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The paper deals with the existence of weak solutions to steady quasi-
Newtonian flows by means of the Galerkin approximations and the measure-
valued solutions, namely Young measures, which turned out to be a good
tool to describe the weak solutions of our problem in Orlicz spaces.
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1. Introduction and main result

Let © be a bounded open subset of R™ (n > 2). In this paper, we deal with
the existence of weak solutions to the following steady quasi-Newtonian viscous
fluid:

—divo(z,u,Du) +u-Vu+Vr=f in Q, (1.1)
divu=0 in £,
u=0 on 0N,

where v : £ — R™ is the velocity field, 7 : & — R is the pressure, o :  x R™ x
Mm*m 5 M™*" ig the Cauchy stress tensor, where M™*™ denotes the space
of m x n matrices equipped with the inner product A;;B;; with conventional
summation, and f are the given body forces.

Consider first the case when the convective term uVu is assumed to be small
and thus neglected, and o have a polynomial growth/coercivity condition with
respect to u and Du (the velocity gradient) with weak monotonicity. The problem

{—diva(z,uvDu)zf in 4, (1.4)

u=0 on 9N

is known to be solved by Hungerbiihler in [16] for f € W12 (Q;R™) (p/ =
p/(p — 1)), and Dolzmann [11] established the existence result for the measure
valued function f = p and replaced the weak derivative Du by the approximately
differentiable apDu. We proved in [7] the existence result for (1.4) by using a
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different notion of monotonicity for o(-) = a(x, Du) + ¢(u). See also [8]. In the
same setting and with the additional convective term u.Vu, Arada and Sequeira
[1] proved the existence of weak solutions using polynomial growth and coercivity
conditions. They also used weak monotonicity assumptions on the stress tensor
.

In [3], the present authors studied the existence of solutions for the quasilinear
elliptic system (1.4) in Orlicz—Sobolev spaces by using the Young measure and
mild monotonicity assumptions on o. See also [5,6,9] for the unsteady case.

The first mathematical investigations on the class of systems (1.1)—(1.3) go
back to O.A. Ladyzhenskaya [20,21] and J.L. Lions [23]. They both considered
the unsteady case and showed the existence of a weak solution whenever the
coercivity parameter p of the nonlinear elliptic operator related to the stress
tensor satisfies p > ?;1”—;"22

For o(z,u, Du) = T(xz,Du) in (1.1)—(1.3), Gwiazda et al. [13] showed the
existence result in the setting of Musielak—Orlicz when the source term f is equal
to div F, with F' € M™*" and F' € Ly;(©). The authors used the concept of
Young measure to define the weak solution and they restricted the N-function to
satisfy the following condition: M(xz,F) > ¢|F|? for F € M"*" ¢ > 0 and ¢ >
n3—]:2. They also proved that the mapping T belongs to some class of monotone
operators, namely the class (S,,). In [26], the author established the existence
of weak solutions for steady flows of non-Newtonian incompressible fluids with
the help of a general z-dependent convex function in generalized Orlicz spaces.
Later, Gwiazda et al. [14] proved the existence of weak solutions to the generalized
Stokes system in anisotropic Orlicz spaces.

The aim of the paper is to extend the result of [1] to a more general space
where the growth and coercivity of ¢ are not polynomial. Consequently, the
LP-framework will not capture the described situation. For this reason, the ho-
mogeneous Orlicz-Sobolev spaces W 4. Lar(€; R™) are a suitable framework to
explore the growth assumptions by means of a convex function, namely an N-
function. Further, we extend the result of [3] to a steady quasi-Newtonian given
by (1.1)—(1.3). We will prove the existence of weak solutions for problem (1.1)—
(1.3) based on the results of [3,4]. The function spaces and notations will be
presented in detail in Section 2.

As mentioned above, our aim is to prove the existence result in the setting
of Orlicz spaces by using the concept of Young measure as a technical tool to
describe weak limits of sequences constructed by the Galerkin approximations due
to Landes (cf. [22]). This approach was widely used in the calculus of variations,
optimal control theory and non-linear partial differential equations.

Finally, we set the assumptions on the stress tensor ¢. Consider two N-
functions M and P such that P grows essentially less rapidly than M and M, M €
Ay (see Section 2).

(HO) (Continuity) o : Q x R™ x M™*"™ — M™*" ig a Carathéodory function
(i.e., measurable with respect to x and continuous with respect to the last
variables).
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(H1) (Growth and Coercivity) There exist o,y > 0, di € E37(2) and dy € L'(1)
such that

0,5, F)] < di() + M P(yfs]) + M M(y|F]),
o(x,s,F): F>aM(|F|) — da(zx)
for a.e. x € Q and all (s, F) € R™ x M™*",
(H2) (Monotonicity) o satisfies one of the following conditions:

(a) For all (z,s) € Q@ x R™, F + o(x,s,F) is a C'-function and it is
monotone, i.e., for all (z,s) € Q x R™ and F,G € M"™*" we have

(o(z,s,F)—o(z,s,G)): (F—-G)>0.

(b) There exists a function W : Q x R"™ x M™*" — R such that o(z, s, F') =
%—Vg(x, s,F), and F — W (x,s, F) is convex and C! for all (z,s) € Q x
R™.

(c) o is strictly monotone, i.e., o is monotone and
(a(x,s,F) —U($,8,G)) (F-G)=0=F=G.

(d) o is strictly M-quasimonotone, i.e.,
/ / (o(z,8,X) —o(z,8,X)) : (A= N)dvg(A)dz > 0,
Q JMmMmXn

where A = (v, id), and v = {1 }zecq is any family of Young measures
generated by a bounded sequence in Ly (£2) and not a Dirac measure
for a.e. x € Q.

Now, a function u € W 4 Lar(€; R™) is said to be a weak solution of problem
(L.1)~(1.3) if for all ¢ € Wy 4, Ly (4 R™),

/Q(U(:c,u,Du) : Do +u-Vu-p)de=(f, o)

holds, where (-, -) is the duality pairing of W()l,divL M (;R™) and its dual.
Our main result reads as follows:

Theorem 1.1. If o satisfies the conditions (HO)—(H2), then problem (1.1)-
(1.3) has a weak solution for every f € W&&LM(Q;R’”).

The present paper is organized as follows. In Section 2, we recall the definition
of an N-function, the spaces of Orlicz and Orlicz—Sobolev altogether with some of
their properties. We end this section by recalling the definition of Young measures
and some of their useful properties. Section 3 is devoted to the construction of the
approximate solution by the Galerkin method. Section 4 concerns the existence of
a Young measure related to the Orlicz—Sobolev space and a proof of the div-curl
inequality. In the last section, the proof of the main theorem is given.
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2. Preliminaries

In the first subsection we recall some definitions and well-known facts about
N-functions, Orlicz and Orlicz—Sobolev spaces. For more details, we refer readers
to [12,18,19]. The second subsection is devoted to a brief overview about Young
measures. The reader not familiar with the theory of measure-valued solutions
should refer to [2,10,15,25] for more details.

2.1. Notation and properties of Orlicz—Sobolev spaces. Let M :
R* := [0,+00) — R* be an N-function, i.e., M is continuous convex, with
M(7) > 0 for 7 > 0, @ — 0 (respectively +o00) as 7 — 07 (respectively 7 —

+00). Thus, M admits the representation

M) = [ mis)ds,

where m : RT™ — R™ is nondecreasing right continuous, with m(0) = 0, m(r) >
0 for 7 > 0 and m(7) — 400 as 7 — +00. The N-function M conjugate to M is
defined by

M(r) = /0 " (s) ds,

where, m(7) = sup{s, m(s) < 7}. Clearly, M = M and one has Young’s inequal-
ity

s < M(7)+ M(s)
for all s,7 > 0. The N-function M is said to satisfy the Ay condition (resp. near
infinity) if there exists k > 0 (resp. 79 > 0) such that

M(271) < kM(T)

for all 7 > 0 (resp. 7 > 79).
Let © be an open subset of R” and M be an N-function. The Orlicz class
L (Q;R™) is defined as the set of measurable functions u :  — R™ such that

Q

The Orlicz space Ly (€2; R™) is the set of (equivalence classes of) measurable
functions u : & — R™ such that § € Ly(€;R™) for some 3 > 0. It is a Banach
space under the norm

HuHM_inf{B>O : /QM<|“(;)|> d:vgl}.

The closure in Ly (€Q2;R™) of the bounded measurable functions with compact
support in € is denoted by Ej(Q;R™). The equality En(;R™) = Ly (2;R™)
holds if and only if M satisfies the Ay condition for all 7 or for 7 large according
to whether € has a finite measure or not. The dual space of F/(2;R™) can be
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identified with L37(€2;R"™) by means of the pairing [, u(z)v(z)dz, and the dual
norm on L77(£2;R™) is equivalent to ||.||57. We recall Holder’s inequality

/ u(z)v(@)| de < 2[julla (|vllzz
Q

for all w € Ly (€;R™) and all v € Ly7(€; R™). The space Ly (2; R™) is reflexive
if and only if M and M satisfy the A, condition for all 7 or for all 7 large
according to whether €2 has a finite measure or not. We say that uj converges to
u for the modular convergence in Ly (2; R™) if for some 8 > 0,

/M(m_m) dr — 0 as k— oo.
Q B

Furthermore, if M € Ay (near infinity only if |[2] < o0), then the modular
convergence coincides with the norm convergence.

The Orlicz—Sobolev space WLy (€;R™) is the set of all u € Ly(;R™)
such that Du € L (£2; M™*™), where Du is a matrix-valued function in which
all components are distributional partial derivatives of u. It is a Banach space
endowed with the norm

lullwiL,, @rmy = llulli,nr = [ullar + || Dullar-

The symbol C5°(€2;R™) denotes the space of all C*°-functions u : & — R™
with a compact support in Q. Note that if || < co and M satisfies the As
condition near infinity, then

I
Wi Lys (% R™) = Coo(urm)” 24,

and WLy (O R™) = (W} Ly (9;R™))". Furthermore, for an N-function M,
the embedding WLy (Q;R™) < Ly(2;R™) is continuous. As M satisfies the

Ao condition, we have the following Poincaré inequality: there exists 6 > 0 such
that for all u € Wi Ly (€;R™),

/M(|u|)d:c§9/ M(|Dul) dz. (2.1)
Q Q

Note that if M, M € Ay, then the spaces W!L/(€2;R™) and W‘lLM(Q;Rm)
are reflexive and separable.

By Wol, giv L (5, R™), we denote the Orlicz—Sobolev space with free divergence,
ie.,

Wi anIar (B R™) = {v € Wi Ly (2 R™) : dive =0},

The Orlicz—Sobolev space Wi, Ez7(€;R™) is a dual space of W&divL Mm(;R™).
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2.2. A review on Young measures. In the following, Co(R™) denotes the
closure of the space of continuous functions on R” with compact support with
respect to the || - ||co-norm. Its dual space can be identified with M(R™), the
space of signed Radon measures with finite mass. The related duality pairing is
given by

W, fy=[ fA)dv(N).

Rm
Note that id(X) = A, and thus (v, id) = [p., Adv(N).
Lemma 2.1. Assume that the sequence {wj}j>1 is bounded in L>(Q;R™).

Then there exists a subsequence {wy}r and a Borel probability measure v, on R™
for a. e. x € Q such that for a. e. g € C(R™) we have

g(wg) =g weakly in L>(Q),

where

gw) = [ g dn(y),

and v = {vz}tzeq are called the family of Young measures associated with the
subsequence {wg }i.

The following lemmas are considered as applications of the fundamental the-
orem on Young measures (cf. [10]) which will be needed in the sequel.

Lemma 2.2 ([17]). If |2] < oo and v, is the Young measure generated by
the (whole) sequence wj, then there holds

wj — W N measure < Uz = 0yy) for a.e.x € (L

Lemma 2.3 ([17]). Let g : Q x R™ x M™*™ — R be a Carathéodory function
and wy : @ — R™ be a sequence of measurable functions such that wp — w in

measure and Dwy, generates the Young measure vy, with ||vg|| pqam=ny = 1 for a.
e. x € Q. Then

lim inf g(x,wk,Dwk)d:z:z// g(x, w, N)dvg(N) dz,
Q MmXn

k—oo  Jo
provided that the negative part g~ (x, wy, Dwy) is equiintegrable.

The next lemma describes limits points of gradients sequences by means of
Young measures, which turns out to be an appropriate tool for overcoming the
difficulty arising when the weak convergence does not behave as one desires.

Lemma 2.4 ([4]). The following assertions hold.

(1) If the sequence {Duy} is bounded in Lps(2;M™*™), then there is a Young
measure vy generated by {Duy} satisfying ||ve|| pqaumxny = 1 and the weak
LY-limit of Duy, is [ypmxn Advz(N).
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(2) v, satisfies
(Vg,id) = Du(x) for a.e. x €.

Remark 2.5. Notice that a Young measure v, is called a W'L,/-gradient
Young measure if it is associated to a sequence of gradients {Dw;} such that
{w;} is bounded in WLy (£2). It is called homogeneous if v, = u for a.e. € .

3. Galerkin approximation

Let Vi1 C Vo C --- C VVO1 aiw L (§;R™) be a sequence of finite dimensional
subspaces with the property that 'UNV7; is dense in VVO1 aiv L (S R™). The se-
1€ ’

quence (V;) exists because Wol’divLM(Q;Rm) is separable (M € Ajy). We define
the operator

T : Wy aieLar (G R™) = Wil Liz(Q; R™),
U <w — / o(x,u, Du) : Dwda:—i—/ u-Vu-wdr — <f,w>> .
Q Q

In the sequel, we will use a positive constant ¢ which can change values from line
to line.

Lemma 3.1. For an arbitrary u € WoljdivLM(Q;Rm), the functional T'(u) is
linear and bounded.

Proof. T(u) is trivially linear for the arbitrary u € Wy 4,, La(Q;R™). By the
growth condition in (H1), Wol,divLM<Q3 R™) < Lp(Q;R™) and P < M, we have

/ M (|o(z,u, Du)|) dz < c/ (M (di(z)) + P(y|u]) + M (y|Dul)) dz < oco.
Q Q
Next, assume that
e ul < P(ul) + M M),
which gives
| F(ue o <c [ (Pl + M(ju)) da.
Q Q

Then, by Holder’s inequality, it follows that

(T (), w)| =

/a(x,u,Du):Dwdﬂz—}—/u-Vu-wdx—(f,w)
Q Q

< 2o, u. Do) g | Dol + [ Ju- -l do+ 201y 7 ol
Since
[ uwlde = [ (e w)- ulds < s ul| Dl
Q Q

we get
(T (u), w)] < cllwl1,ar-

This implies that T'(u) is well-defined and bounded. O



270 Farah Balaadich and Elhoussine Azroul

Lemma 3.2. The restriction of T to a finite linear subspace V of
We a1 Lar (Q;R™) is continuous.

Proof. Let r be the dimension of a subspace V of W&divL Mm(EGR™), (e:)i_
be a basis of V and let (u, = ale;) be a sequence in V which converges to u = a'e;
in V' (with conventional summation). Then (ax) converges to a in R" and uj —
uw and Duy — Du a. e. On the other hand, ||ug||ps and ||Dug| s are bounded by
a constant c. Thus, the continuity assumption in (HO) allows one to deduce that
o(x,ug, Dug) : Dw — o(z,u, Du) : Dw a. e. Also, (ux @ u) - Vw — (v ®@ u) -
Vw a. e. Hence, by the growth condition in (H1), the Holder inequality and the
Vitali theorem, it follows for w € W&divL M (; R™) that

[T (ur) = T(W)l_y 37 = sup [(T'(ur), w) — (T(u), w)]

llwll1, =1

= sup ‘/ (o(@, ug, Dug) — o(z,u, Du)) : Dwdz
Q

lwll1,pr=1
—i—/(uk@uk—u@u)-dea:‘
Q
< C(H|J(x,uk,Duk) —o(z, U’DU)MM,Q + [|ur @ ukp —u® UHM,Q) <ec O

We fix some k and assume that the dimension of Vj is r and eq,...,e, is a
basis of Vj. For simplicity, we write Zl<i<r a;e; = a;e; and define the map

aq (T(aiei), €1>

a T(aze;), e
G:R SR, || T(ase:), e2)

ar (T'(ase;),er)

Lemma 3.3. G is continuous and
G(a)-a— 400 as |algrr = +o0.

Proof. Let u; = aéei e Vi, ug = aéei € Vj.. Since T is continuous on a finite
dimensional subspace and
(G(aj) = Gla))i] = (T(afe:) — T(apei), er)]
<N T(uj) = T(uo)ll _y 77-llealln,nr,
it follows that G is continuous.
Now take u = a;e; € Vi. Then ||a||gr — +o00 is equivalent to ||ul|; ;s — +o00

and
G(a)-a = (T(aiei),a;e;) = (T(u),u).

The coercivity condition in (H1) implies

IE/J(x,u,Du):Dudw>a/M(|Du\)d:c—c.
Q Q
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Next, observe that

1 1
IIE/u-Vu-udx— i 9 ]u\gdx— /divu!u\de:O,
Q 2 Ja

8

by the condition (1.2). Finally, from Young’s inequality and (2.1), we have

26
111 = / | ful dx = 20 —\fu|d:1:

29/ (Zi11) o+ 5 [ mGuna

c—|—/M(|Du\)da:.
2 Ja

| /\

IN

G(a)-a= (T(u),u) > a/ M(|Du|) dz — g/ M(|Dul) dz — ¢
Q Q
= 3/ M(|Du|)dz —c — 400 as |lul[1, — +o0,
Q

that is, T' is coercive. ]
Lemma 3.4. For all k € N, there exists up € Vi, such that
(T'(ug),w) =0 forall we V.

Proof. By Lemma 3.3, we have G(a) - a — +0o0 as ||a|][gr — +00. Then there
exists R > 0 such that for all « € 9Br(0) C R" we have G(a) - a > 0. The usual
topological argument [24] gives that G(z) = 0 has a solution = € Br(0). Hence,
for all k € N, there exists uy € Vi such that (T'(ug),w) = 0 for all w € V. O

As a consequence of Lemma 3.4, the sequence (uy) is uniformly bounded in
W()l,divL M (£ R™). To see this, suppose that (uy) is not uniformly bounded. Since
T is coercive, then there is R > 0 for which (T'(u),u) > 1 whenever |Ju|;y >
R. This gives a contradiction with the Galerkin approximation wu; which satisfies
Lemma 3.4.

According to Lemma, 2.1, there exists a Young measure v, generated by Duy
in Lps(Q2; M™*™) satisfying the properties of Lemma 2.4.

4. Div-curl inequality

The following lemma is the key step to passing to the limit in the approximat-
ing equations and proving that the weak limit « of the Galerkin approximations
ug, is a solution of (1.1)—(1.3).

Lemma 4.1 (div-curl inequality). Assume that Duy generates a Young mea-
sure vz. Then the following inequality holds:

/ /men (o(z,u, A) — o(z,u, Du)) : (A = Du)dvg(\) dz < 0. (4.1)
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Proof. We consider the sequence

I, - = (o(@, ug, Duy) — o(z,u, Du)) : (Duy — Du)
= o(x,uk, Dug) : (Duy — Du) — o(x,u, Du) : (Duy — Du)
=: Ik71 + Ik72.

Let us start with the sequence Iy, ». Since
[ (ote,u. D)) ds < ¢ [ (W(di(@) + Plrful) + M(y|Dul)) do < o0
Q Q

by the growth condition in (H1) and P < M, then o € Lg;(2; M™*™). It follows
according to Lemma 2.4 that

liminf | Ijodx = / / o(x,u, Du) : (A — Du)dv, () dz
Q Q JMmxn

k—o0
= / o(x,u, Du) : (/ Advg(N) — Du) dx = 0.
(9] MmXn

For the sequence Ij 1, take a measurable subset ' C €, and by the Hélder
inequality we have

0@, ug, D) : Dug|dz: < 2|0, g, D)7 </ M(ypuk\)> dr.
Q ’ Q

Since {ux} is bounded in WolydivLM(Q;Rm), then, by the growth condition in
(Hl) and WolLM(Q) — LM(Q),

/ M (|o(z, ug, Dug)|) de < c/ M (dy(z)) + P(y|ug|) + M (y|Duyg|) dz < c.
Q Q

Thus H\J(:U,uk,Duk)H‘MQ, is bounded. Note that the term [, M(|Du|)dzx

is arbitrarily small if the measure of € is chosen small enough. Conse-
quently, the equiintegrability of I, , follows. Since (uy) is uniformly bounded
in Wol,divLM(Q; R™), then uy — w in Lp(2;R™) (up to a subsequence). Hence,

/M(\uk — uf)da 2/ M(jug — u]) da
Q {ze;|up—u|>€}

> c/ |ug — u| dx
{ze;|up—u|>€}

> cel{x € Qlup — ul > €}

for some positive €, and c is the constant of the embedding Lj; C L'. Therefore,
up, — u in measure. By virtue of Lemma 2.3, one gets

I:= liminf/[kdx:liminf/IkJ dx
Q Q

k—o0 k—o0
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= liminf/ o(x,ug, Dug) : (Dug, — Du)dx
Q

k—o0

> /Q/Mm o (2,0, \) : (A — Du)dvy(N) da.

We will see next that I < 0. Define dist(u, V) = in‘ﬁ |lu —v||1,m and fix € > 0.
veEVE

Then there exists kp € N such that dist(u, V}) < € for all k > ko, or, equivalently,

dist(ur — u, Vi) = inf |Jup —u — vl = inf [Ju — wlj1, v = dist(u, Vi) <€
vEV) weVy
for any k > kg. Then, for vy € Vi, we can estimate I as follows:

I= liminf/ o(x,ur, Duy) : (Duy — Du) dx
Q

k—o0

= lim inf/ o(x,ur, Dug) : D(up —u —vg) + o(x, ug, Duy) : Dv dz
Q

k—o00

S hkrgg.}f (2”‘0’(3}, Uk, Duk)]HMVQHD(uk —Uu— U]g)”M@

+(f o) — /Q(Uk @ u).Vug d:n) .

The term H lo(x, ug, Duyg is uniformly bounded in k£ by the growth condition

7.0
n (H1). On the other hand, by choosing vi, € Vj, in such a way that ||uy —u —
vkl < 2€ for any k > ko, the term || D(ur — u — vg)||m,0 is bounded by 2e.
Furthermore, we have

[(fyor | = [, on — (ug — ) + (f, up — w)]
< |(fy vk — (uk — w)| + [(f, up — u)
< 2€| fll_y 77 + o(k)

and

/ (ug @ ug)Vopde
Q

= ‘/Q(uk @ ug) - (V(vp — ug +ug)) do

§/|(uk®uk)~Vuk|dx+/|(uk®uk)-V(vk—uk)dx
Q Q

=0
g/Q|(uk®uk)~V(vk—u)|da:+/ﬂ|(uk®uk)-V(u—uk)|da:

< 2llux @ uplz | Dok = W)lare + I1D@ = wllara] - (4.2)

Similarly to the proof of Lemma 3.1, we have |luj ® ug|/57 is bounded since (uy,)
is bounded. Hence, the right-hand side in (4.2) tends to zero as k — +o00. Since
€ is arbitrary, this proves that I < 0. Note that

/Q/Man o(x,u, Du) : (A = Du)dve(A) dz = 0

together with I < 0, equation (4.1) follows. O
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Remark 4.2. The naming “div-curl inequality” can be explained in the fol-
lowing way. Suppose for a moment that divo(z,uy, Du) = 0 for all k£ and that
o(x,ur, Dug) : Duy is equiintegrable. Hence, the weak limit of o(x, ug, Dug) :
Duy, in LY(Q) is given by [ipmxn 0(z,u,A) : Advg(X). Furthermore, by the
usual div-curl lemma, it follows that fQ o(x,uk, Dug) : Dugdzr converges to
Jo Jygmxn (@, u, A) : Adrg(X) and then the lemma follows with the equality.

Lemma 4.3. If equation (4.1) holds, then v, satisfies
(a(w,u, A) — J(:U,u,Du)) :(A=Du)=0 on suppv,.

Proof. We have
/ / (o(z,u,A) — o(z,u, Du)) : (A — Du)dvy(X) dz < 0.
Q mXn

By the monotonicity of o, the above integrand is nonnegative. Hence, it must
vanish with respect to the product measure dv,(\) ® dz. It follows for a. e. x €
Q that

(o(z,u, ) — o(z,u, Du)) : (A\— Du) =0 on suppv;. O

5. Proof of Theorem 1.1

Now we can prove Theorem 1.1 by considering the conditions (a)—(d) listed
in (H2).
Case(a). By V, we denote the derivative with respect to the third variable
of . We claim that for a. e. x € Q and all p € M"™*"™,
o(z,u,\) : p = o(x,u,Du) : p+ (Vo(z,u, Du)p) : (Du— N)
holds on supp v,,. Due to the monotonicity of o, we have for all 7 € R,
(o(z,u,\) — o(z,u, Du+7p)) : (A\— Du —7p) > 0.

By virtue of Lemma 4.3, we have

—o(z,u,A) : T > —o(x,u, Du) : (A — Du) + o(x,u, Du+ 1) : (A — Du — 7p)
=7[(Vo(z,u, Du)p) : (A — Du) — o(x,u, Du) : p] + o(7],

where we have used the fact that
o(x,u, Du+ tu) = o(x,u, Du) + Vo(x,u, Du)Tp + o(T).

Since 7 is arbitrary in R, our claim follows for all y € supp v;. As {o(z,ug, Dug)}
is bounded and equiintegrable, then its weak L!-limit is given by

T = / o(x,u, N)dvg(N).
SUpp v
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Therefore, due to our claim, one gets

o= / o(x,u, Du) dvg(N)
SUpp Vg

+ (Vo(z, u,Du))t/ (Du — A) dvg(N) = o(x,u, Du).

Supp Vg

It follows from the reflexivity of L7;7(€2) that {o(x, us, Duy)} is weakly convergent
in L37(£2) and its weak limit is o(x, u, Du).
Case(b). Let show that for a. e. x € Q, suppv, C K,, where
K, :={eM™": W(z,u,\) = W(x,u, Du) + o(z,u, Du) : (A — Du)}.
If A € supp vz, then Lemma 4.3 implies
(1—7)(o(z,u,\) — o(z,u,Du)) : (A= Du) =0 for all 7 € [0,1]. (5.1)
Due to the monotonicity of o, one has
(1—7)(o(z,u, Du+7(A = Du)) — o(z,u,\)) : (Du—\) > 0. (5.2)
Subtracting (5.1) from (5.2), we get
(1—7)(o(z,u, Du+7(A = Du)) — o(z,u, Du)) : (Du—X) >0 forall 7 € [0,1],
which implies by the monotonicity of o that
(o(z,u, Du+ 7(X — Du)) — o(x,u, Du)) : (A — Du) = 0.
Thus,
o(z,u, Du) : (A — Du) = o(x,u, Du+ 7(A — Du)) : (A — Du) for all 7 € [0,1].
Due to (H2)(b), we have then
W(z,u,\) = W(z,u, Du) + o(x,u, Du) : (A — Du).
Hence A € K. The convexity of W allows one to write
W(z,u,\) > W(z,u, Du) + o(z,u, Du) : (A — Du). (5.3)

Put A(X) (respectively, B()\)) the left- (respectively, the right-) hand side in (5.3).
By the continuity and differentiability of A — A()), it follows that for p € M"™*"
and 7 € R,

AA+7p) = AQN) _ BA+7p) = B(Y
AN+ T;) —A(N) _ B+ TpT) — B(\)

T T

v

if >0,

if 7 <0.

IN
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Thus DA = DB, which gives
o(z,u,\) = o(z,u, Du) for all A\ € K, D suppv,.
Hence,

o= / o(x,u, ) dvg(N)
MmXxn

(5.4)
= / o(x,u, Du) dvy(\) = o(x,u, Du).

Now consider the Carathéodory function g(z,u,p) = |o(z,u,p) — a(z)|. The
sequence gg(z) := g(x,ur(z), Dug(z)) is equiintegrable. Then

gr =G weakly in L(Q),

where

g(z) = / 02,8, \) = T(2)] dby(z)(s) @ dvz(N)
Rmean
= / lo(x,u,\) =7 (z)| dvg(A) =0
Man
by (5.4). As g, >0, then gx — 0 in L'(2). Thus, for v € W&divLM(Q;]Rm),
/ (o(z, ug, Dug) — o(x,u,Du)) : Dvdz — 0 as k — oc.
Q

Case(c). Due to the strict monotonicity and Lemma 4.3, it follows that v,
is a Dirac measure. Assume that v, = ;). Then

olz) = /M () = / Ndva() = Dulx).

Man
Thus v, = 0py(z). According to Lemma 2.2, we have
Dup — Du  in measure as k — oo,
which implies o(x, ug, Du) — o(x,u, Du) a. e. Since o(x,ux, Duy) is bounded
and equiintegrable (by the growth condition in (H1)), it follows by the Vitali
theorem that o(z,us, Dug) converges to o(z,u, Du) in L'(€).

Case(d). Suppose that v, is not a Dirac mass on ' C Q of positive measure.
On the one hand, due to the assumption (d), we have for a.e. z € (',

/mena(:ﬂ,u, A) s Advg (M)
/ o(x,u, \) 1 Xdvg(N) +/ o(z,u,\) s (A= X) dvg(N)
men

/ o(z,u,\) : Dudyg(N),
men

V
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where we have used A = Du(x) and

/ oz, u, ) 1 (A — ) dvg(N)

=o(x,u,\) : / Advg(N) —o(z,u, A) : )\/ dv,(\) = 0.
Mmxn MmXn

On the other hand, by virtue of Lemma 4.1, we deduce

/ / o(x,u,\) : Dudv,(\) dz > / / o(x,u,\) : Mg () dz
Q Jymxn Q Jumxn
> // o(x,u,A) : Dudvg(\)dz,
Q mXn

which is a contradiction. Consequently, vy = 0py(y) for a.e. z € 2. We follow
then the proof of the Case (c).

In conclusion, let v € W&divLM(Q;Rm). Since J;en Vi is dense in
WolydivLM(Q;Rm), there exists a sequence v, € [J;cn Vi such that v, — v in
W&divLM(Q;Rm) as k — oo. We have

(T'(ug),vg) — (T(u),v) = /Qa(x,uk,Duk) : Dy dv + /Q(uk -Vug)vgp de — (f, vg)

—/Qa(x,u,Du):Dvd:c—/(u-vu)vdﬂf+<fvv>

Q
= / o(x,ug, Dug) : (Dvy, — Dv) dx
Q

+/ (U(:U,uk,Duk) - a(w,u,Du)) : Dvdx
Q

+ /Q (- Vug)ve — (u.Vu)v) do — (f, v = v).

According to all cases in (H2) and ug - Vug, — u - Vu, the right-hand side of the
above equality tends to zero as k tends to infinity. By virtue of Lemma 3.4, it
follows that

(T(u),v) =0 forall veWyqLu(QR™).
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IIpo cramionapHi Tedil KBa3iHBIOTOHIBCBKUX PiJINH Y
npocropax Opiaumya—CobosieBa

Farah Balaadich and Elhoussine Azroul

CrarTsl NPUCBSYEHA JIOCJIIJIKEHHIO ICHYBAHHIO CJIA0OKUX PO3B’SI3KIB JIJIst
CTaIliOHAPHUX KBa3iHBIOTOHIBCLKUX TEYiil 3a JIOIMOMOTOI0 HaOJIMKeHbL [a-
JIOPKiHA 1 PO3B’SI3KiB y mpocTopax Mip, a came, Mip fHra, siki BUSBUIH-
CsI XOPOIIMM IHCTPYMEHTOM JJIsT OTUCY CJAA0KUX PO3B’sI3KiB HAIMOI 3aJati B
npocropax OpJinya.

Krro4oBi cioBa: KBa3iHBIOTOHIBCHKA, pinnHa, mpocropu Opinda, ciaabka
MOHOTOHHICTB, CJIAOKUil PO3B’si30K, Mipu fHra
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