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In the paper, we obtain some results for the Hyers—Ulam stability of the
following functional equations:

q(z +iy) + q(z — iy) + a(y + iz) + q(y — iz) = 2q(z) + 2q(y)

and

q(x +iy) + q(x — iy) + q(y +iz) + q(y —iz) =0

in the setting of 2-Banach spaces.
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1. Introduction

The problem of the stability of functional equation was motivated by a clas-
sical question of Ulam [51] put in 1940,When is it true that the solution of an
equation differing slightly from a given one must of necessity be close to the
solution of the given equation?’

If the problem accepts a solution, we can say that the given equation is stable.
Ulam was the first to raise the stability problem of group homomorphisms.

Let G and (H,d) be a group and a metric group respectively. Given a real
number € > 0. Does there exist a positive real number § such that if f: G — H
satisfies the inequality

d[f(z,y), f(@)f(y)] <o
for all z,y € G, then there exists a homomorphism F : G — H with
d[f(z), F(z)] <e

for all x € G?
The first affirmative partial answer to Ulam’s question was given by Hyers [23]
in 1941. Ulam’s question and Hyers’ result became the basis for the so-called
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stability theory of functional equations in Hyers—Ulam sense. In 1978, Rassias [44]
provided a generalization of Hyers’s theorem which allows the Cauchy difference
to be unbounded.

In 1990, Rassias during the 27¢" International Symposium on Functional
Equations asked the question whether the theorem holds for p > 1. In 1991,
Gajda [19] answered Rassias’ question provided an affirmative solution for p > 1
in view of his result by defining the formula as

.1 n .

T e Jgngoﬁf(i z) ifp<l,
o T .

nh_}rI;OQ f(2n) it p>1.

It was proved by Gajda [19], as well as Rassias et al. [45], that one cannot
prove the Rassias type theorem when p = 1. In 1994, Gavruta [20] provided a
further generalization of Rassias’ theorem in which he replaced the bound by a
general control function ¢(z,y) for the existence of a unique linear mapping.

A popular basic equation in the theory of functional equations is the Cauchy
functional equation

q(z +y) = q(x) +q(y). (1.1)

In addition to this equation, its three sisters

q(z +y) = a(zy),
a(zy) = q(x) +q(y),
q(zy) = q(x)q(y)

were introduced by Cauchy (see [10]). Cauchy carefully analyzed equation (1.1)
under the assumptions that the unknown function q is a continuous function from
R to R and the variables z and y are arbitrary real numbers.

A common path of studying (1.1) is to impose various types of “regularity”
conditions on the unknown function. It turns out that in the specific case, where
f R = R, each of these conditions implies the existence of some ¢ € R such
that q(z) = cx for all x € R, and this fact has been proved in various ways.
For example, Cauchy [10] assumed that q is continuous, Darboux showed that
q may be either monotone [14] or bounded on an interval [15]. Fréchet [17],
Blumberg [8], Banach [6], Sierpiriski [46,47], Kac [28], Alexiwicz—Orlicz [5], and
Figiel [16] assumed that q is Lebesgue measurable. Ostrowski [41] and Kestelman
[31] assumed that q is bounded from one side on a measurable set of positive
measure. Mehdi [39] assumed that q is bounded above on a second category
Baire set. In 1905, Hamel [22] introduced a Hamel basis and showed that there
are nonlinear solutions to (1.1).

More studies and applications of equation (1.1) can be found in the books of
Aczél [4], Aczél-Dhombres [3], Czerwik [49], Jarai [25], Kuzma [32] and Kannap-
pan [29].

Similarly, the functional equation

q(x +y) +aq(z —y) = 2q(z) + 2q(y) (1.2)
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is called a quadratic functional equation. It is easy to see that the quadratic
function q(x) = 2?2 is a solution of the quadratic functional equation. A mapping
q : P1 — P is called quadratic if ¢ satisfies the quadratic functional equation

a(z +y) +a(z — y) = 2q(z) + 2q(y)

for all z,y € P,. F. Skof [48] was the first author who studied the generalized
Hyers—Ulam stability of the quadratic functional equation. Cholewa [12] found
that the result of F. Skof [48] is still valid if a domain normed space is replaced
by an Abelian group. Czerwik [13] further generalized Skof’s result.

Kannappan [30] solved the following functional equation:

a(@+y+2)+q(x)+q(y) +aq(z) =q@+y) +aly+2) +a(z+z) (1.3

and proved that a function on a real vector space is a solution of (1.3) if and only
if there exists a symmetric biadditive function P and an additive function R such
that q(z) = P(z,x) + R(x) for any x.

Jung [26] proved the Hyers—Ulam—Rassias stability of the quadratic equation
of a new type

a(r —y—2)+q(@) +q(y) +4q(z) = alx —y) +ay + 2) +q(z — z).

Thereafter, many authors studied stability problems of this type of equation
(see [24,34,42,50]).

During the last four decades, many results concerning the Hyers-Ulam stabil-
ity of important functional equations have been obtained by several mathemati-
cians (see [1,2,27,35,40,43] and references therein).

In this paper, we discuss the Hyers—Ulam stability of the following additive
functional equation:

q(z + iy) + alz — iy) + q(y + iz) + a(y — iz) = 2q(z) + 2q(y), (1.4)

where q((1 + ¢)z) = (1 4 4)q(z), whose solution is an additive mapping and the
Hyers—Ulam stability of the quadratic functional equation

q(x +iy) + q(x — iy) + q(y +iz) + q(y — iz) = 0, (1.5)

where q((1 +i)z) = 2iq(x), whose solution is a quadratic mapping.

So, in this paper, following equations (1.1) and (1.2), we consider equations
(1.4) and (1.5) in a complex plane. We also prove that both equations (1.4) and
(1.5) can be reduced to equations (1.1) and (1.2). Equation (1.1) can be reduced
to equation (1.4) by assuming q(iz) = iq(x) (see Proposition 2.7) and in a similar
way we can reduce (1.2) to equation (1.5) by keeping the assumption of q(ix) =
—q(z) (see Proposition 2.9). Thus, by using the concept of Gavruta, we investi-
gate some stability problems for a complex additive type functional equation and
a complex quadratic type functional equation by considering a complex 2-normed
space as a domain and a complex 2-Banach space as a co-domain.
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2. Preliminaries

In this section, we give some basic definitions and results to be used in the
sequel.

The concept of a linear 2-normed space was introduced by Géhler [18] defined
as follows:

Definition 2.1. Let X be a real linear space of dimension greater than 1 and
l|-,-]l : X x X — [0,00) be a function satisfying the following four conditions:

(N1) ||z, y|l = 0 if and only if x and y are linearly dependent in X;
(N2) Nz, yll = |y, =|;
(N3) |z, ayl = |alllz,yll ;

(Na) N,y + 2] <[l yll + |, 2]

for all z,y,z € X and a € R. Then the function ||-,-|| is called a 2-norm on X
and the pair (X, ||-,-||) is a called a 2-normed space.

Example 2.2. Let X = R? and ||-,+|| : X x X — Ry be defined by

2, yll = [z1y2 — 231
for all z = (z1,72), ¥y = (y1,%2) € R% Then the function |-, || is a 2-norm on R2.

Proof. For all x,y,z € X, we have.

1. Here ||z,y| = 0 if and only if |z1y2 — xoy1| = 0 implies that = and y are
linearly dependent for all z = (x1,22),y = (y1,y2) € R2

2. Tt is easy to see that ||z, y|| = |y, z|.

3. For some o € R, we have

oz, yl| = [az1y2 — azoy1| = |af|z1ye — 22u1| = [af ||z, Y|
4. Consider
lz,y 4+ z|| = |z1(y2 + 22) — 22(y1 + 21)| = |T1Y2 + 2122 — T2Y1 — T221]

= |z1y2 — Toy1 + x122 — T221| < |T1Y2 — oy | + X122 — T221|

= [lz, yll + 2|

for all z = (z1,72), ¥y = (y1,92), 2 = (21,22) € R% Hence, (X, |-,-||) is a linear
2-normed space. O

Example 2.3. Let X = R3 and consider the following 2-norm on X:

i gk
|z, y|| = |det |x1 z2 z3||,
Yy Y2 Y3

where x = (1, x2,x3) and y = (y1,y2,y3). Then (X, ||-,-||) is a 2-normed space.
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Proof. For all z,y,z € X, we have.

ik
1. Here ||z, y|| = 0 if and only if |det |21 x2 x3|| = 0 implies that x and y
Yyi Y2 Y3

are linear dependent for all z = (21,2, 23), ¥y = (y1,¥y2,y3) € R3.
2. It can be easily verified that

i ik
|z, y|| = |det [z1 x2 a3
Y Y2 Y3

= |i(x2ys — z3y2) — j(x1y3 — x3y1) + k(2192 — 22y1)| = ||y, 2|

and therefore ||z, y|| = ||y, z||.
3. For some a € R, we have

ik
oz, y|| = |det |az1 oz axs
yioo Y2 Y3

= |i(axays — axzy2) — j(ariys — azsyr) + k(az1yz — azay)|
= |(a(i(22.y3 — T3y2) — j(@1y3 — 23y1) + k(2192 — T201))]
= |a||(i(z2ys — z3y2) — j(@1y3 — w3y1) + k(T1y2 — 201)| = |||, Y-
4. To prove ||z,y + z|| < ||z, y|| + ||z, z||, consider
i ] k
|z, y + z|| = |det T T x3
Yy1+2z1 Ya2+z2 Y3+ =23
li((z2(y3 + 23) — 23(y2 + 22)) — j((z1(y3 + 23) — 23(y1 + 21))
+ k((z1(y2 + 22) — z2(y1 + 21))|
= |i(z2ys + x223 — T3Y2 — x322) — j(21y3 + 123 — T3y1 — ¥321)
+ k(z1y2 + 2120 — oY1 — T221)|
= |i(z2ys — x3y2) + i(w223 — x322) — j(w1y3 — z3y1) — j(2123 — w321)
+ k(z1y2 — 22y1) + k(T122 — 221)]
= |i(z2ys — z3y2) — j(z1ys — w3y1) + k(z1y2 — 2291)
+i(wozg — w329) — j(x123 — x321) + k(2122 — 2221)|
< li(z2ys — 3y2) — j(z1y3 — x3y1) + k(z1y2 — 221))|
+ |i(xo2z3 — w329) — j(w123 — w321) + k(w122 — T221)]

= [lz, yll + [z, 2]
for all z = (x1,22,23), ¥y = (y1,¥2,¥3), 2 = (21,22, z3) € R3. Hence, (X, ||-,-]|) is
a linear 2-normed space. O
Definition 2.4. A sequence {z,} in a linear 2-normed space (X, ||-,-||) is

called a Cauchy sequence if

lim ||z — xn,y|| =0 for every y € X.

m,n— 0o
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Definition 2.5. (see [21]) A sequence {z,} in a linear 2-normed space
(X, ]|, -]|) is said to converge to z € X if

lim ||z, —z,y[| =0 forallye X.

n—oo

Definition 2.6. A linear 2-normed space (X, ||+, -||) is called a 2-Banach space
if every Cauchy sequence in X is convergent.

The study of 2-normed spaces and 2-metric spaces have been developed ex-
tensively by many authors (see [7,11,36-38,52,53] and references therein).

Proposition 2.7. Let X and Y be vector spaces. A function q : X — Y
satisfies

q(z +iy) +a(z —iy) + q(y +iz) + aly —iz) =2q(z) + 2q(y)  (2.1)
forallxz,y € X. Then q: X —Y is additive, i.e.,

q(z +y) =a(z) +aly) forallz,yecX.

If a mapping q : X — Y is additive and q(iz) = iq(z) holds for all x € X,
then the mapping q : X — 'Y satisfies (2.1).

Proof. Let q: X — Y satisfy (2.1). Putting x = 0 in (2.1), we have

q(iy) + q(—iy) +q(y)+q(y):2q(y),
q(iy) + (—zy

q(iy) +q(—i ( ),

q(iy) +q(—1 )—q(zy+(—2y))

Take iy = z and —iy = y. Then we have

q(z +y) = q(x) +q(y)

for all z,y € X.
Conversely, if a mapping q : X — Y is additive and q(iz) = iq(z) holds for
all x € X, then for all z,y € X, we have

q(z + iy) + q(z — iy) + q(y + iz) + q(y — iz) = 2q(z) + 2q(y),
q(z) +a(iy) +a(z) + a(—iy) + q(y) + a(iz) + q(y) + a(—iz) = 2q(z) + 2q(y),
q(z) +1iq(y) +a(z) —iq(y) + qa(y) +iq(z) + q(y) — iq(x) = 2q(z) + 2q(y),
2q(z) +2q(y) = 2q(x) + 2q(y).

Therefore q : X — Y is additive. O

If a mapping q : X — Y satisfies Cauchy’s functional equation
q(z+y) =a(x)+aly),
and q (iz) = iq (x) for all z,y € X, then we have
q(z+iy) +q(z —iy) +qy+iz) +qy —iz) = 2q(z) +2q (y) (2.2)
and q((1 +1i)z) = (1 +1i)q(z) for all z,y € X.
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Remark 2.8. Note that the following assertions are true.
(a) Since q(iz) = iq(z), then q(—z) = q(i*z) = iq(iz) = i*q(x) = —q(2).
(b) If x =y, then using (a) it is easy to see that equation (2.2) is satisfied.

(¢) Ifx # 0 and y = 0, then using (a) it is easy to see that equation (2.2) is
satisfied.

(d) Similarly, if x = 0, y # 0, then using (a) it is easy to see that equation (2.2)
is satisfied.

Proposition 2.9. Let X and Y be vector spaces. If a functionq: X — Y
satisfies

q(x +iy) +q(z —iy) + q(y +ix) + q(y —iz) =0 for all x,y € X, (2.3)
then q: X — Y is quadratic, i.e.,
q(z+y) +alz—y) = 2q(z) +2q(y) for all z,y € X.

If a mapping q : X — Y is quadratic and q(ix) = —q(x) holds for all x € X,
then the mapping q : X — Y satisfies (2.3).

Proof. Let q: X — Y satisfy (2.3). Putting y = iz in (2.3), we have
q(z — ) + a(z + x) + q(2iz) + q(0) =0,

i.e., q(2z) + q(2iz) = 0. Hence, q(z) + q(iz) = 0, i.e., q(iz) = —q(z). Again,
taking iy = z, x = 0 in (2.3), we have

0=q(z) +a(—=2) +a(—iz) +q(—iz) = q(z) + q(—2) — q(2) —q(),

q(z) +4a(=2) = a(z) +a(z).
Hence,
q(0 + 2) +a(0 — z) = 2q(z) + 2q(0).
Therefore,

q(x + 2) + q(z — z) = 2q(z) + 2q(x).

Taking z =y, z = x, we have
a(z +y)+a(z —y) =2q(y) +2q(z) for all z,y € X.

Conversely, let q : X — Y be quadratic and let q(iz) = —q(z) hold for all
z € X. Then

q(z +iy) + q(z —iy) + q(y + iz) + q(y —ix) =0 for all z,y € X.
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Putting 1y = 2, i.e., y = —iz, we conclude that the relations
q(z +2) +q(z — 2) + q(—iz +iz) + q(—iz — iz) = 0,
q(z + 2) +q(z — 2z) +a(—i(z — 2)) + q(—i(z + z)) = 0,

[a(z + 2) +q(z — 2)] = [a(z — 2) + q(z + z)] =0,
2a(z) + 2q(2)] — [2a(2) + 2q(x)] = 0,
0=0

are equivalent. Hence, q : X — Y is quadratic.
If a mapping q : X — Y satisfies the quadratic functional equation
q(z+y)+a(z—y)=2q(z)+2a(y)
and q (iz) = —q (z) for all z,y € X, then we have
q(z+iy) +q(z—iy) +q(y +iz) +q(y —iz) =0

and q((1 +1i)z) = 2iq(x) for all z,y € X.

(2.4)

Remark 2.10. (i) It is easy to see that (2.4) is satisfied by taking z = y.

(ii) It is easy to see that (2.4) is satisfied by taking z = z, y = ix.

(iii) Since q(ix) = —q(z), then we have q(—iz) = —q(—) = —q(i’z) = q(iz) =

—q(z).
(iv) Since q(izr) = —q(z), then we have q(—z) = q(i®z) = —q(iz) = q(=).

3. Main results

Throughout this section, we assume that X is a complex 2-normed vector
space with the 2-norm ||-,-|| and Y is a complex 2-Banach space with the 2-norm

||I-,-|l. For a given mapping q : X — Y, we define

Cq(z,y) := q(= +iy) + q(x — iy) + q(y + iz) + q(y — iz) — 2q(x) — 2q(y)

for all z,y € X.

If the mapping q : X — Y satisfies the additive functional equation

q(z +y) = q(x) +q(y)

and q(iz) = iq(x) for all z,y € X, then

q(z +iy) + q(z — iy) + q(y + iz) + q(y — iz) = 2q(z) + 2q(y) for all x,y € X.

In fact, q : C — C with q(z) = x satisfies (1.4).

Now we prove the Hyers—Ulam stability of the additive functional equation

Cq(z,y) = 0.
The following result will be required in the sequel.
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Lemma 3.1. Let X be a complex 2-normed space, Y be a complex 2-Banach
space and q : X — Y be a mapping satisfying the mapping q((1 + i)x) = (1 +
i)a(x) for which there exists a function ¢ : X2 — [0,00) such that

3z, y) = f% Qiqs (22,27y) < 00 (3.1)

or -
d(a,y) = f;w (55) <o (3.2)

and B
ICa(x,y),2ll < $(a.y) for all 2,y € X. (3.3)

Then for all nonnegative integers I, m with | < m and x,z € X, we have

m—1
1/, 1 1 o
“q(2 )—— ) 2|l < S (2, 3.4
|59 (20) - a2 < ¥ 5@ ) (3.4
or

—1
2q(2'z) — 22 "),z < Y L J+1¢( x ) (3.5)
K K zf 27+ 97F1 '

Proof. Since q((1+i)z) = (1+ z)q(a:) for all x € X, we can get q(0) = 0 and
d(2z) = (1 4+4)q((1 — ¢)z) for all x € X. Now, putting z =y # 0 in (3.3), we get

12a((1 + d)x) + 2q((1 = i)x) — 4q(2), 2[| < Pz, x).

Therefore, we have

1
< ——o¢(x,x) forall z,y € X. 3.6
< S50l ) y (36)
It is easy to see that inequality (3.4) holds for all nonnegative integers [, m with
I <m.
g

Choosing = = 7 in equation (3.6), we have

o(5) - tar = e (5.2

Jato) - o202

T 1 T T
n(5) -] < 5o (53).
‘q 5 q(ﬂ:)z_ﬁab )
1
‘q(m)—2q (g),z <7 (E :c) for all z,y € X. (3.7)
It is easy to verify that inequality (3.5) holds for all nonnegative integers [, m

with I < m. O
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Theorem 3.2. Let X be a complex 2-normed space, Y be a complex 2-Banach
space and q : X =Y be a mapping satisfying q((1 +1i)x) = (1 +i)q(z) for which
there exists a function ¢ : X2 — [0,00) such that

o0

Bry) =3 0P, 27y) < oo,

j=0
ICa(z,y), 2l < d(x,y) for all x,y € X.

Then there exists a unique additive mapping g : X — 'Y such that
1 -
r)—g(x),z|| < —¢(z,x or all x,y € X. 3.8
la(z) — g(z), || Qﬁcﬁ( ) S y (3.8)
Proof. Define the sequence of function {g,} by the formula

1
gn(x) = o (2"z) forallz € X,n eN. (3.9)
Firstly we have to prove that the sequence {g,} is a Cauchy sequence for
every z € X.
For x = 0, it is trivial.
Taking 0 # z € X for n < m and using Lemma 3.1, we have

1 1
S-a(2"2) — 5 -a(2"a), 2

m—1
1 S
< E —— (2,2 .
< 23,“'\/5(]5(2 x,2' 1) < 00
j=n

1gn(2) = gm(z), 2[| =

Therefore, the sequence {g,(x)} is a Cauchy sequence. Since Y is complete,
then this sequence is convergent. So, we can define a mapping g : X — Y such
that

ole) = lim gnfe) = i | a(2)]
By (3.3), we get

_ : 1 n n
(), 2l = lim —l|Ca(2"s,2"y), 2|

< lim iq§(2”3r, 2"y) =0 forall z,y € X.
n—oo 2N
Thus, Cg(z,y) = 0. By Proposition 2.7, the mapping g : X — Y is additive.
Moreover, letting | = 0 and passing the limit m — oo in inequality (3.4), we
obtain (3.8).
To prove that ¢ is unique, assume that there exist two additive functions g; :
X —Y,i=1,2, such that

1 -
la(x) — gi(x), 2|| < Tﬁda:w)- (3.10)
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Also, we have

1
gi(z) = i (2"z) forallz e X,neN. (3.11)

Now, for every x, z € X, we have (g1(0) = ¢g2(0) = 0). Using (3.10) and (3.11),
we obtain

lg1(z) = ga(@), 2] = [[27"g1(2"2) — 27"g2(2" (@), 2

2"z) — g2(2"x), 2|

2"r) —q(2"z) +q(2"z) — g2(2"), 2|
<27 [[la(2"2) — g1(2"2), 2[| + [la(2"z) — g2(2" ), 2[]]

1 -
<27 12——=0(2"x, 272) | .
e ( )
Taking the limit n — oo, we have || gi(x) — g2(x),z|| = 0, and thus g¢;(z) =
g2(x). O

Theorem 3.3. Let X be a complex 2-normed space, Y be a complex 2-Banach
space and let q : X — Y be a mapping satisfying q((1 + i)x) = (1 +1i)q(x) for
which there exists a function ¢ : X2 — [0,00) such that

Bw,y) =Y V6 (55 55) < o0,
§=0

ICa(z,y), 2|l < ¢(z,y) (3.12)

forall z,y,z € X.
Then there exists a unique additive mapping h : X — Y such that

Ih(z) — a(), 2]l < ¢1§¢ (272,27 1a). (3.13)

Proof. Define the sequence of functions {h,(z)} by
hn(x) = 2"q(27"z) forallz e X, ne N. (3.14)
Since q(0) = 0, by using Lemma 3.1, for all z,z € X and n < m, we have

|n(2) = hin (), 2[| < [|2"a(27"2) — 2™q(27"2), 2|
m—1
1 .y x T
<X 557" (gmam)
j=n

Therefore {h,(z)} is a Cauchy sequence for every z € X. Since Y is complete,
then {h,(x)} is convergent. So, there exists a mapping h : X — Y such that

h(z) = lim h,(z), z€ X.

n—o0
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Then, as in Theorem 3.2, it is easy to verify that h is an additive function.
Moreover, letting [ = 0 and passing the limit m — oo in inequality (3.5), we
obtain (3.13).

To prove that h is unique, assume that there exist two additive functions h; :
X —Y,i=1,2, such that

la(z) — hi(z), 2| < 75(2 tr,27 ). (3.15)

Also, we have
hi(z) = 2"h; (27 ") . (3.16)
Now, using (3.15), (3.16), for every z,z € X we obtain

[h1(x) — ho(z), 2| = [|2"h1(27"2) — 2"ha(27"2), 2|
=2"[[h1(27"(2)) — ha(27"(2)), 2|
=2" Hh1(2 x) — (2 ") + 927" (x )) - h2(2_"x)7ZH

< [lla@™"(@)) = ha(@), 2] + [Ja2 (=) )]
< 2" [a(@™"2) = ha(27"2), 2| + a 2 " ) hz( ), 2]
S 2n \35¢ (2777,71‘,1;’ 2717,71‘,1;)

Taking the limit n — oo, we have hy(z) = ho(x). Hence the result follows. [

Now we need the following result to prove our next theorems.

Lemma 3.4. Let X be a complex 2-normed space, Y be a complex 2-Banach
space and let r — {1} € R and 0 be a positive real number. Let q: X — Y be a
mapping satisfying the mapping q((1 + i)x) = (1 + i)q(x) and the inequality

ICa(z,y), 2l <6 (= 2" + lly, 2II")  for all z,y,2 € X. (3.17)

Then, for all z,z € X and for all nonnegative integers I, m with | < m, we
have

m—1 - 1
<3 2 [ ot ] (3.18)

or

[2a2"2) - 2ma2 ), 2| < 3 2 [\faux,zv]. (3.19)
J:

2rj+7"
l

Proof. Since q((1+1i)z) = (1+1i)q(x) for all x € X, we can get q(0) = 0 and
q(2z) = (1 +4)q((1 —i)x) for all z,y € X.
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Now, putting x =y # 0 in (3.17), we get
12a((1 + 4)z) + 2q((1 — i)z) — 4q(), 2[| < 20 ||z, z[|".

Therefore, we have

1
< —0||z,z||" forall z,z € X. 3.20
< Z=blz.c| (320

It is easy to verify that inequality (3.18) holds for all nonnegative integers [, m

with | < m.
Choosing = = £ in equation (3.20), we have

2
) -5 < Joo 5l
-2 (5). | = v

Now it is easy to verify that inequality (3.19) holds for all nonnegative integers
[,m with | < m. ]

Jat) - jat20).2

(3.21)

Theorem 3.5. Let X be a complex 2-normed space, Y be a complex 2-Banach
space and let r < 1, 6 be a positive real number. Let q : X — Y be a mapping
satisfying q((1 +4)z) = (1 +4)q(z) and the inequality

1Ca(z, ), 2l < O (=, 2" + [y, 2lI")  for all z,y,2 € X. (3.22)

Then there exists a unique additive mapping g : X — Y such that

2
lla(z) — g(z), 2| < 5 2r9 |z, z||"  for all z,z € X. (3.23)

Proof. Define the sequence of function {g,} by the formula

1
gn(x) = Q—Hq(2” xz) forallz e X, neN. (3.24)

Firstly we have to prove that the sequence {g,} is a Cauchy sequence for
every x € X. For x = 0, it is trivial. Taking 0 # = € X for n < m and using
Lemma 3.4, we have

90 (2) — gm(). 2] = ] ) - a(2"a).

m—

Z [ 0|, zHT} < oo, r<lL

Therefore the sequence {gy,(x)} is a Cauchy sequence. Since Y is complete, then
this sequence is convergent. Thus, we can define a mapping g : X — Y such that

) . 1 "
ole) = lim gnfe) = Jim_ | a(2)]
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By (3.22), we get

nr

< lim
n—oo 21

O(||z, z||" + |ly, 2]|") =0 for all z,y,z € X.

Hence Cg(x,y) = 0. By Proposition 2.7, the mapping g : X — Y is additive.
Moreover, letting | = 0 and passing the limit m — oo in (3.18), we obtain (3.23).

To prove that g is unique, assume that there exist two additive functions g; :
X —=Y,i=1,2 such that

2 T
la(z) = giz). 2l < 5= 0 [l 2" - (3.25)

Also, we have
gi(x) =2""g; (2"x) . (3.26)

Now, for every x,z € X, we have ¢1(0) = g2(0) = 0. Using (3.25), (3.26), we
obtain

lg1(z) = ga2(@), 2ll = [|27" 01 (2") — 2"( ). 2|
=27" |91 (2"2) — g2 ( x), 2|
=27"[|g1(2"x) — q(2" )+q(2" ) — 92(2"x), 2|
< 27" [[la(2"2) — g1(2"2), 2] + [[a(2"2) — g2(2"2), 2]

2nr 2
<2 [\—[27’ , r], r<l1.

- o2n |2
As n — oo, we get ||g1(x) — g2(x), z|]| = 0. Therefore, g;(x) = ga(x). O

Theorem 3.6. Let v > 1, 0 be a positive real number, X be a compler 2-
normed space and Y be a 2-Banach space. Assume that q: X — Y is a mapping
satisfying q((1 +4)z) = (1 +4)q(z) and the inequality

ICa(z,y), 2| < Oll|z, z||" + ||y, z||"] for all x,y,z € X. (3.27)

Then there exists a unique additive mapping h : X — Y such that

2
la(z) — h(z), 2[| < 5,— 29 |z, 2z||"  for all z,z € X. (3.28)

Proof. Define the sequence of functions {h,} by the formula

27‘

ha(z) = 27q(27 ") (3.29)

for all x € X and n € N. Since q(0) = 0, by using Lemma 3.4, we have for all = €
X and n > m,

2rj+r
J=l

m—1 :
n —-n m ma 2J+1 \/Q T
() = hin(a), 2] < [[2"a(2 ") — 2"aq(2 ™), 2| < 3 = !29ux,z\].
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Therefore, {hy(z)} is a Cauchy sequence for every x € X. Since Y is complete,
then {h,(x)} is convergent. Thus, there exists a mapping h : X — Y such that

h(z) = lim h,(z), ze€ X.
n—oo
Then, in the same way as in Theorem 3.5, it easy to verify that h is an additive
function. Using inequality (3.19), we obtain (3.28).

To prove that h is unique, assume that there exist two additive functions h; :
X —=Y,i=1,2, such that

V2

2r —2

la(z) = hi(z), z]| < 0|z, z||" . (3.30)

Also, we have
hi(z) =2"h; (27 ") . (3.31)
Now, for every z,z € X, using (3.30), (3.31), we get

[h1(z) — ha(z), 2| = ||2" 2 (27" ) —2"hy(27 "), 2|
=2"[|(27"(2)) — ha(27"(2)). 2|
=2 [In(27"5) ~ 4(277(c) i) -l /|
< [la@ (@) = hi(@), 2| + a2 (x)) = ha(a), 2]]
< 2" [|la(27"x) — h1(27"2), 2| + ||a(27"x) — ha(27"x), 2||]

2n+1 2
< [\[2 , T], r> 1.

- 27’LT 27"

Taking the limit n — oo, we have hi(x) = ha(x). Hence the result follows. [
Lemma 3.7. Let X be a complex 2-normed space, Y be a complex 2-Banach
space and let r — {1/2} € R and 0 be a positive real number. Let q: X — Y be a
mapping satisfying the mapping q((1 + i)x) = (1 + i)q(x) and the inequality
1Ca(z, ), 2l < Ol 2] lly, 2" for all x,y, 2 € X. (3.32)
Then, for all nonnegative integers I, m with | < m and x,z € X, we have

ni 2]:1 { 0|z, ZHZ’"] (3.33)

=l

1 1
?q@l T) — 27lq (2Mx)

or

Hz’ (27lz) — 2mq(2~™ H mz ﬁ[ 0|z, z”ﬂ (3.34)
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Proof. Since q((1+1i)z) = (1+1i)q(x) for all x € X, we can get q(0) = 0 and
q(2z) = (1 4+4)q((1 — i)z) for all x € X.
Now, putting x =y # 0 in (3.32), we get
12a((1 + )z) + 2q((1 — i)z) — 4q(), z|| < 0|z, z||*"

Therefore, we have

1 1 )
x) — =q(22), z|| < —=0 ||z, z||*" 3.35
R A (3.39
for all x, z € X. It is easy to verify that inequality (3.33) holds for all nonnegative
integers [, m with [ < m. Choosing = ¥ in equation (3.35), we have
x
2)- o < 2ol
o (3) - 2] = 5l
~2(3), <79H*’ .
Hq(m) al5) 7| = 713 z (3.36)

Finally, it is easy to verify that inequality (3.34) holds for all nonnegative integers
I,m with [ < m. O

Theorem 3.8. Let X be a complex 2-normed space, Y be a complex 2-Banach
space and let r < 1/2, 6 be a positive real number. Let q: X — Y be a mapping
satisfying q((1 +4)z) = (1 +4)q(z) and the inequality

ICq(x,y), 2| <Oz, z||" . ||y, z||"  for all x,y,z € X. (3.37)

Then there exists a unique additive mapping g : X — Y such that

1

z)—g(x),z|| < ———0 ||z, 2||*"  forallz,z € X. 3.38
la(z) — g(z) ”—(2_4r)ﬁ @, 2" f (3.38)
Proof. Define the sequence of functions {g,} by the formula
1
gn(x) = 2—nq(2” xz) forallz e X, neN. (3.39)

Firstly we have to prove that the sequence {g,} is a Cauchy sequence for
every x € X. For x = 0, it is trivial. Take 0 # z € X for n < m. By using Lemma
3.7, we have

190(@) — gm(), 2] = \




Stability of Complex Functional Equations in 2-Banach Spaces 357

Therefore the sequence {g,(z)} is a Cauchy sequence. Since Y is complete, then
this sequence is convergent. Hence, we can define a mapping g : X — Y such
that

By (3.37), we get

: 1 n n
nr
< lim —0|z, z||"||y, z|" =0 forall z,y,z € X.
n—oo 2T

Thus Cg(z,y) = 0. By Proposition(2.7), the mapping ¢ : X — Y is additive.
Moreover, letting [ = 0 and passing the limit m — oo in inequality (3.33), we
obtain (3.38).

To prove that ¢ is unique, assume that there exist two additive functions g; :

X —Y,i=1,2, such that

1 2
—gi(x), 2| £ —————=0 ||z, 2||7". 3.40
Jate) = gite), 2l < b e (3.40)
Also, we have
gi(x) =2""g; (2"x). (3.41)

Now we obtain for every x, z € X that ¢;(0) = g2(0) = 0 and using (3.40), (3.41),
we have

lg1(z) = ga(@), 2] = [[27"g1(2"2) — 27"g2(2" (@), 2

= 27" 91(2"2) — g2(2"), 2|
=27"[[g1(2"x) — a(2"z) + q(2"x) — g2(2"x), 2]
<27 [[la(2"x) = g1(2"2), z[| + [[a(2"x) — g2(2"x), 2]
22717" 1 1
<2 0|z, z|*" |, r<-=.
2" [ (2—47)V2 2
Taking n — oo, we get ||g1(z) — g2(z), z|| = 0 . Therefore g;(x) = ga(x). O

Theorem 3.9. Let X be a complex 2-normed space, Y be a complex 2-Banach
space and let r > 1/2, 6 be a positive real number. Let q : X — Y be a mapping
satisfying q((1 +i)x) = (1 +14)q(z) and the inequality

ICq(w,y). 2l < Ol 2l y 2" for all 2y, = € X. (3.42)

Then there exists a unique additive mapping h : X — Y such that

1

WQ |z, z||*"  for all z,z € X. (3.43)

la(z) = h(z), z[| <
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Proof. Define the sequence of functions {h,} by the formula
hn(z) =2"q(27"z) forallz,z€ X, neN. (3.44)
Since q(0) = 0, by using Lemma 3.7, we have for all z,z € X and n > m,
1ha(2) = hn(@), 2]| < [|2"a(27"2) — 2™q(27"2), 2|
o [ 1

ﬂenx,znﬂ .

Therefore {h,(z)} is a Cauchy sequence for every x € X. Since Y is complete,
then {h,(x)} is convergent. Hence, there exists a mapping h : X — Y such that

h(z) = lim h,(z), ze€X.

n—o0

Then, in the same way as in Theorem 3.8, it easy to verify that h is an additive
function. Moreover, letting [ = 0 and passing the limit m — oo in (3.34), we
obtain (3.43).
To prove that h is unique, assume that there exist two additive functions h; :
X —Y,i=1,2, such that
1

2r
m@ |z, z]|" . (3.45)

la(z) = hi(z), 2] <

Also, we have
hi(z) = 2"h; (27 ") . (3.46)
Now, for every z,z € X, by using (3.45), (3.46), we get

[h1(x) — ho(z), 2| = [|2"h1(27"2) — 2"ha(27"2), 2|
= 2" [ (27" (@) — ha(27"(2)). 2|
=2"||h1(27"2) = q(27"(2)) + a(27"(2)) — ha(27"x), 2|
< [fla@™"(@)) = hu(@), 2|| + [|a(27" () — ha(z), 2]
<2"[[|a(27"z) — h(27"x), 2| + [|a(27"x) — ha(27"2), 2]
on+1 1 o
< Oz, 2|, r>

= 92nr (47" _ 2)\/5

Taking the limit n — oo, we have hq(x) = ho(x). Hence the result follows. [J

1
5"

4. Hyers—Ulam stability of quadratic functional equations

For a given mapping q : X — Y, we define

Ca(z,y) :=q(z + iy) + q(z —iy) + q(y +ix) +q(y —iz) forall z,z € X,
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If a mapping q : X — Y satisfies the quadratic functional equation
q(z +y) +a(z — y) = 2q(z) + 2q(y),
and q(ix) = —q(x) for all z,y € X, then
q(z +iy) + gz —iy) + q(y + iz) + q(y —ix) =0 for all z,z € X.

In fact, q : C — C with q(x) = 22 satisfies (1.5).
Now we prove the Hyers—Ulam stability of the quadratic functional equation
Cq(z,y) = 0.

Lemma 4.1. Let X be a complex 2-normed space, Y be a complex 2-Banach
space and let r — {2} € R and 6 be a positive real number. Let q: X — Y be a
mapping satisfying the mapping q((1 + i)x) = 2iq(z) and the inequality

ICa(z,y), 2l <O (=, 2" + lly, 2II")  for all z,z € X. (4.1)
Then, for all x € X and for all nonnegative integers I, m with I < m, we have

m—1 .
973 1 )
] <% 50141 (42)

1 1
7902') — Sa(27a), 2

or

-1

3

49
orj+r
l

H4lq(2_lx) —4mg(2 M), ZH < 20|, 2||"] . (4.3)

J

Proof. Since q((1 + i)z) = 2iq(x) for all z € X, we can get q(0) = 0 and
q(2z) = 2iq((1 —i)x) for all z € X.
Now, putting x =y # 0 in (4.1), we get

12q((1 + 4)x) +2q((1 —i)z), 2|| < 20 ||z, 2||" .
Therefore we have

1
< 50 |z, z||" forall z,z € X. (4.4)

Jat) - ja2o).2

It is easy to see that inequality (4.2) holds for all nonnegative integers [, m with
[ <m.
Choosing = = 1/2 in equation (4.4), we have

o)~
Jat@) —4a(3) <] <2052

Now it is easy to see that inequality (4.3) holds for all nonnegative integers I, m
with I < m. O

T

1 x
< ZpllZ
—29H2’z

T

(4.5)
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Theorem 4.2. Let X be a complex 2-normed space, Y be a complex 2-Banach
space and let v < 2, 6 be a positive real number. Let q : X — Y be a mapping
satisfying q((1 4 i)x) = 2iq(x) and the inequality

ICa(x,y), 2| <O (|z,z||" + ||y, z||") for all x,y,z € X. (4.6)

Then there exists a unique quadratic mapping f : X — Y such that

lla(z) — f(x), 2] < 4 forall z,z € X. (4.7)
Proof. Define the sequence of functions {g,} by the formula
1
fu(z) = 4—nq(2” xz) forallz e X, neN. (4.8)

Firstly we have to prove that the sequence {f,} is a Cauchy sequence for every
x € X. For x =0, it is trivial. Take 0 # =z € X for n < m. By using Lemma 4.1,
we have

1fn () = frm (), 2| =

L ori
4— [29||x z||T] <oo, T<2

Therefore the sequence { f,(x)} is a Cauchy sequence. Since Y is complete, then
this sequence is convergent. Thus, we can define a mapping f : X — Y such that

F(@) = lim_fola)
f(@) = lim [jnq(z%)].

n—oo

By (4.6),

T 1 n n
onr
< lim
471

T n—oo

0|z, z||" + lly, 2]|") =0 for all z,y,z € X.

Hence Cf(z,y) = 0. By Proposition (2.9), the mapping f : X — Y is quadratic.
Moreover, letting [ = 0 and passing the limit m — oo in inequality (4.2), we
obtain (4.7).

To prove that f is unique, assume that there exist two quadratic functions
gi: X =Y, i=1,2, such that

la(z) = fi(z), 2ll < = 2T9||$ z|l" (4.9)

Also, we have

filx) = 47" fi(2" () (4.10)
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For every z,z € X, we obtain that f1(0) = f2(0) = 0. By using (4.9),(4.10), we
have

If1(2) = fa(@), 2l = [[47" fu(2"2) — 47" f2(2"(2), 2|
= 47" [ /1(2"2) — f2(2"2), 2]
= 47" [ /1(2"2) = a(2"z) + q(2"x) — f2(2"2), 2]
<47 [[la(2"x) = f1(2"2), 2] + la(2"z) — f2(2"2), 2]]]

2nr 2
< " .
_24n [4_? ], r <2
Taking n — oo, we get || f1(z) — f2(z), z|| = 0, and thus fi(x) = fa(z). O

Theorem 4.3. Let r > 2, 0 be a positive real number, X be a compler 2-
normed space and Y be a 2-Banach space. Let q : X — Y be a mapping satisfying
q((1 +1i)z) = 2iq(x) and the inequality

ICa(z,y), 2| < Ol|z, z||" + ||y, z||"] for all x,y,z € X. (4.11)

Then there exists a unique quadratic mapping k : X — 'Y such that

2
lla(z) — k(x), 2| < 5 46 |z, z||" for all z,z € X. (4.12)
Proof. Define the sequence of functions {k,} by the formula
kn(x) =4"q(27"x) forallz € X, neN. (4.13)

Since k(0) = 0, by using Lemma 4.1, we have for all z € X and n > m,

-1

3

49
27“j+7’
!

lkn(2) = ki (@), 2]| < [|47a(27"2) — 4™q(27 ™), 2|| < [26]|, z[|"] -

J

Therefore {k,(x)} is a Cauchy sequence for every x € X. Since Y is complete,
{kn(z)} is convergent. Hence, there exists a mapping k : X — Y such that
k(z) = lim k,(z), x€ X.
n—oo

Then, in the same way as in Theorem 4.2, it easy to verify that k is a quadratic
function. Moreover, letting [ = 0 and passing the limit m — oo in inequality
(4.3), we obtain (4.12).

To prove that k is unique, assume that there exist two quadratic functions
ki: X =Y, i=1,2, such that

l9(2) = ki), 2 < 50w, 21" (414)

Also, we have

ki(z) = 4"k; (27 "z) . (4.15)
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Now, for every z,z € X by using (4.14), (4.15), we get

k1 (&) — ka(x), 2| = ||4%k1 (27"2) — 47ko(27 "), 2|
= 4" ||k (27 (2)) — ko (2(2)), 2|
= 4" ||k1(27"2) — 927" (2)) + a2 (@) — ka(2 "), 2
< 4" [[la@7"x) = k1(27"2), 2| + [a(27"2) — k2(27"2), 2]
§224m" |:2T2_49||$,Z||T:| ) ;T>2-

Taking the limit n — oo, we have ki (x) = ko(z). Hence the result follows. [

Lemma 4.4. Let X be a complex 2-normed space, Y be a complex 2-Banach
space and let ¥ — {1} € R and 6 be a positive real number. Let q: X — Y be a
mapping satisfying the mapping q((1 + ¢)z) = 2iq(z) and the inequality

ICa(z, y), 2l < Ollz, 2" - lly, 2" for all z,y,z € X. (4.16)

Then, for all nonnegative integers I,m with | < m and x,z € X, we have

m—1

1

1
| 00) ~ e, < X 45 ol 217 (4.17)
]:l
or
H4l (27lz) — 4mq(2 M H_ MM [QHx,zHQT]. (4.18)

]7

Proof. Since q((1 + i)z) = 2iq(x) for all z € X, we can get q(0) = 0 and
q(2z) = 2iq((1 — ¢)z) for all x € X.
Now, putting x =y # 0 in (4.16), we get

12a((1 4 i)2) + 2q((1 — D)), 2I| < 6 |2, 2"

Therefore, we have

1 1
Hq(:c) - 79(20), 2|| < 20 |z, z||*"  forall z,z € X. (4.19)

It is easy to see that inequality (4.17) holds for all nonnegative integers [, m with
I < 'm. Choosng x = /2 in equation (4.19), we have

Hq <g) o iq(x),z < 19 Hg’z 2

o —1a(3) <] <03+

It is easy to see that inequality (4.18) holds for all nonnegative integers [, m with
I <m. O

(4.20)
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Theorem 4.5. Let X be a complex 2-normed space, Y be a complex 2- Banach
space and let r < 1, 6 be a positive real number. Let q : X — Y be a mapping
satisfying q((1 4 i)x) = 2iq(x) and the inequality

1Ca(z, ), 2l < Oz, 2] lly, 2" for all x,y, 2 € X. (4.21)

Then there exists a unique quadratic mapping f : X — Y such that

la(z) — f(2), 2] < |z, 2| forallz,z € X. (4.22)

4 —4r
Proof. Define the sequence of functions {g,} by the formula

1
fulx) = 4—”q(2” xz) forallz e X, neN. (4.23)

Firstly we have to prove that the sequence {f,} is a Cauchy sequence for
every x € X. For x = 0, it is trivial. Taking 0 # = € X for n < m and using
Lemma 4.4, we have

1) — finla ‘ ("), 2

m— ’I’ y

Z

- 0], 2|*] <00, T<1

Therefore the sequence { f,(x)} is a Cauchy sequence. Since Y is complete, then
this sequence is convergent. Hence, we can define a mapping f : X — Y such
that

By (4.21), we get

nr
< lim "

0|z, z||"||y, 2]|" =0 for all x,y,z € X.
n—oo
Thus Cf(x,y) = 0. By Proposition 2.9, the mapping f : X — Y is quadratic.
Moreover, letting [ = 0 and passing the limit m — oo in inequality (4.17), we
obtain (4.22).
To prove that f is unique, assume that there exist two quadratic functions
fi: X =Y, i=1,2 such that

la(z) = fi(z), 2] < [E (4.24)

Also, we have

fil@) = 47" f; (23). (4.25)
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For every z,z € X, we obtain that f1(0) = f2(0) = 0. Using (4.24),(4.25), we
have

Ifi(z) = fa(@), 2l = [[47" fu(2"2) — 27" f2(2"(2), 2

2"z) — fo(2"x), 2

2"x) — q(2"z) +q(2"z) — f2(2"2), 2|
<47 [[[a(2%2) = f1(2"%2), 2]l + [a(2"2) — f2(2"2), 2]]

92nr 0 9
2 pr [4_4T||x,z|| T], r<1.
Taking n — oo, we get || f1(z) — fa(x), z|| = 0, and thus fi(x) = fa(z). O

Theorem 4.6. Let X be a complex 2-normed space, Y be a complex 2-Banach
space and let v > 1, 6 be a positive real number. Let q : X — Y be a mapping
satisfying q((1 + i)x) = 2iq(x) and

ICa(w,y). 2l < Ol 2l y. 2" for all 2y, = € X. (4.26)

Then there exists a unique quadratic mapping k : X — Y such that

la(z) — k(z), z|| < |z, z||*" for all z,z € X. (4.27)

4 —4
Proof. Define the sequence of functions {k,} by the formula
kn(z) =4"q(27"z) forallz e X, ne N. (4.28)

Since k(0) = 0, by using Lemma 4.4, we have for all z,z € X and n > m,

m—

kn () — km(2), 2] < |[4"q(27 ") — 4Mq(2™™ Z TW 0]z, 2]|*] .

Therefore, {k,(x)} is a Cauchy sequence for every x € X. Since Y is complete,
then {k,(z)} is convergent. Hence, there exists a mapping k : X — Y such that
k(z) = lim k,(z), =€ X.

n—oo
Then, in the same way as in Theorem 4.5, it easy to verify that k is a quadratic
function. Moreover, letting [ = 0 and passing the limit m — oo in inequality
(4.18), we obtain (4.27).
To prove that k is unique, assume that there exist two linear functions k; :
X —=Y,i=1,2, such that

la(z) = ki(2), 2| < I, 2" (4.29)

4r —4

Also, we have

ki(xz) = 4"k; (27 ") . (4.30)
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Now, for every z,z € X by using (4.29), (4.30), we get

k1 (x) — ko), z|| = [|[4"k1 (27 ") — 4"k (27"), 2|
=4" k127 (@) — k227" (@), 2|
= 4" k1 (27"2) — (27" (2)) + (27" () — ka(27 "), 2|
<A™ [||la2"z) — k1(27"®), 2]| + [[a(27"2) — k2(27"2), 2||]
4n 1

2
S2W m@”x,znr 5 r> 1.

Taking the limit n — oo, we have ki(x) = ka(z). Hence the result follows. O

Remark 4.7. In this paper, we have extended the main results of Cao et al. [9]
(Theorem II.1. and Theorem II.3) and of Kwon et al. [33] (Theorems 2.1-2.4 |
3.1-3.4) in the framework of a complex 2-normed space (Theorems 3.2-3.3, 3.5—
3.9 and 4.2-4.6). Also, we obtained the Hyers—Ulam stability of the additive and
quadratic functional equations.
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CrilikicTb KOMILUIEKCHUX (DYHKIIOHAJIbHUX PiBHAHb Yy
2-6aHaxoBOMY ITPOCTOPi

Anshul Rana, Ravinder Kumar Sharma, and Sumit Chandok

Y poboTi MU Omep)KYyeMO IesiKi pe3yJbTraTu i CTiikocti Xaiiepca—
Viiama HACTYITHUX DiBHSIHB

q(z +iy) + q(z — iy) + q(y + iz) + q(y — iz) = 2q(z) + 2q(y)

q(x +iy) + q(z — iy) + q(y +iz) + q(y —ir) =0

3a y 2-0aHaxoBHUX MPOCTOPaX.

KirrowoBi cjioBa: 2-HOpMOBaHi TpocTOpH, 2-6aHAXOBI IPOCTOPH, CTIHKICTD
Xaitepca—Ymama—Pacciaca, aguruBHe BioOpaskKeHHsI, KBaJIpaTUIHE DiBHSIH-
He
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