ — oo, to the identity matrix
exponentially fast outside any vicinity of £ = —¢), the RH problems (3.22) and
(3.25) reduce, as t — oo, to algebraic equations that can be solved explicitly:

1 %°©
0 ’1f for RH (3.22),
M (€t k) ~ (

. (3.35)

0
Cgs;::(é.) 1) fOl" RH (325)’

where ¢2(€) and ¢i*% (€) are given by (3.23) and (3.26) respectively. Substituting
(3.35) into (3.28) and (3.29), the (rough) asymptotics (1.5) in Theorem 1.1 follow.

Remark 3.2. For the focusing NNLS equation [46], the pure step initial func-
tion with R = 0 (i.e., qo(z) = qo,a(x)) satisfies assumptions analogous to As-
sumptions (a)—(c) and thus this case is covered by the corresponding asymptotic
formulas. In contrast with this, for the defocusing NNLS equation, R = 0 is one
of the bifurcation values of R, see Remark 2.4.

In order to rigorously justify the asymptotic formulas (1.5), we adapt the
nonlinear steepest descent method [17,21], which also allows us to make the
asymptotics presented in (1.5) more precise.

Theorem 3.3. Consider the initial value problem (1.2), (1.3). Assume that

(I)  the initial value qo(xz) converges to its boundary values fast enough,
(IT) the associated spectral functions a;(k), j = 1,2, satisfy Assumptions (a)—(c),

III) the spectral functions r;(k), 7 = 1,2, can be analytically continued from the
J
real axis into a band along it.

Assuming also that the solution q(x,t) of (1.2), (1.3) exists, it has the following
long-time asymptotics along the rays z = &:

(1) for —wn—m < —& < Rpp—m, m = 0,n — 1, there are three types of asymp-
totics depending on the value of Sv(—§):

1. if Su(=¢€) € (m— 5, m — %], then

m—1 5 2
q(x,t) _A62(0,§)H< > 4+ +m

S:() pn—s
x a1 () exp{—4it£2 +iRv (=€) Int} + R1(€,1);
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2. if Sv(=¢) € (m — %,m—l— %), then

q(x,t>=A52<o,5>ﬁl( ¢ )

Pn—s
s=0
2O (€) exp{ —4ite? + iRv(—€) Int}
+ 3T (€) exp{4ite? — iRv(—€) Int} + Rs(€,1);

3. if Su(=¢) € [m+ 3, m+3), then

o) =A20.0) [ (;$ )2

pTL—S
s=0
n t_%+§y(—5)—ma2(£) exp{4ite? — iRv(—€)Int} + Ro(€,1);

(ii) for —Rpp—m < =€ < wp—m, m=0,n— 1:

al,t) = 739O0 () exp{4ite? — iRv(€) Int) + Ro(—E,1);

(iii) for Rpp—m < =€ < —wp—m-1, m=0,n — 1:
—iisu(—¢)-m -2 .
q(z,t) =12 g (&) exp{4it&” — iRv(—§) Int} + Ra (S, 1);
(iv) for wp—m-1 < =€ < —=Rpp—m, m = 0,n — 1, there are three types of asymp-
totics depending on the value of Sv(§):
1L if Su(€) € (m—3,m—g], then
P TT (pn_s>2
q x7t - - -
72O g (€) exp{4ite? — v () Int) + Ry(—,1);

2. if Sv(€) € (m— %,m—l— %), then

e T pn—5>2
10 = 509 1;[0 < £

+ 172 SO (€) exp{dite? — iRv(€) Int)
+ 13O g () exp{ —4it€? + iRw(€) Int} + Ry(—€,1);

3. if Sv(é) € [m+ %,m + %), then
_ 4ﬁ%fm i (pns)2
Q(xat) - Aﬁ(o, _5) SI;IO §
+ tiéJFS”(g)*maG(&) exp{—4it&* + iRv () Int} + Ro(—E, ).
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Here
O(k,€) = (k+€)"79ex(te),
and
M9 = e (O [ e~ n(Ora()
with

(k. €) = / n(k — O)de(1 — r1()ra(C).

The modulating functions a;(€), j = 1,6, are as follows:

VRGO T €+ pnn)
)

1) = g, OG0 7 )
<exp { =5 0-9) —im) + 771~ 216, + 3v(-9) + )2
V7 TL (€4 pn)?
2 = S
exp { =5 0/-€) = im) 4 4 20(-6.6) = 3((-9) + m) 2
NG le:(pns )2
) or o +m
<exp { =3 0@ +im) — T - € - 3 - m)m2),
Ve T1(E+pns)~?
4 = oo )
cexp { =5 0/-€) — im) + 4 20(-6.6) = 3((-9) + m) 2 |
VIl (o £)?
)= e @ + m)
Y exp{ T @ +im) T (&6 - 3<w<>—m>ln2} |
N G N (T
as () = =

FHOT@ —m)
X exp {—g(u(f)—i- im) — UL 2x(&,€) + 3(iv(§) —m) ln2} ,

4
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where
as A52 06 g as# o QiP%—m = Pn—s 2
G = E[( ) o (5)_A62(0,£>EO< ¢ > |

3

Finally, the remainders R;(§,t), j = 1,3, are estimated as follows:

o), Sv(—=¢€) > m,

Ri(&t) =<0 (t'Int), Sv(—£€) =m, (3.36)
10 (t—1+2|8u(—§)—m|> , %U(—ﬁ) <m,
O (t71+2|Su(7§)7m|) , %V(—f) > m,

Ry(&,t) =< O (t'Int), Sv(—€) = m, (3.37)
o), Sv(=¢) <m,

and

0] (t71+2|%u(75)7m|) 7 %V(_E) £ m,
O (t7'Int), Sv(=¢£) =m.

Proof. The implementation of the nonlinear steepest descent method to the
RH problems (3.22) and (3.25) is similar in many aspects to that in the case of
the focusing NNLS [46]. Therefore, in what follows we discuss only peculiarities
of the method and refer the reader to [46] for details.

We begin with the analysis of the RH problem (3.22) (the analysis of (3.25)
is similar). First, we make the following transformation:

R3(&,t) = R1(&,1) + Ra(&,t) = {

as
S

1
M (x,t, k) (0 1k ) .,k inside Sp,

M (z,t, k), otherwise,

M (z,t, k) =

where So = {k : |k| < &} with ¢ > 0 small enough. Then M®(z,t, k) solves the
RH problem without residue condition:

M (z,t, k) = M (z,t,k)J% (z,t, k), kel UusS,
M (z,t, k) — I, k — oo,

with .
J(x,t k), keTl,

jas(x,t, ]{3) = 1 —ﬁ ke S,
o 1 )’ '

Taking into account (3.5), the jump matrix J on I’ can be written as follows:

if k€ A,

1 *Tgs(k)(kJré)w( ©) o~ 2it0+2x (k)
0 1

J(z,t, k) = ( = (k)75 (k)
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J(z,t, k) = ! 0 if k €4
(z,t, k) = ,f,(lzs(k)(k+§)72i9(75)62it972x(k,£) 1 LK E 72,
. ~as 2i0(—§) ,—2it0+2x(k,§)
J(w,t, k) = <(1) r5* (k) (k + ) e ) it k€ 4,
. 1 0 . R
J(@,t, k) = | —ros (k) (k+6) 270 Q2it0-2x(kg) 1 if k € 9,
1—r§s(k)rg® (k)
where
m—1
#o(k) = ri(k) T] (k = pn-s)?, (3.38a)
s=0
m—1
75 (k) = ra(k) T (k — pn-s) 72, (3.38b)
s=0
(=€) =w (=€) +m (3.38¢)

Now we introduce the local parametrix m§*(x,t, k) using arguments similar to
those in the case of the local nonlinear Schrodinger equation (see, e.g., [17,25,32,

37)):
g (x,t, k) = A€, tym" (€, 2(k)) ATH(E, D),
where z(k) is the rescaled variable defined by
z
k= ———¢
Ve °
(67 ) 2@t£2+x( £,8))o3 (8t) zu( 5) 7
mb (€, 2) is determined by
mb'(&,2) =mo(§,2)D; 1 (&,2),  z€Qy, j=0,4,
see Fig. 3.3, where
2
Dy(€,2) = e~ -9,
1 75° (=€)
Di(€:2) = Dole,2) (| TEEOHT )
1 0
DQ(g)Z) —DO(f,Z) <,,;(115(_€) 1) )
1 —gas(_
D)= ooied) (o ).
1 0
D4(§7 Z) = DO(sz) —7°(=§) 1]
1+77* (=975 (=9)

(3.39)

(3.40)

(3.41)

(3.42)

and mg(§, z) is the solution of the following RH problem with a constant jump

matrix:

mo- (&, 2)jo(§),

mO—f—(f, Z) =

z €R,
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'22 .o
m0(§7 Z) = (I + O(l/z)) 6_17‘732;“’(—5)03’ 2 = o0,

where

T Y2
Qo

Q Q,

Fig. 3.3: Contour and domains for m! (¢, 2) in the z-plane.

The latter problem can be solved explicitly in terms of the parabolic cylinder
functions [32]. For obtaining the long-time asymptotics of ¢(x,t), we need the
large-z asymptotics of m! (¢, 2):

(0 BOY o s
mr(f,z)—I+z<_7(€) O)—i—O( 2, — 00,

where

_ 3mi

ome”27(=8 e
75 (=T (—iv (=€)’
dme 2V (e~ 1

1O = S Cern—e)"

Similarly to [46], we define M®(x,t, k) by

B(&) =

M (z,t, k) (@) Y@, t,k)V (k), k inside S_¢,
MO (., k) = { M (x,t,k), k inside So, (3.43)

M*(x,t,k)V(k), otherwise ,

1
0

centered at k = —&. Straightforward calculations show that M solves the
following RH problem on I'y = T'U S_¢:

where V (k) = (

C(LS'
_1’f> and S_¢ is a small counterclockwise oriented circle

M (z,t, k) = M (z,t,k)J* (z,t, k), kely,
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M (z,t, k) — I, k — oo,

with the jump matrix

“Hk)ymngs (v, t, k) J% (z,t, k) )

S () = x(mgs )Nz, t,k)V(k), k€T, kinside S_g, (3.44)
“HR)(mg) TN, t, k)V(R), k€ S,
k) J (2, t, k)V (K), otherwise.

Taking into account (3.43), the solution of the original initial value problem is
given in terms of M%(x,t, k) as follows:

q(z,t) = 2 <ch + lim EME (z,t, k:)> ,
k—o00
and
q(—x,t) = 2i lim kM (z,t,k).
k—o0

For evaluating the large-t asymptotics of M @5(z,t, k) we need the asymptotics
of the local parametrix (md*)~1(z,t,k):

(mE*) " (x, t, k) = A1) (m")THE VLR + )ATH(E, 1)

_ By
where the entries of B(¢,t) are as follows (cf. [46]):
Bi1(&,t) = Baa(&,t) =0, (3.45a)
Bia(&,t) = —iB(€) 4Zt§2+2X(*§:E)(8t)*il7(*§)7 (3.45D)
Bo1(€,t) = iy(€)e —4it€?—2x(— 55)(87&)“’( 5) (3.45¢)

and the remainder is:

N O (t71-37(=8) O (¢~ 1H37(=9)
T(f, t) = <O Et_l_sﬂ(_é-)g O Et_1+$1)(_£);) N t — o0. (346)

M (z,t, k) can be written as

ds

o 1 o
N (b ) = T+ —— /M(x,t, (@t s) — - (347
2mi s—k
r
where u(x,t, k) solves the integral equation
1 t,s)(J (x,t,8) — T
p(z,t, k) =TI+ -— lim b, 8) (S (w8, 5) = 1) ds. (3.48)

2 K=k Jp, s— K
k'e—side
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Estimating the right-hand side of (3.47) (cf. [44]), we conclude that

: “ras _ 1 — © as\—
lim & (M (2,8, k) — I) “mi ), VLR (e (@ t, k) — DV (k) dk
+ R(E,1) = B®(E,1) + R(E, 1), (3.49)

Rl (5’ t) Rl (55 t) + R2 (57 t)
Ry (57 t) Ry (ga t) + Ry (57 t)

B (e, 1) = B (CSZ@le(f,t) (CSZ#))QBQI(@Q _ Bu(ﬁ,t))
; —Ba(&,t) —%(5)321(5,25)

where R(&,1) = ( > and (see (3.45))

VT (3.50)

Replacing 7}°(=¢), j = 1,2, and 7(=§) by r;(=€), j = 1,2, and v(—§) respec-
tively, we arrive at asymptotics described by (i) and (iii).

Returning to the RH problem (3.25), the reflection coefficients e (k), j =
1,2 (see (3.38a) and (3.38b)) have the form

m—1 m—1

ri*(k) = ri(k)d 2 (k) [] (k =pa—s)®,  r8°(k) = ra(k)d* (k) [T (k = pus) ™,
s=0 s=0
where d(k) = ——. Moreover, V(k) = _ch*:(g) . in the definition of
M®(z,t, k) (see (3.43)). Therefore,
q(x,t) = 2i lim kM (x,t, k), (3.51a)
—00
q(—z,t) = 2i <cgs#(§) + kli_)rglo ke MS$ (2, t, k:)) : (3.51Db)
and B%(£,t) and R(&,t) in (3.49) are as follows:
1 —@312(5 t) —Bi2(§, 1)
B(ls(é" t) = ﬁ (Cas#(f))Z ¢ Cas#(g) 5 (352)
t 0572312(5,75) = Bau(§t) Bi2(S0)
o Rl(é) t) + R?(gu t) R2(§7 t) : 4
and R(&,t) = (Rl(é,t) L Ro(Et) Ralet)) Collecting (3.51) and (3.52), we
obtain items (ii) and (iv) of the Theorem. O

4. Transition regions

In Theorem 3.3, we present the large-time behavior of the solution ¢(z,t)
along the rays £ = £ = const for all { ¢ {£Rpy,, twm_1lm = 1,n}, ie., for
all £ € R except the boundaries of the qualitatively different asymptotic sectors.
Since these asymptotic regimes do not match as the slow variable £ approaches
the edges of the sectors, the study of the transition zones between the decaying
and constant regimes is a non-trivial task.

We conjecture that there are 3 different types of transition regions in the
asymptotics described in Theorem 3.3:
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(1) zones near the rays & = £Rp,,, m = 1, n,
(2) zonmes as £ approaches to wy,, m = 1,n — 1,

(3) a zone as £ approaches to zero.

In the following proposition we describe the transition zones of type (1),
where the transition is described by a solitary kink propagating along the rays
£ = ERpm, m =1,

Proposition 4.1. Under assumptions of Theorem 3.3, the solution q(x,t) of
problem (1.2), (1.3) has the following asymptotics along the rays & = £Rpp—m,
m=0,n—1:

( Qip?l mC as<_§an m)

+o(1), t— oo,
P b Rpm) o (o) O

r = —4Rp,—mt + o,

q(z,t) = 2ig2 T (2. 1) (4.1)
B ) RS

Prn—m +CO (7§anfm) g‘_m(.’Eo,t)

T =4Rpp_mt — x

where xg € R, ¢§*(§) is given by (3.23), and f2%  (xo,t) is given by
as (.’L‘ t) Tin— mexp{len mL0 — 4Zt(§R Pn—m + pn—m)}
n—m

a1 (pn m)5 (pn ms §an m)
2
Pn—m — Pn—s _—
X , m=0n—1. (4.2
H ( Prn—m +§ > ( )

s=0

The asymptotics (4.1) is valid for all t > 0 and xy € R such as

P2+ 8 (~Rppn) £2 (0, T) # 0.

Moreover, as xy — +oo, the asymptotics (4.1) match the asymptotics in the
neighboring sectors in (1.5).

Proof. Similarly to item (i) in Proposition 3.1, it can be shown that along
the rays £ = —Rpp—m, m = 0,n — 1 (see Figure 3.2), the long-time behavior of
q(z,t) can be described in terns of the solutions of the RH problem (cf. (3.22)):

M (&t k) = M (E,t,k)J* (&, t, k), kel,  (4.3a)
Mt k) — 1, k — oo, (4.3b)

Res M @ (et k) = CGS(@M@SU) (£,1,0), (4.3¢)
Res M@W(g 1 k) = £2,, (20, )M** P (€ £, pnm), (4.3d)
=Pn—m

Mt k) = (Mﬁg(g, )+ 0k +8)) (k+&BEOmos s ¢ (4.3¢)
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where J%(&,t, k) is given by (3.24) and xy € R parametrizes constant parallel
shifts of the considered ray: z = —4Rp,_mt + xo, m = 0,n — 1 (notice that such
shift does not change the value of the slow variable £ = J; as ¢t — o0). Using
the Blaschke—Potapov factors (see, e.g., [24,45]), the asymptotics of ¢(z,t) can

be found in terms of the solution of a regular RH problem:

q(x,1) = 2ipn_m Pr2(€,1) +2i lim kMR (et k), >0,  (4.4a)
—00

q(z,t) = 2ipp—mPor (=&, t) + 2i klim kMgf’R(—f, t, k), x <0, (4.4b)
—00

where M E(¢, 1, k) solves the RH problem
Mt k) = MOV (E 1, k)T (€ 1, k), ke,
MRt k) =1, k — oo,
Mgt k) = (M9 8) + Ok +6)) (b + €0y —¢,

with € = —Rpp—m, m =0,n— 1, and

1 0 1 0 .
Jas,R(&t, k) — ( kpn—m) J&S(f,t, k) (0 k ) , kerl.
k

0 k—pn—m
Here Pyo(€,t), Poy(€,t) are determined in terms of M R(¢,t, k) as follows:

91(67 t)h1(€7 t)
g1 (§7 t)hQ(éa t) — g2 (67 t)hl (57 t) ’
T e
PE ) = T ol 1) — ol (& 1)

Pia(€,t) = (4.5a)

(4.5b)

where - -
_ &t _( hi(gt
o6 = () and nen=(ued)

are given by

9(E,1) = P MO B (E L D) = £25, (20, ) M EO (€t pr_m),
hEt) = prm MO FP (€ 1,0) 4 ¢85 (6) M FD) (g1, 0).

Setting M E(¢ t,k) ~ I (as t — o0), one can calculate g(¢,t) and h(&,t);
substituting them into (4.5) and (4.4), the formulas for the main terms in (4.1)
follow. O

Descriptions of transition zones of types (2) and (3) are open challenging
problems that are beyond the scope of this paper. For transition zones of type
(2), we face the problem of winding of arguments of certain spectral functions, see
(2.40), whereas in the case when & approaches 0 (the transition zone of type (3)),
we encounter another difficulty: the slow variable £ and the singularity of the
RH problem (see (2.38) and (3.20)) merge. For the focusing NNLS equation, we
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partially address the latter problem in [47] for the pure step initial data go(x) =
go,A(x), where we present a family of different asymptotic zones; particularly, the
decaying zones (for = < 0) are characterized by the decay of order t?+/Int, where
p < 0 parametrizes the family. Applying similar ideas for the defocusing problem
seems possible, but it will require substantial modifications since the behavior of
the spectral functions as k — 0 in the focusing and defocusing cases is different
(see item 5 of Proposition 2.2).

5. Concluding remark

In the present work, we have considered the Cauchy problem (1.2), (1.3) with
the initial data close to the pure step function (1.4) “shifted to the right”, i.e.,
with R > 0 (concerning the case R = 0, see Remark 3.2). In the case R < 0 (i.e.,
for initial data “shifted to the left”), the spectral functions a;(k), j = 1,2 and b(k)
associated with the pure step initial data (1.4) can be explicitly calculated as well,
but their analytical properties differ significantly from those in the case with R >
0, complicating the analysis of location of zeros (particularly, in this case ag(k) is
not a constant) and the respective winding properties of the spectral functions.
The application of the IST method and subsequent asymptotic analysis in the
case R < 0 remain an open problem.
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edokycyroue HeJIOKAJIbHE HeJliHiliHe pPiBHAHHSA
IIpeninrepa 3i cryniH4acTUMU 'PAaHUYHUMHUA YMOBaMMU:
ACUMIITOTUKA 3a BEJIMKUM YacOM Yy BUMNAJAKY 3MillleHUX
MMOYATKOBUX JAHUX

Yan Rybalko and Dmitry Shepelsky

CraTTs MpUCBAYEHA ACUMITOTHUIN 3a BEJMKHM YaCOM MOYATKOBOI 3aJa-
qi Jtsi IHTerpoOBHOTO Ae(OKYCYIOUOro HEJIOKAJIHHOTO HEJIIHINHOTO PiBHSAHHS
lIpeniarepa iqq(x,t) + que(2,t) — 2¢*(2,1)g(—2,t) = 0 3 MOYATKOBUME JTa-
HuMu Tuny cxomueku: ¢(z,0) — 0 npu x — —oo 1a ¢(x,0) - A upu x —
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+00. Uepes Te, 110 11e piBHSAHHS HE € TPAHCJISIIAHO IHBADIAHTHUM, PO3B’si-
30K IIi€l 3a/1a4i Iy TJIMBUI 0 3MIIEHb ITOYaTKOBUX JaHuX. Mu po3risiaeMo
ciM’10 3a/1a4, mapaMeTpu30BaHux napamerpom R > 0, 3 moYaTKOBUM JaHU-
MH, SKi MOXKYTb PO3IVIAJATHCH K 30ypeHHs “3MiIneHol cxouukn” ¢r, 4(z):
gra(z) =0z < Rraqpa(z) =Anmmz >R, je A>0T1aR>0¢
JIOBUIBHUMHU KOHCTaHTaMU. MU MoKa3yemo, 1m0 acUMIITOTUKA PO3B’SI3Ky 3a-
Jladi 33 BEJIMKUM YaCOM $IKICHO pi3HA y ceKTopax (,t) IJIOIUHU, KUIbKICTb
SKUX 3aJIeXKUTh Bif 3Hadenb A ta R: jis dikcoBanoro A, aum Ginbine R,
TUM O1/TbINa KiTBKICTh CEKTOPIB.

KurrodoBi cjioBa: HesokajbHe HejstiHifiHe piBHstHHs [lpeinrepa, 3agaqda
Pimana-T'inbbepra, acuMITOTHKA 32 BEJIMKAM 9acoM, HEeJTHITHUI MeTo 1me-
peBairy
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