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In the paper, the general decay of energy solutions for a type III ther-
moelastic coupled system with distributed delay is studied. The coupling is
via the acoustic boundary conditions. Our result is obtained under a class of
generality of the relaxation function ¢ : Ry — R, satisfying the inequality
g'(t) < —&()H(t) for all t > 0, where £ and H are functions satisfying some
specific properties. This work extends previous works with thermoelasticity
of type III and improves earlier results in the literature.
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1. Introduction

Let © be a bounded domain of R”, n > 1, with a smooth boundary I' = 'y U
I'; such that 'y and T'; are closed and disjoint and v = (v4,...,v,) represents
the unit outward normal to I'. In this setting, we look into u,0 : Q@ x Ry — R
and z : I'; x Ry — R solutions for the type III thermoelastic coupled system

t
ug — Au + / g(t —s)Au(s)ds + div(cf) =0  in Q x Ry (1.1)
0

+oo
Qtt — B — B@t + / M(S)Gt(t - S) ds
0

+ (O'V)Utt =0 in  x R+

u=0 on I'p x R4

t
68;; - /0 g(t — 3)86:;(3) ds + F(ut) = hz onI'y x Ry (1.4)
ur + fzg+mz=0 on Ty x Ry (1.5)
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0=0 onI' x Ry (1.6)

Oi(x, —s) = ¢(x, s) forzeQ, seRy  (1.7)

u(0) = ug, w(0) =wuqg, 6(0) =6y, 6,(0) =6, in (1.8)

z(0) = zp in I'y, (1.9)
where

Au = div(AVu), A= (aij (x)) , B=div(BVu), B= (bz‘j <m))1§i,j§n

1<i,j<n

and
n

ou ou
% = szl al](x)aixjyz

Here, the function u = u(x,t) describes the velocity, § = 0(x,t) is the tem-
perature difference and the normal displacement on a part of the boundary is
represented by z = z(x,t). The first integral term is the finite memory responsi-
ble for the viscoelastic damping, where g is called the relaxation function. The
second integral term represents the distributed delay. The function vector o is
assumed to be C'(2,R"), and ug,u; : @ = R, 29 : 1 = R, p, F and ¢ are given
functions. The functions h, f,m : I'1 — R, are essentially bounded such that
h(z) > ho, f(x) > fo and m(x) > mg for a.e. x € I'y.

The acoustic boundary layer can be used to describe a vibrating impermeable
wall. It is well known that the fluid particles follow the wall motion. Moreover,
the acoustic pressure is combined with the displacement at the actual position in
order to characterize the impenetrability condition, which is obtained from the
continuity of the velocity on the boundary. To the best of our knowledge, the
classical acoustic conditions of the wave equation were introduced by Morse and
Ingard [29] and developed by Beale [5] and Beale-Rosencrans [6]. In [6], it is
shown that each point on the surface I'; reacts to the excess pressure of the wave
like a resistive harmonic oscillator. For survey works concerning well-posedness
and asymptotic behavior of smooth, as well as weak solutions of wave equations
with acoustic boundary conditions, we recall to see [4,7,17,36] and references
therein.

Green and Naghdi [18] postulated a new concept in thermoelasticity theories
and proposed three models. They rated the heat conduction of type III as that of
dissipative nature, where the heat flux is a combination of type I and type II as
limiting cases. Many works were devoted to studying the existence, uniqueness
and asymptotic stability of solutions of thermoelastic systems, see [26,31,39] for
examples. Although the majority examples involve only one space dimension,
in [15,38,41], the authors extended the result to higher space dimensions.

The first work bringing an analysis involving Dirichlet, feedback and mixed
boundary conditions system was published by Miranda and Medeiros [28]. More
precisely, Braz e Silva et al. [10] generalized the system given in [28]. They
studied the existence and uniqueness of solutions and asymptotic stabilization of
the energy associated with the nonlinear coupled system of thermoelastic type
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with acoustic boundary conditions:

ugt — aAu + MulPu+ (a.V)0 =0 in Q xRy (1.10)
9t—ﬁ</520dx> A0+ (a.V)uy =0 in Q xRy (1.11)
us +hzy + fze +mz =0 on I'g x Ry (1.12)
% (o) =0 onT; x Ry (1.13)
u=20 on I'g x Ry (1.14)
0=0 on I' x Ry, (1.15)

where a and (8 are given functions, A and p are positive real constants, a is a
constant known vector of R” and the feedback function 7(., u;) models a frictional
damping on I'y. In various works, the results on the existence and decay rate of
solutions were obtained by many authors in the presence of internal or boundary
memory and/or linear/nonlinear damping term, see [11,12,23,30, 37].

The time delay is still peculiar to many physical, chemical, biological and
thermal phenomena. Often this effect destabilizes a dissipative system, which
can be disastrous in the long term. Recently, a big interest has been directed to
control PDE systems (may be a source of instability and/or ill-posedness due to
the time delay). As a result, Datko et al. [13] proved that for a small delay in the
boundary of wave equation the system becomes unstable. We refer the reader
to [16,21,35] for different stability/instability results.

In the case of a viscoelastic wave equation with time delay, many researchers
were interested in the connection between the weight of the delay and the damping
memory term or the frictional damping term. In [22], Kirane and Said-Houari
established the energy decay result under the condition (ue < p1) for the following
system:

t
uy — Au + / g(s)Au(t — s)ds
0

+ piug + poug(t —7) =0 in Q@ x Ry (1.16)
u=0 onI' x Ry (1.17)
ut(x, s) = P(x, s) forx € Q, se (-7, 0), (1.18)

where 7 > 0. For the distributed delay term ( f:f wa(s)ue(t — s) ds), Guesmia

and Tatar [20] obtained the stability result by combining two kernels for abstract
hyperbolic equations with arbitrary decay. Furthermore, Fareh and Messaoudi
[14] proved the exponential stabilization of one-dimension type III thermoelastic
Timoshenko system in the presence/absence of a frictional damping under the
condition of smallness on the weight of delay.

For a larger type of relaxation functions, Mustafa [33] established the optimal
and the general decay results of (1.16)—(1.18), when (u; = p2 = 0), under the
following general latest assumption:

gt) < =EOH(9(), t=0, (1.19)
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where H is an increasing and convex function near the origin and £ is a posi-
tive nonincreasing differentiable function. This assumption has wildly attracted
considerable attention of a number of researchers in the last few years. For exam-
ple, Al-Gharabli et al. [1] extended and combined the result with the boundary
feedback stabilization.

As highlighted by the following papers, there have been encouraging advances
toward obtaining the asymptotic behavior in each case of (1.19).

In the case of H(s) = sP, 1 < p < 2, Messaoudi [27] considered (1.16)—(1.18)
for p = 1. He established a general decay result for the growth of relaxation
function. Otherwise, Mustafa [32] obtained optimal and polynomial decay rates.
Moreover, in the presence of a discrete or time-dependent delay, where the relax-
ation function satisfies (1.19) with nonlinear damping term, see [8,9].

For £(t) = 1, Lasiecka and Tataru [25] used different approaches to establish
the uniform decay of wave equation with frictional damping for some additional
constraints imposed on H, where H is positive, strictly increasing and strictly
C? convex near the origin with #(0) = H'(0) = 0. We refer to the previous
studies, [2,19,24] and [34], where a general decay result was established for H €
CL(R), H(0) = 0.

Motivated by the works mentioned above, we are interested in giving optimal
and general decay rates for a type III thermoelastic coupled system with acoustic
boundary conditions in the presence of distributed delay. This paper extends the
results of [32] to problem (1.1)—(1.9) under general assumption on the nonlinear
damping term which was first considered in [25]. Our system (1.1)—(1.9) suggested
here applies the system (1.10)—(1.15) studied in [10] in thermoelasticity of type
I11.

The paper is organized as follows. In Section 2, we give some notations and
present some assumptions needed for our work. In Section 3, we state and prove
some technical lemmas in order to get our main results. Finally, the decay rate
is improved explicitly by using the convexity of the relaxation function g and
without imposing any restrictive growth assumption on the damping term. The
proof is based on the construction of a suitable Lyapunov functional.

2. Preliminary

In this section, we present some material we use in order to present our results.
Let
H(A Q) = {uecHY(Q) | Au € L}(Q)}

be a Hilbert space equipped with the norm

1/2
lullercany = (luliu g + I4ul3)

where H!(2) is the Sobolev space of first order, | - ||2 is an L2—norm and || - [|2.r,
is an L2—norm on I'y, and (-, )1, is the scalar product in L?(I'y).

Denoting by 7o : H () — L2(T") and 7 : H(A, Q) — L?(T") the trace map of
order 0 and the Neumann trace map on H(A, Q) respectively, we have yo(u) = up
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and v (u) = (%)F for all w in H(A, ). Sometimes to simplify the notations

we write v and 887’; instead of vo(u) and 1 (u), respectively.
We denote
V:{ueHl(Q) yuZOOnFO}

equipped with the norm equivalent to the usual norm in H'(Q2). The Poincaré
inequality holds on V, i.e.,

AC, >0Vu eV u(t)|2 < Cil|Vu(t)||2- (2.1)
Moreover,
AC, >0Vu eV |u(t)|ar, < Cil|[Vu(t)]2. (2.2)
In this study, we will need the following assumptions.

(A1) The coefficients a;j, b;; € C 1(5) are symmetric and there exist two constants
ag, bg > 0 such that

n

Z aij(z)nin; > aoln|* for all z € Q, n € R™, (2.3)
ij=1

n p—
Z bij(x)nim; > bolnl?, for all x € Q, n € R™. (2.4)
ij=1

Furthermore, we assume that the weight of delay p : R4 — R, is a bounded
nonincreasing function satisfying

+oo
1 =by— Cf/ w(s)ds > 0. (2.5)
0

(A3) The relaxation function g : R, — R, is a bounded C! nonincreasing func-
tion satisfying

+oo
g(0) >0, 1-— /0 g(s)ds=1¢>0, (2.6)

and there exists a function H : Ry — R, which is a strictly increasing and
strictly convex C? function on (0, r], for a positive constant r < g(0), with

H(0) = H'(0) = 0 such that
g (t) < —€£(t)H(g(t)) forallt >0, (2.7)
where £ is a positive nonincreasing differentiable function.

(A3) F: R — R is an increasing C° function such that there exists a strictly
increasing function Fy € C'(R,) with Fy(0) = 0. Furthermore, there exist
two constants ¢}, ¢5 > 0 such that

sl < |F(s)] < dyls] for all |s| > ¢, (2.8)
Fo(|s]) < |F(s)| < Fyt(s]) for all |s| <e. (2.9)
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In addition, we assume that the function G, defined by G(s) = /sFy(1/s), is
a strictly convex C? function on (0, r1] (r; > 0). This hypothesis was first
considered in [25].

Let us introduce the following notation:

(gou)(t) = /0 g(t = s)a(u(t) — u(s),u(t) — u(s)) ds,
where

a(u(t), v(t)) = /Q AVu(t)Vo(t)ds = 3 /Q aij(x)agg) 8;;? dz.

2,j=1

Then we have

(0w = (¢ o) =2 [ glt = s)atu(s).u() ds

+% (a(u(t),u(t))/o g(s) ds) — g(®)a(u(t), u(t)). (2.10)

Note that

b(u(t),v(t)) = / BVu(t)Vo(t) dx.
Q
It is easy to verify that the bilinear forms a(-,-) : VXV — R and b(-,-) : H}(Q2) x
H{(Q) — R are symmetric, continuous and coercive by using (2.3) and (2.4).
We mention some additional remarks that will be used in arguments and
proofs.

Remark 2.1 ([33]). We should note the following.

1)  We can easily deduce from (Aj) that there is ¢y large enough while g(tp) =
r. Hence, for all t < t,

0 <g(to) < g(t) <g(0), 0<E(to) <&(t) <£(0),

which implies that there are two positive constants €; and es such that

e1 <E(HH(g(t)) < e2.

Therefore,

3¢ = % >0 <ty ¢'(t)<—Colt). (2.11)

2) If (2.7) holds, then H has an extension H, which is a strictly increasing and
strictly convex C? function on R . For example, if we set H(r) = o, H/(r) =
B and H"(r) = 7, we can define H for all t > r by

7

H(t) = 5

t2+(ﬂ—7r)t+(a+%r2—6r>.
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3) Suppose ¢ is a non-negative measurable function satisfying [, ¢(2)dx = 1.
If f is any real-valued measurable function and W is convex over the range
of f, then Jensen’s inequality states that

v [ / f(ﬂf)«p(ﬂf)dx] < [ wr@lp) .

For completeness, let us take a new variable ¢ first introduced in [40]:

o(z,t) = /Ot 0(z,s)ds + ®(x), forallz e, t>0, (2.12)
where ® € H}(€2) solves
B® =0, — By + /+00 w(s)0(—s)ds + (oV)uy in Q
®=0 : on I

As in [35], let us set
w(x,p,s,t) =pi(x,t —sp), (z,p,s) €eQ=2x(0, 1) xRy, ¢t>0.

Then our system leads to

t
uy — Au + / g(t — s)Au(s)ds +div(op:) =0  in Q x Ry (2.13)
0

+oo
@tt—BSO_BQDt‘f'/ M(S)W(l’,l,s,t) ds
0

+ (oV)u; =0 in Q xRy (2.14)
swi +wp =0 in QxR (2.15)
fze+mz4+u =0 on 'y x Ry (2.16)
u=20 on I'p x R4 (2.17)

t

881/1; - /0 g(t — s)%(s) ds + F(u) = hz on 'y x Ry (2.18)
=0 on ' x Ry (2.19)
w(z,p,s,0) = wy(z,p,s) for (z,p,s) € Q  (2.20)
u(0) = ug, w(0) =u1, ©(0) =@, ¢ (0) =6y in Q (2.21)
2(0) = 2o in I';. (2.22)

In the following proposition, we state the global existence of solution for system
(2.13)—(2.22) without proof which can be established by means of the Faedo—
Galerkin method. We refer the reader to [7,11].

Proposition 2.2. Let up € H2(Q) NV, u; € V, ® € H2(Q) N H{(Q), 6y €
H{ (), wo € L2(Q) and 29 € L2(T'1) be given. Assume that (A1), (A3), and (2.6)
hold. Then problem (2.13)—(2.22) has a unique global solution such that

u,up € LO(Ry; V), uy € L®(Ry; L2(Q)), u € H(A, Q);
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P, Pt € LOO(RJrvH(l)(Q))v Pt € LOO(RJMLQ(Q))? ZBS H(Ba Q)v
w € L¥(R4; L(Q)); 2,2t € L®(Ry; L2(T)).

3. Technical lemmas

In this section, we establish several lemmas needed for our main result.
We define the energy E of system (2.13)—(2.22) for all ¢ > 0 by
1 , 1 t 1
B(t) = @3+ 5 (1= | o(s)ds ) afu(®) u(®) + 5g 0wt

+ 50(0(0), 2(0) + 3 IO + 3 I12m 2= (1) 3

1
+2/ sp(s)w?(z,p, s,t) ds dp d. (3.1)
Q

Lemma 3.1. The energy functional, in view of (2.13)—(2.22), is a nonin-
creasing function and satisfies the estimate

() < (o ou)(®) — s9(0)a(u(t) u(®)) — [/ 2= (0) 3

—(Pln(®).m(0)) |~ el Va3 (3.2)
Proof. Multiplying (2.13) by ug, (2.14) by ¢; and integrating over €2, then

adding it to the inner product of (2.15) with su(s) in L?(Q), by using Green’s
formula, we arrive at

*(Hw(t)llg +a(u(t), u(t)) + b(p(t), ¢ (1)) +/qu(8)w2(:r,p7s,t) ds dp dzx

+ ||90t(t)||%> - / g(t = s)a(u(s), u(t)) ds — (h(@)z(t), ue(t) )y,
+ b(pe(t) / /+OO 2(z,1,8,t) —w (x,O,s,t)] dsdz
- (Fu®),w(®)y, + /Q%( )/0 1)@, 1,5, 8) ds dz = 0. (3.3)

We notice from (2.16) that
*<h >F |h1/2f1/22t( )

= th/zfl/QZt(t)

+ <h(m)m(az)2(7ﬁ) Zt(t)>r1

Lt/ 2 2B, (34)

+ 2dt
The last term of the right-hand side of (3.3) can be estimated as follows:

_/qut(t) /O+Oou(5)w(x,1,s,t) ds d

< S ([T uaas)watii+g [ [ a0 b @9

Substituting (2.10), (3.4), and (3.5) into (3.3), we get (3.2) from (2.5). O
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Now we are going to construct a Lyapunov functional equivalent to the energy
functional by resorting to the following functions (Kj;; i = 1,2,3,4), with which
we can show the desired result.

Lemma 3.2. Let (u,p,w,z) be a solution of (2.13)~(2.22). Then the func-
tional

‘%I&’

Ki(t) = /Qut(t)u(t) dz + (hz(t), u(t))p, + %th/Qfl/Qz(t)

satisfies the estimate, for any 0 < a < 1, for allt > 0,

Ki(t) < (03 — Sa(u(t), u(n) + T

(kou)(t) + Cs / F2(ug(t)) dD

on) m
+ C3[|Ver(D) 13 + Call B2 220 5, — 1R 2m22(0) 3p,,  (3.6)

where

o) 2 272
Ca:/ 96 e g 2t o 20
0 049(

s) —g'(s) apl ’ apl’
. —2
L Cilldiv(o)|1%, + C2llo]? _ 6C Mool flloo
C13 =2 ’ 04 - 2 )
aoﬁ aoffo

@ = mix (Zuaijuzo) k(t) = ag(t) = ¢'(t), llofl =sup sup |oi(z)], (3.7)
i=1

zeQi=1,...,n
Proof. Direct computations, by using (2.13) and (2.17), gives
t
K1(t) = lue()3 — alu(t), u(t)) +/0 g(t —s)a(u(s),u(t)) ds
— (Fus(t), u(®))p, = IR *m 2()5 r,

+ 2<h(ac)zt(t),u(t)>F1 - /Qdiv(a(:v)gpt(t))u(t) dx. (3.8)

Now, by using Cauchy—Schwarz’s inequality, we get

2

2
_ " IE=8) T (Vuls) — Vult) ds | dz < S (ko
_/Q<O\/m k(t — s)(Vu(s) V(t))d>dsao(k<> )(®).

Using Young’s inequality, (2.3) and (2.6), we obtain, for some constant § > 0,
/O o(t — s)alu(s), u(t)) ds
_ /O ot — s) /Q A (Vauls) — Vu(t)) Vu(t) dz ds + ( /O o(s) ds) a(u(t), u(t)),
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al nC,
< [(1 —0)+ (5(10} a(u(t),u(t)) + 4a05(k<> w)(t), (3.9)

By using Cauchy—Schwarz’s, Young’s inequalities and (2.2), we get, for §; > 0,
1/2 ¢ 1/2
< In)% ||f|| 4

[(h)20(0), w0y, | < 2 0 )
-2
< 51%a<u<t),u<t)> T B ARG ETRCE

for do > 0,

C?||div(o)]|? al?

[ avto@eyueds| < SO 1000
2
+ 22 0 (u(t), u(t), (3.11)

and for d3 > 0,

1

1) C’
~ (Flu(®)u(®)r, < g | Folu(®)dl +

ao

alu(®),u®).  (3.12)

Substituting (3.9)—(3.12) into (3.8), we find that

T 5,02 5363

Ki(t) < lus(D)3 + | -0+ 5— + 20— 4 == a(u(t),u(t))

ag ag ag
nCaq CflldiV(O')H2 + lo|?
+ i rou)(n) + DT g0 ) - a2t 220 By,
17llso [ flloo 3 1/2 4172 2 1 2
——||h t — F t))dl.
Rt ) e, + g [P
Let us choose
5= %t 512%, 5y = “Oi and 53:‘%.
8a1 160, 8C% 8C,
Then we obtain (3.6). O

Lemma 3.3. Let (u,p,w,z) be a solution of (2.13)—(2.22). Then the func-
tional

Kalt) = [ euthptt) da+ 500,00+ [ (o) V)ult)plt) da

satisfies the estimate, for allt > 0,

2
K3(1) < 3--a(ult), u(®) + 5 Veal - 30(el0) (1)

+0o0
+C’6// 2(x,1,s,t)ds dr, (3.13)

where 2C5 = 2C% + ||o||? and Cg = 21;?) ( O+O° p(s) ds> .
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Proof. By exploiting (2.14) and using Green’s formula, we have
K3(0) = eI = (0. £(0) = [ (@(w)-V)au(tyute) da
+00
- / go(t)/ w(s)w(x,1,s,t)dsdz. (3.14)
Q 0

We can estimate the last two terms above for similar calculations in (3.9) in the
following:

2

o 2
- [C@maun i < 0w+ Zauwoe), )

and for § > 0,

_L¢(t) /O+Oolu(s)w(x,1,s,t) ds dz

_5;0 (o(t), ())+5</+°° ds>//+°° W2 1,5, 1) ds dz. (3.16)

Let us choose 0 = 5. Inserting (3.15) and (3.16) into (3.14), we get (3.13). O

Lemma 3.4. Let (u,p,w,z) be a solution of (2.13)—(2.22). Then the func-
tional

K3(t) :/ se P (s)w?(x,p,s,t) dpdsdz
Q
satisfies the estimate, for allt > 0,
+oo
K50 < CrlVali- [ [ et s dsdo

—/ sp(s)w?(x, p, s,t) dpds de, (3.17)
Q

where Cq7 = C? 0+°° wu(s)ds.

Proof. By differentiating K3 with respect to ¢, we obtain

“+o00 1
i(t) = _2// M(s>/ e Pw(p, s, t)wp(p, 5,t) dpds d,
QJo 0

_/ /%0 () (eswz(l,S,t) —w?(0,t) + 5/01€Spw(p,8,t)dp> ds dz.,

—+o00
< CHl|[Veu(t)]2 - // W2(1,5,1) ds da

—/ sp(s)w?(p, s,t) dpds dz. O
Q
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Lemma 3.5. Let (u,p,w,z) be a solution of (2.13)—(2.22). Then the func-
tional

t
Ky(t) = —/Qut(t)/o g(t — s)(u(t) —u(s))dsdz

satisfies the estimate, for § > 0, for allt > 0,

t
Ky(t) < - (/0 g(s)ds — 5) lue(®)3 + Cs(8)alu(t), u(t))
n (Can(é) + C10(0)

) (ko u)(t) + Cna[Ver(1)3

dag
T Caall B2 Y22y, + Cas / F2(uy(8)) dT, (3.18)
Iy
where
ax 202C2% +n 21 C2
08(5) :5;0, 09(5) = 1—}—4\/7710,1—}—?, 010(5) = 5
3C2||h|| ol £1loo _ o0
011 = 303”0’”2, 012 = W, 013 = 303, /{1 = / k(S) ds.
0 0

Proof. By exploiting (1.1) and using Green’s formula, we have

Ki(t) = <1 —/0 g(s) ds> /QAVu(t)/O g(t —s)(Vu(t) — Vu(s)) ds dx
+ /Q/o g(t — s)A(Vu(t) — Vu(s)) ds/o g(t —s)(Vu(t) — Vu(s)) ds dx
= (e, [ ottt ey ds) = ( [ s o)l
_ /Qut(t)/o §(t— $)(u(t) — u(s)) ds dz
_ / o (2)on(t) / ot — $)(Vu(t) — Vu(s)) ds dz

Q 0
+ <F(ut(t)),/ g(t — s)(u(t) — u(s)) d5>1“1' (3.19)
0
Using the similar calculations in (3.9), we obtain

/ AVu(t)/ g(t —s)(Vu(t) — Vu(s)) ds dx
Q 0

aq nCq
< 5L
< 5a0a(u(t),u(t)) + Tagd

(kou)(t)  (3.20)

for 6 > 0 and

- / o (2)en(?) / ot — $)(Vu(t) — Vu(s)) ds do
Q 0
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Ca
< 5102 |lo|* Ve ()13 + 4a051(k<>U)(t) (3.21)

for 61 > 0. By repeating the same arguments of (3.9)—(3.10), we get

~(h(0). [ ot = s)(ult) = u(s)) ds)y,

e, Bl
- 4(52@() f(?

(kou)(t) + 1272205, (3:22)

for 45 > 0. We arrive to the estimate

t t
/ / g(t — s)A(Vu(t) — Vu(s)) ds/ g(t — s)(Vu(t) — Vu(s)) dsdx
QJo 0
< YnCa @), (3.23)

ao

Using (3.2), Cauchy—Schwarz’s and Young’s inequalities, we obtain

—/Qut(t)/o g (t—s)(u(t) —u(s))dsdzx

a?[Cp + k1]C?

< 83w (t)||3 + 25340

(kou(r)  (3:24)
for 63 > 0 and
(Flult)), [ g(t = s)(a(t) ~ u(s)) ds)y,
0

C2C,
4(5400

§54/F F2(uy(t))dl + (kou)(t)  (3.25)

for 64 > 0. Inserting (3.20)—(3.25) into (3.19), we obtain

/ ! 9 | <1 2k C?
Ky(t) < — g(s)ds — 0a ) [lue(t)[|3 + 0—a(u(t),u(t)) + (kou)(t)
0 a 4530,0
C,[n 1 (C? 20202% (7
R B x| (k ¢
T [5+61 5 T AVam+ == | (ko u)()
+ 0 CHo Vo0l + 61 [ F(un(e)) ar
Iy
h o o
e st Ll vz i o
If we choose 01 = 3 and d9 = 64 = 36_'3, then we get (3.18). O

Next, we use the functional

where p(t) = [ g(s) ds.
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Lemma 3.6. Assume that (2.3) and (2.6) hold. In view of (2.13)—(2.22),
the functional K5 satisfies the estimate

K(t) < —%(9 ou)(t) + p(1 = Oa(u(t), u(t)), (3.26)
where p = 23—%” + 1.

Proof. By Young’s inequality and the fact that p/(t) = —g(¢), we see that
K3(0) = pO)afu(t). u(®) = [ glt = saluls). u(s)) ds
= —(gou)(t) +2 /0 g(t = s)a(u(t) = u(s), u(t)) ds + p(t)a(u(t), u(t)).

But
/0 g(t = s)a(u(t) — u(s),u(t)) ds < (2(2:%(1 — Oau(t), u(t))
1 t
=g [ 9 dstgen .
Then, as p(t) < p(0) = (1 —¢) and f(f g(s)ds < (1—1), we get (3.26). O

We define a Lyapunov functional £ as follows:
ﬁ(t) = NE(t) + NlKl(t) + Nng(t) + NgKg(t) + N4K4(t), (3.27)

where N;, 1 = 1,2, 3,4, are positive constants to be fixed later. We choose N so
large that L is equivalent to E.

Lemma 3.7. For each t = 1,2,3,4, N; is large enough while N is so large
that the functional L defined by (3.27) satisfies

£(t) < ~[u®l3 — (p+ 11— Oalu(t), u(t)) + +(g o uw)(t) - %b(sO(t)» (1))

4
Ncy 9 )
- TOQH%(t)Hz + (CaN1 + C13Ny) [ F=(w(t)) dl
* Iy
— NP Pm ()5 p, — Na / sp(s)w?(x, p, 5,t) dpds dw (3.28)
Q
for allt > 0.
Proof. Let

to
g1 :/ g(s)ds > 0.
0
By combining (3.28), (3.6), (3.13), (3.17)-(3.18), taking 0 = fag/(4a1N4) and
Ny = fag/(2C?), we obtain

20 <~ (V= 12— 30 ) )13 — (53 - § ) awlo)ulo)
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- o000 - (5 - o2 ) tkouto

— N3 / sp(s)w?(z,p, s,t) dpds dx + (CaNy + C13Ny) / F2(u(t)) dT
Q Iy

C10N4

N Ny) —
(C1N1 + CyNy) 1ag

4a0

N61
— (N = C4Ny = CriaNy) |2 22 (0) |3, — scz el

+0o0
-(%—%ﬁﬂ// () (@, 1, 5,8) ds d — Ny|| RV 2m22(8) |3,
* QJ0o

aN Csla alN
— (=5 = 3Ny — == — C7N3 — CuNy ) | Ve (1)][3 + = (g o u)(t).
2 207 2
At this point, we choose Ny large enough such that
l L
—N1— = H(1-1¢
SN =5 > (1)1 - 0),

and therefore Ny large enough such that
{
gINs— 220 Ny > 1
4&1

By choosing N3 > %66%0, we are to choose IV so large that N > Ny, where

010N4 C’5€a0

2072

2
No = maX{ ,C4N1 + C12Ny, . <C3N1 + + C7N3 + 0111\74) } :
1

As 2(4)
ag”(s
— = <g(s),
ag(s) —g'(s)
it is easy to show, using the Lebesgue dominated convergence theorem, that

00 2
aCa:/ L(s)ds—ﬂ) as a — 0.
0o @g

(s) —g'(s)
Hence, there is 0 < ap < 1 such that if a < aq, then
aC, < ! and a= L < o,
4(C1 N1 + CyNy) 2N
which means N C, ClolN,
> - T%[ClNl + 09N4] - dag 0.
Thus (3.28) is proven. O

4. General decay

In this section, we give an optimal and general decay rates of the energy.
These theorems are consequently divided according to the nature of the function
Fy defined on (Aj3). In Subsection 4.1, we give the general decay theorem when
Fy is linear. In the case of Fyy being nonlinear, the general stability result is given
in Subsection 4.2.
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4.1. First general theorem

Theorem 4.1. Assume that (A1)—(As) hold and Fy is linear. Then there
exist two constants ki, ko > 0 such that for all t > tg,

E(t) <kiH! (kg ttf(s) ds) , (4.1)

where H1(t) = [} ﬁ,‘?s), and Hy is strictly decreasing and convex on (0, r] with
Proof. We start using (2.11) and (3.2) to obtain
to 1

/ g(s)a(u(t) —u(t —s),u(t) —u(t —s))ds < —C—(glou)(t) < —cE'(t), (4.2)
0 1

where cg is a positive constant. Inserting (4.2) into (3.28), for all ¢ > ¢, we get

t

F'(t) < =BE(t) + /6’2/ g(s)a(u(t) —u(t —s),u(t) —u(t —s))ds

to

+ | BsF%(u(t))dr, (4.3)
Iy

where §;, i = 1,2, 3, are positive constants and F = (L + coE) ~ E.

Now we study the stability under a suitable assumption of H.

Case 1: H is linear. Multiplying (4.3) by £(t), using (2.7), and (3.2) for
some tg small enough, we have

EOF (1) < ~AEWB0) + 52 [ €@(s)alult) = ult = 9).ut) —ult = 9) ds
T Bse(t) / F?(ug(t)) dT

N1
< —BEWE) — Balg o u)(t) + Boch () (Flua(), ue(®))y.
< —BiE()E(t) — BaE'(1),
where 4 = (B2 — Pf3¢5¢(0)). Since  is a positive nonincreasing function, then
(EF + B1B)' (1) < —BE( B (). (1.4)
Using the fact that (§F + B4F) ~ E, we conclude, for all ¢ > ¢y, that
B(t) < kye *2 o864
Case 2: H is nonlinear. First, we consider
Li(t) = L(t) + K5(t)
to be nonnegative, and it follows from (3.2), (3.26), and (3.28) that

L1(8) < e E(t) + 7ch (Fun(t)) (D), < —c2B(t) — 12 E'(2),
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where ¢y is a positive constant. Therefore, for all ¢ > g,
t
Cco E(S) ds < [,2(250) — ﬁz(t) < [,Q(t()) < 00,

to

where Lo = (L1 + y2cbE) ~ E.
Next, we define the function

I(t) = c;;/t a(u(t) —u(t — s),u(t) — u(t — s)) ds.

Note that for ¢z > 0 and for all t > ¢g, I(t) > 0. Otherwise, an exponential decay
is concluded. After that, for a constant C' > 0, for all £ > ¢y, we have

/a(u(t)—u(t—s),u(t)—u(t—s))ds§ZC/t (Va3 + [IVult — 5)[2) ds

to

8C t
< E(t)ds < oo,
_ao(lff) tO ()

and therefore for a constant 0 < ¢3 < 1 chosen so that
0<I(t)<l. (4.5)

We also define the functional

A(t) = — / g/ (s)a(u(t) — ut — s),u(t) — ult — 5)) ds,

to

for each ¢y small enough. By using (3.2), we observe that for a constant ¢4 > 0,
At) < —cyE'(t). (4.6)

Since H is strictly convex on (0, 7] and H(0) = 0, then
H(Wx) <9H(z), €0, 1], z € (0, r]. (4.7)

From the hypothesis (As), the using of (4.5), (4.7) and Jensen’s inequality leads
to

C3 t to
1 t
> i | TS a(ut) u(e = 9,u) — s - )
ONE
= el (t) o H(I(t)g(s))csa(u(t) — u(t — s),u(t) — u(t — s))ds
- g?” (03 /t g(s)alu(t) = u(t = s), u(t) — u(t - 5)) d5> L)
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where H is an extension of H such that H is a strictly increasing and strictly

convex C? function on R,. This implies that
t
/ g(s)a(u(t) — u(t — s),u(t) —u(t — s))ds < L <63)\(t)> .
‘s £(t)

to

Thus, (4.3) becomes

Fi < -suste) + 20 (), (1.9)

where F; = (F — 33ch¢(0)E) ~ E
Now, for g9 > 0 and S5 > 0, we define the functional

Ft)=H (80 ggg;) Fi(t) + BsE(t).

Using (4.9) and the fact that E' < 0, H > 0, H' > 0, we conclude that F5 ~ E,

and
pon  E(t) E(t) = E(t) , y
Fy(t) = eo E(O)H <€0E(0)> Fi(t)+H (EOE(O)> Fi1(t) + BsE'(t)
E(ﬂ) ﬂ_l (C?é)(\t()t)> + ﬁg)E,(t). (410)

s (o) 2 o
On the other hand, dew to the argument given in [3, pages 61-64], we have

H(s) = s(H)H(s) —H[H)Hs)] <s(H)s) foralls>0,  (411)
where H' is the convex conjugate of H such that

H'(s) = sup {st — H(t)},

teR4

and 7" satisfies the following Young’s inequality:
AB <H'(A) +H(B). (4.12)

In view of (4.11) and (4.12) with A = 7 (Eo%) and B=H (%)f;')), (4.10)
gives
F5(t) < —(B1E(0) — &) g((é))% (60 g((é))) + ,622((;) + B5E'(b).

So, multiplying by &(t), using (4.6) and the fact that, as

i ¥ (o28)  (o58)

“E(0)
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we find that

Fi(t) < EBFH) < —(BLE(0) —so>f<t>§(%>)%’ (oggg;) ~ (Boea— BE(O) E'(8),

where F3 = (£F2). Let us choose g9 and 5 small enough such that
Be =B1E0) —eo >0 and PBacy — B5£(0) > 0.
Then, for some constants a1, as > 0,
a1 F3(t) < E(t) < asFs3(t)
and

Fy(t) < —poc(t) 2 g7 ( E() E)

w0 (050) =0 () 6

where Ha(t) = tH'(eot). Since H,(t) = H'(eot) + eotH” (ot), then, by using the
strict convexity of # on (0, r], we find that Hg, H), > 0 on (0,1]. Let

From the fact that R ~ E, equation (4.13) yields
R(t) < —Be&(t)yHa(R(t)).

A simple integration over (to,t), taking into consideration that eqR(to) < r, gives

eoR(to) ds

HaleoR(D)) 2/R(t) sH'(s)

¢
> Be | &(s)ds.
to
Using the fact that #; is a strictly decreasing function on (0, 7] and
%% Hl(t) = +00,
we get (4.1). O

4.2. Second general theorem

Theorem 4.2. Assume that (A1)—(As) hold and Fy is nonlinear. There exist
two constants ki, ke > 0 such that for all t > i,

E(t) < k1G* <k2 ttf(s) ds) (4.14)

if H is linear, where Gy(t) = t” S(f,s(s). Moreover, if H is nonlinear, then there
exist other two constants ks, kqy > 0 such that for all t > tg,

1 ky
E(t) < k[t — to]W; ({t Tl € ds) : (4.15)

1 _\!
where W1 (s) = sW'(g1s) and W = <G YA 1) :
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Proof. First, we assume that max{ry, Fy(r1)} < e; otherwise r; is small
enough. Let e = min{r;, Fo(r1)}. From (A3), we have

Fo(ls]) < |F(s)| < Fyt(|s]) for all |s| < e1
cls| < |F(s)] < dyls] for all |s| > e.
Then, for all |s| < ey,
G(F*(s)) = |F(s)| Fo(|F(s)]) < sF(s),

which gives
F%(s) < G7Y(sF(s)) forall |s| <e. (4.16)

The following partition was first introduced by Komornik [23]:
I'i = {a: el | \ut(t)] > 61}, I'o = {x el ’ |ut(t)| < 61}. (4.17)

Note that for a constant c5 > 0,

1

J(t) =
®) IT12| Jry,

wur () F(ug(t)) dU < —cs E'(t). (4.18)

Then, by using (3.2), (4.16), (4.17) and Jensen’s inequality, we get

F2(uy(t))dl < G7H(J(t)) — HE'(t). (4.19)
I

Case 1: H is linear. Multiplying (4.3) by £(¢) and using (4.19), we have
Filt) < =& E(t) + BsE(GT (J(1)), (4.20)

where Fy = (§EF + (ch + f1)E) ~ E.
Now, for 0 < &1 < 71 and 7 > 0, by using (4.20) and the fact that E' < 0,
G’ >0, G” > 0 on (0,7], we find that the functional F5, defined by

E(t)
E(0)

Filt) = (e ) Fle) + S0,
satisfies
a3.7-"5 (t) § E(t) S 044.7:5 (t)

for some a3, ayq > 0.
Using the convex conjugate of G in the sense of Young, as in (4.12), with A =

G (51 %) and B = G~ (J(t)), by using (4.18) and again the fact that E' < 0,

G’ > 0, G” > 0, we obtain

7 = e g1 & (a1 ) 70+ & (215 ) i) + ()
< —BiE(H) E(t)G <€1 g(%) + B3£(1) G (61 g((é))> G L (J(t)) + BrE'(t)
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< —(B1E(0) — 61)5(15)5((3))(}/ (615((8))) + (87 — ¢5)E'(1).

Consequently, with a suitable choice of €1 and p7 we obtain

i< 5 o 20) <. (25

for all ¢t > tg, where g = S1E(0) —e1 > 0 and Ga(t) = tG'(e1t). Since G4H(t) =
G'(e1t) + €1tG"(e1t) , then, using the strict convexity of G on (0, r1], we find
that G2, G5 > 0 on (0, 1]. Let

Fs(t)
B(0)

R, (t) = Q3

Using the fact that R; ~ E, we have
Ri(t) < —Bs€(t)Ga(R1(t)), for allt > t.
This concludes (4.14).

Case 2: H is nonlinear: First, we define the functional

(1) = <8 /a(u(t)—u(t—s),u(t)—u(t—s))ds,

(t - t()) to
and choose 0 < cg < 1 small enough such that
0<hi(t)<1

for all t > tp. In the same way as in (4.8), we obtain

/ g(s)a(u(t) —u(t —s),u(t) —u(t — s))ds < = tolgg (ﬂ(f)?(tg '

to C6

Hence, we can write (4.3) as follows:

F(0) < -+ 0w (o)

>+G1um»—&ﬂm.

C6 t —t0)&(t)
Since
Co
im =0,
t—oo t — to
there exists t; > ¢y such that -5~ < 1 for all ¢ > t;. Combining this with the

t—to o
strictly increasing and strictly convex properties of G, using (4.7), for all ¢ > ¢,
we obtain

, (t—to)=—1 ceA(t) (t—to)=—1( c6J(t)
Fi(t) < o) + = (@6mxw>+ o O <Jmﬂ’

where Fg = (F + B4E) ~ E.
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Let 79 = min{r, 1} and x(t) = cg max { (t—/zg)g(t)’ (;]_(2) } Thus,

7)) < - + 0w o). (4.21)

Now, for 0 < &3 < 19, using (4.21) and the fact that E' <0, W >0, W’ >0
on (0,7¢], we find that the functional F7, defined by

A0 =W (Z ) 7o

satisfies
asFr(t) < E(t) < agF7(t)

for some a5, ag > 0.
As above, using the convex conjugate of W, we get

o —€ € E'(t) 9 e E(t)
Falt) = ((t P T = i) B0 )W ((t —2t0>E<o>> Fo(t)

)
W (2 2m) A0

<m0 (2o g0) + e () W

<-BEO -2V (a2
From (4.6) and (4.18), we observe that for c; > 0,

Do) < —erm )
After multiplying (4.22) by &(t), from the fact that 52% < 19, it follows that
Fi0) < ~(61B0) - €0 5 W (2 )

where Fg = (§F7 + ¢y E) ~ E. Let us choose €2 small enough such that
By = ﬁlE(O) —e9 > 0.

Therefore, for all ¢t > 1,

Et). ., ga  E(t) ,
t)—=W — | < =Fg(1). 4.23
Integrating (4.23) and multiplying the result by ﬁ, by using the fact that

W/, W” > 0 and taking into consideration the nonincreasing property of E, we
deduce that for all ¢ > ¢4,

1 E@))\ [ t 1 E(s) Fs(t1)
ngl((t—th(o)) , tdss [ ﬂ9W1<<s—to>E<o>>5(5>dS§<t8—tlo>‘
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Consequently, (4.15) is derived as follows:

f
E(t) < E(0)(t — o)Wy (59(15 - tog)(}}l)f(S) ds) | )
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PesynbraT 3arajibHOTO 3racaHHs JJid 3B’sI3aHOI CUCTEMHU
TEPMOINPYKHOCTI TPETHOrO TUILY 3 aKyCTUIHUMHU
TPAHUYHUMHU yMOBAMM 3a HASIBHOCTiI PO3IIOIiJIeHOT
3aTPUMKU

Abdelaziz Limam, Yamna Boukhatem, and Benyattou Benabderrahmane

VYV crarTi BUBYAIOTHCS PO3B’S3KM 3arajibHOTO 3TacaHHs €Hepril JJis Tep-
MOIIPYZKHOI 3B’SI3aHOI CUCTEMU TPETHOTO THIY 3 PO3MOILIEHOIO0 3aTPUMKOIO
qacy. 3B’sI3yBaHHs BiJIOYBAE€THCs 3aBISIKN AKyCTHIHAM I'PAHUIHIM YMOBAM.
Hamr pesynbrar ojepkano B KJjaci 3arajbHOCTi DYHKINT pesakcaril i Tomy
1151 POOOTA CYyTTEBO MOKPAIILYE MOTEPE/IHI PE3YIHTATH B TEPMOIIPYKHOCTI.

KirouoBi cioBa: edekT TepMOIpyKHOCTI, aKyCTUIHI T'PAHUYHI YMOBH,
B’I3KOIIpYKHE JieMIIdipyBaHHs, 3araJbHe 3racaHHs
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