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On Landsberg Warped Product Metrics

Mehran Gabrani, Bahman Rezaei, and Esra Sengelen Sevim

In this paper, we discuss a class of Finsler metrics which are called Finsler
warped product metrics. These metrics were studied by B. Chen, Z. Shen
and L. Zhao in 2018. Basically, we study the Berwald curvature of Finsler
warped product metrics. Also, we characterize the Finsler warped product
metrics of isotropic Berwald curvature, then we obtain that they are Randers
metrics (Theorem 1.2). Moreover, we consider an important problem which
is a unicorn problem in Finsler geometry for the class of Finsler metrics.
In fact, we get the answer to the crucial question of this study whether
such a Landsberg Finsler warped product metric is a Berwald metric or not
(Theorem 1.3).
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1. Introduction

The warped product metrics form an important and rich class of metrics in
Riemann–Finsler geometry and some interesting results were obtained in [2,8,9].
B. Chen, Z. Shen, and L. Zhao introduced a new class of Finsler metrics using
the concept of the warped product structure on an n-dimensional manifold M :=
I × M̆ , where I is an interval of R and M̆ is an (n − 1)-dimensional manifold
equipped with a Riemannian metric [4]. In fact, it was considered in the following
form:

F (u, v) = ᾰ(ŭ, v̆)φ
(
u1,

v1

ᾰ(ŭ, v̆)

)
, (1.1)

where u = (u1, ŭ), v = v1 ∂
∂u1

+ v̆ and φ is a suitable function defined on a domain
of R2. Throughout this paper, we always assume that the dimension of the
product manifold M := I × M̆ is greater than two and our index conventions are
as follows:

1 ≤ A ≤ B ≤ · · · ≤ n, 2 ≤ i ≤ j ≤ · · · ≤ n.

The class of Finsler metrics can be concluded as the spherically symmetric Finsler
metrics. It is necessary to mention that a Finsler metric F is said to be spherically
symmetric if the orthogonal group O(n) acts as isometries on F [12,15,18]. The
formulas for the flag curvature and Ricci curvature of Finsler warped product

c© Mehran Gabrani, Bahman Rezaei, and Esra Sengelen Sevim, 2021

https://doi.org/10.15407/mag17.04.468


On Landsberg Warped Product Metrics 469

metrics were obtained by B. Chen, Z. Shen, and L. Zhao in [4]. Also, these
metrics were characterized as Einstein metrics [4]. H. Liu and X. Mo obtained the
differential equation to characterize the metrics with vanishing Douglas curvature
[10]. Moreover, H. Liu, X. Mo, and H. Zhang obtained equations that characterize
metrics of constant flag curvature and then they constructed many new warped
product Douglas metrics of constant Ricci [11].

The Cartan torsion C, the Berwald curvature B, the Landsberg curvature
L, the S-curvature S, the χ-curvature χ, the H-curvature H, etc., are several
important non-Riemannian quantities in Finsler geometry. Since they all vanish
for Riemannian metrics, they are called non-Riemannian quantities (see [13, 17,
21]). F is called a Berwald metric if its Berwald curvature vanishes. A Finsler
metric F on a manifold M is said to be of isotropic Berwald curvature if

B A
C DE = τ(u)(FvCvDδ

A
E + FvCvEδ

A
D + FvDvEδ

A
C + FvCvDvEv

A), (1.2)

where B A
C DE are the coefficients of Berwald curvature and τ(u) is a scalar func-

tion on M .

X. Chen and Z. Shen proved that F is of isotropic Berwald curvature if and
only if it is a Douglas metric with isotropic E-curvature, [5]. A. Tayebi and
M. Rafie-Rad showed that if F is an isotropic Berwald Finsler metric, then F is of
isotropic S-curvature [20]. A. Tayebi and B. Najafi proved that isotropic Berwald
metrics of scalar flag curvature are of Randers type [19]. In [14], E. Peyghan and
A. Tayebi proved that every generalized Berwald metric with non-zero scalar flag
curvature or isotropic Berwald curvature is a Randers metric. In [6], G. Enli,
H. Liu, and X. Mo showed that if F is a spherically symmetric Finsler metric of
isotropic Berwald curvature, then F is a Randers metric. These studies motivated
to consider the Berwald curvature and the isotropic Berwald curvature of Finsler
warped product metrics. Moreover, H. Liu, and X. Mo characterized the Finsler
warped product metrics to be Berwaldian. They obtained the following lemma:

Lemma 1.1 ([10]). Let F = ᾰφ(r, s) be a Finsler warped product metric,

where r = u1 and s = v1

ᾰ . Then F is a Berwald metric if and only if

Φ = a(r)s2 + b(r), Ψ = c(r)s, (1.3)

where a = a(r), b = b(r) and c = c(r) are differentiable functions and Φ and Ψ
are defined in (2.2).

In this paper, we prove the following important theorem:

Theorem 1.2. Let F = ᾰφ(r, s) be a Finsler warped product metric, where

r = u1 and s = v1

ᾰ . Suppose that F is of isotropic Berwald curvature. Then F is
a Randers metric.

Recall that a Randers metric has to be of the form F = α + β, which was
studied by a physicist Randers in 1941 [16], where α is a Riemannian metric and
β is a 1-form with ‖β‖α < 1.
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In local coordinates, the Landsberg curvature L := LCDEdu
C ⊗ duD ⊗ duE

is defined as LCDE := −1

2
FFvA

∂3GA

∂vC∂vD∂vE
. Note that every Berwald metric is

a Landsberg metric. However, the converse is still an open problem in Finsler
geometry called as “unicorn problem” [1]. Therefore, we also considered to study
the unicorn problem for Finsler warped product metrics (see Section 6). In fact,
we prove the following:

Theorem 1.3. Let F = ᾰφ(r, s) be a Finsler warped product metric, where

r = u1 and s = v1

ᾰ . If F is a Landsberg metric, then either

1. F is Berwaldian or

2. there exist the smooth functions a1, a2, and a4 of r such that

F = ᾰ

[
exp

(∫ s

0

ta1(r) + 2a2(r)

t2a1(r) + 2ta2(r)− 2a4(r)
dt

)]
a0(r), (1.4)

where a0(r) = c exp(
∫
a1(r)dr) and c is a constant.

Notice that the metrics in (1.4) are singular. Actually, we prove that all
regular Landsberg warped product metrics must be Berwaldian. Thus the unicorn
problem cannot be successful in the class of Finsler metrics.

2. Preliminaries

Assume that F is a Finsler metric on an n-dimensional manifold M and in
local coordinates u1, . . . , un and v = vA ∂

∂vA
, G = vA ∂

∂uA
− 2GA ∂

∂vA
is a spray

induced by F . The spray coefficients GA are defined by

GA :=
1

4
gAB{[F 2]uCvBv

C − [F 2]uB},

where gAB(u, v) =
[

1
2F

2
]
vAvB

and (gAB) = (gAB)−1. The spray coefficients of

a Riemannian metric are determined by the Christoffel symbols as Ği(ŭ, v̆) =
1
2 Γ̆ijk(ŭ)v̆j v̆k”. The spray coefficients GA of a Finsler warped product metric F =
ᾰφ(r, s) are given by [4],

G1 = Φᾰ2, Gi = Ği + Ψᾰ2 l̆i, (2.1)

where l̆i = vi

ᾰ and

Φ =
s2(ωrωss − ωsωrs)− 2ω(ωr − sωrs)

2(2ωωss − ω2
s)

, Ψ =
s(ωrωss − ωsωrs) + ωsωr

2(2ωωss − ω2
s)

, (2.2)

where ω = φ2. Φ and Ψ can be simplified by Maple and given as follows:

Φ = sΨ +A, (2.3)

Ψ =
sφr
2φ
− φs

φ
A, (2.4)
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where

A :=
sφrs − φr

2φss
. (2.5)

The Berwald curvature B = B A
C DEdu

C⊗duD⊗duE⊗ ∂
∂uA

of a Finsler metric
F is defined by

B A
C DE :=

∂3GA

∂vC∂vD∂vE
.

The Finsler metric F is called a Berwald metric if B = 0. Furthermore, F is said
to be of isotropic Berwald curvature if its Berwald curvature B A

C DE satisfies

B A
C DE = τ(u)(FvCvDδ

A
E + FvCvEδ

A
D + FvDvEδ

A
C + FvCvDvEv

A), (2.6)

where τ(u) is a scalar function. The E-curvature E = EABdu
A ⊗ duB of F is

defined by

EAB :=
1

2

∂2

∂vA∂vB
(
∂GC

∂vC
). (2.7)

Moreover, F is said to have an isotropic E-curvature if there is a scalar function
κ = κ(u) on M such that

E =
1

2
(n+ 1)κF−1h, (2.8)

where h is a family of bilinear forms hv = hABdu
A ⊗ duB defined by hAB :=

FFvAvB .
By the definition, the Landsberg metrics are defined by

LCDE := −1

2
FFvA

∂3GA

∂vC∂vD∂vE
= 0. (2.9)

Moreover,
D = DA

BCEdu
B ⊗ duC ⊗ duE

is a tensor on TM \ {0} which is called the Douglas tensor, where

DA
BCE : =

∂3

∂vB∂vC∂vE

(
GA − 1

n+ 1

∂GM

∂vM
vA
)
. (2.10)

The Finsler metric F is called a Douglas metric if D = 0, equivalently, a Finsler
metric is a Douglas metric if and only if GAvB − GBvA are homogeneous poly-
nomials in y of degree 3 (see [3]). Clearly, for a Berwald metrics, the spray
coefficients Gi are quadratic in y. It follows that D = 0, (2.10). The Berwald
metrics are Douglas metric. H. Liu and X. Mo proved in [10] that a warped
product Finsler metric F = ᾰφ(r, s) is of Douglas type if and only if

Φ− sΨ = ξ(r)s2 + η(r), (2.11)

where ξ = ξ(r) and η = η(r) are two differential functions.
In Section 5, we need the following lemma:
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Lemma 2.1 ([5]). For a Finsler metric F on an n-dimensional manifold M ,
the followings are equivalent:

(a) F is of isotropic Berwald curvature,

(b) D A
B CD = 0 and EAB =

n+ 1

2
κFvAvB for a scalar function κ = κ(u) on M .

3. E-curvature of Finsler warped product metrics

In this section, first we compute the E-curvature of a Finsler warped product
metric F = ᾰφ(r, s). Then we classify the metrics with isotropic E-curvature.

The following identities are obvious for a Finsler warped product metric F =
ᾰφ(r, s):

ᾰv1 = 0, sv1 =
1

ᾰ
, svj = −sl̆j

ᾰ
, ᾰ2

vj = 2ᾰl̆j , l̆m l̆
m = 1, (3.1)

where l̆j := ᾰvj .
By (2.1), (2.7) and (3.1), we get

E = EABdu
A ⊗ duB

= E11du
1 ⊗ du1 + E1jdu

1 ⊗ duj + Ei1du
i ⊗ du1 + Eijdu

i ⊗ duj , (3.2)

where

E11 =
1

2

[ ∂

∂v1∂v1
(
∂G1

∂v1
) +

∂

∂v1∂v1
(
∂Gm

∂vm
)
]

=
1

2ᾰ

[
(n− 2)Ψss − sΨsss + Φsss

]
, (3.3)

E1j =
1

2

[ ∂

∂v1∂vj
(
∂G1

∂v1
) +

∂

∂v1∂vj
(
∂Gm

∂vm
)
]

=
−s
2ᾰ

[
(n− 2)Ψss − sΨsss + Φsss

]
l̆j , (3.4)

Ei1 =
1

2

[ ∂

∂vi∂v1
(
∂G1

∂v1
) +

∂

∂vi∂v1
(
∂Gm

∂vm
)
]

=
−s
2ᾰ

[
(n− 2)Ψss − sΨsss + Φsss

]
l̆i, (3.5)

Eij =
1

2

[ ∂

∂vi∂vj
(
∂G1

∂v1
) +

∂

∂vi∂vj
(
∂Gm

∂vm
)
]

=
1

2ᾰ

{
s2
[
(n− 2)Ψss − sΨsss + Φsss

]
l̆i l̆j

+
[
n(Ψ− sΨs) + s2Ψss + Φs − sΦss

]
h̆ij

}
, (3.6)

where h̆ij := ᾰ(l̆i)vj . Now we prove the following proposition:

Proposition 3.1 ([7]). The warped product metric F = ᾰφ(r, s) is of isotropic
E-curvature if and only if

n(Ψ− sΨs) + s2Ψss + Φs − sΦss = (n+ 1)k(φ− sφs), (3.7)

where k = k(u) is a scalar function on M .
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Proof. A direct computation yields

Fv1 = φs, Fvi = (φ− sφs)l̆i.

By the above equations, we obtain

Fv1v1 =
1

ᾰ
φss, (3.8)

Fv1vj = −sφss
ᾰ

l̆j , (3.9)

Fviv1 = −sφss
ᾰ

l̆i, (3.10)

Fvivj =
1

ᾰ

[
s2φss l̆i l̆j + (φ− sφs)h̆ij

]
. (3.11)

By (2.8), we have

∂

∂vB
∂

∂vA

(
∂GC

∂vC

)
= (n+ 1)kFvAvB . (3.12)

Suppose that F is of isotropic E-curvature. By (3.3)–(3.6), (3.8)–(3.11), and
(3.12), we obtain

(n− 2)Ψss − sΨsss + Φsss = (n+ 1)kφss, (3.13)

s2
[
(n− 2)Ψss − sΨsss + Φsss

]
l̆i l̆j +

[
n(Ψ− sΨs) + s2Ψss + Φs − sΦss

]
h̆ij

= (n+ 1)k
[
s2φss l̆i l̆j + (φ− sφs)h̆ij

]
. (3.14)

Substituting (3.13) into (3.14), we get

n(Ψ− sΨs) + s2Ψss + Φs − sΦss = (n+ 1)k(φ− sφs). (3.15)

Conversely, assume that (3.15) holds. Differentiating (3.15) with respect to
s, we obtain (3.13). By (3.13) and (3.15), (3.14) holds. Hence, we conclude
that F = ᾰφ(r, s) has an isotropic E-curvature if and only if (3.15) holds. This
completes the proof of Proposition 3.1.

4. Berwald curvature

In this section, we prove the following theorem:

Theorem 4.1. Let F = ᾰφ(r, s) be a Finsler warped product metric, where

r = u1 and s = v1

ᾰ . If F is a Berwald metric, then one of the following holds:

1. F is a Riemannian metric or

2. F has the form

F = ᾰΥ[s2e4(
∫
m(r)dr)], (4.1)

where Υ is any differentiable function.
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Proof. Suppose that F is a Berwald metric. Substituting (2.3) into (1.3), we
obtain

A = m(r)s2 + b(r), (4.2)

Ψ = c(r)s, (4.3)

where m(r) = a(r)− c(r). Plugging (4.3) into (2.4), we have

sφr
2φ
− φs

φ
A = c(r)s.

Then plugging (4.2) into the above equation yields

sφr
2φ
− φs

φ
[m(r)s2 + b(r)] = c(r)s. (4.4)

By (4.4), we have

2[m(r)s2 + b(r)]φs − sφr + 2sc(r)φ = 0. (4.5)

By differentiating (4.5) with respect to the variable s, we have

2[m(r)s2 + b(r)]φss − sφrs − φr + 2c(r)φ+ 2s[2m(r) + c(r)]φs = 0. (4.6)

Using (2.5) and (4.2), we obtain

m(r)s2 + b(r) =
sφrs − φr

2φss
. (4.7)

By (4.7), we have

2[m(r)s2 + b(r)]φss − sφrs + φr = 0. (4.8)

By (4.6)–(4.8), we have

s[2m(r) + c(r)]φs − φr + c(r)φ = 0. (4.9)

Multiplying (4.9) by s and then subtracting (4.5), we get

[c(r)s2 − 2b(r)]φs = c(r)sφ. (4.10)

Case I: c(r)s2 − 2b(r) 6= 0. Then, by (4.10), it follows that

d(lnφ)s =
1

2
d[ln(c(r)s2 − 2b(r))]s.

Thus,

φ = γ(r)
√
c(r)s2 − 2b(r),

where γ(r) is any positive smooth function. In this case, the corresponding
warped product Finsler metric is a Riemannian metric.
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Case II: c(r)s2 − 2b(r) = 0. Note that φ > 0 and s 6= 0. In this case, (4.10)
is equivalent to

c(r) = 0, c(r)s2 − 2b(r) = 0. (4.11)

By (4.11), it follows that

c(r) = 0, b(r) = 0. (4.12)

Plugging (4.12) into (4.9) yields

2sm(r)φs − φr = 0. (4.13)

In this case, we solve only (4.13). The characteristic equation of (4.13) is

dr

−1
=

ds

2sm(r)
,

which is equivalent to

ds

dr
= −2sm(r). (4.14)

Hence, the solution of (4.13) is

φ = Υ[s2e4(
∫
m(r)dr)],

where Υ(·) is any differentiable function [22, Lemma 4.1].

5. Proof of Theorem 1.2

In this section, we prove Theorem 1.2. Firstly, we prove the following propo-
sition:

Proposition 5.1. Let F = ᾰφ(r, s) be a Finsler warped product metric, where

r = u1 and s = v1

ᾰ . Then F is a Douglas metric with isotropic E-curvature if
and only if

Ψ = k(u)φ+ sd(r), A = ξ(r)s2 + η(r), (5.1)

where Ψ and A are defined by (2.4) and (2.5), respectively.

Proof. Let F = ᾰφ(r, s) be a Finsler warped product metric. Suppose that
F is a Douglas metric with isotropic E-curvature. By [10, Lemma 3.3], F has
vanishing Douglas curvature if and only if

Φ− sΨ = ξ(r)s2 + η(r). (5.2)

By Proposition 3.1, F is of isotropic E-curvature if and only if

n(Ψ− sΨs) + s2Ψss + Φs − sΦss = (n+ 1)k(φ− sφs). (5.3)
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By (2.3), it is easy to see that (5.2) and (5.3) are equivalent to

A = ξ(r)s2 + η(r), (5.4)

(n+ 1)(Ψ− sΨs) +As − sAss = (n+ 1)k(φ− sφs). (5.5)

Plugging (5.4) into (5.5), we get

Ψ− sΨs = k(φ− sφs). (5.6)

Let Ψ = sΨ̄ and φ = sφ̄. Then Ψ−sΨs = −s2Ψ̄s and φ−sφs = −s2φ̄s. Plugging
these two equations into (5.6), we obtain

Ψ̄s − kφ̄s = 0. (5.7)

Therefore,

Ψ̄− kφ̄ = d(r). (5.8)

Thus,

Ψ = kφ+ sd(r). (5.9)

Conversely, suppose that (5.4) and (5.9) hold. Note that the equation given
by (5.4) is equivalent to (5.2). By (5.4) and (5.9), (5.5) holds. Hence, we obtain
that F is a Douglas metric with isotropic E-curvature.

Hence, we have the following theorem:

Theorem 5.2. Let F = ᾰφ(r, s) be a Finsler warped product metric, where

r = u1 and s = v1

ᾰ . Then F is of isotropic Berwald curvature if and only if

Ψ = k(u)φ+ sd(r), (5.10)

A = ξ(r)s2 + η(r), (5.11)

where Ψ and A are defined by (2.4) and (2.5), respectively.

Proof. By Lemma 2.1 and Proposition 5.1, we get the proof of Theorem
5.2.

Now we prove Theorem 1.2:

Proof of Theorem 1.2. Suppose that F is of isotropic Berwald curvature, that
is, (5.10) and (5.11) hold. The using of (2.4) and (5.10) yields

sφr
2φ
− φs

φ
A = kφ+ sd(r).

Plug (5.11) into the above equation to obtain

sφr
2φ
− φs

φ
[ξ(r)s2 + η(r)] = kφ+ sd(r). (5.12)
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By (5.12), it follows that

2[ξ(r)s2 + η(r)]φs − sφr + 2sd(r)φ+ 2kφ2 = 0. (5.13)

Taking the derivative with respect to the variable s, we get

2[ξ(r)s2 + η(r)]φss − sφrs − φr + 2d(r)φ

+ 2s[2ξ(r) + d(r)]φs + 4kφφs = 0. (5.14)

On the other hand, by (2.5) and (5.11), we have

ξ(r)s2 + η(r) =
sφrs − φr

2φss
. (5.15)

By (5.15), it follows that

2[ξ(r)s2 + η(r)]φss − sφrs + φr = 0. (5.16)

By (5.14)–(5.16), we have

s[2ξ(r) + d(r)]φs − φr + d(r)φ+ 2kφφs = 0. (5.17)

Multiplying (5.17) by s and then subtracting (5.13), we have

[d(r)s2 + 2ksφ− 2η(r)]φs = d(r)sφ+ 2kφ2. (5.18)

If ds2 − 2η 6= 0, then the solution of (5.18) is given by [6, Theorem 4.2],

φ =
2ks+

√
(4k2 + σd(r))s2 − ση(r)

σ
.

Note that F = ᾰφ(r, s), r = u1, s = v1

ᾰ . It follows that

F =
2kv1 +

√
(4k2 + σd(r))(v1)2 − ση(r)ᾰ2

σ
. (5.19)

Therefore F is a Randers metric.

In [4, Lemma 3.1], B.Chen, Z.Shen and L.Zhao proved that a spherically sym-
metric metric is a Finsler warped product metric. Hence, the following corollary
of Theorem 1.2 is obvious.

Corollary 5.3. [6] Let (Bn(υ), F ) be a spherically symmetric Finsler man-
ifold. Suppose that F is of isotropic Berwald curvature. Then F is a Randers
metric.

X.Cheng and Z.Shen proved in [5] that if F is a Finsler metric on a manifold
M of dimension n ≥ 3 with the conditions

D A
C DE = 0 and LACD + cFCACD = 0,

for a scalar function c = c(u) on M , then F is of isotropic Berwald curvature
satisfying (2.6) for a scalar function τ = τ(u) on M . In this case, Fu is not
Euclidean where τ(u) = c(u) at a point u. Therefore, the following corollary is
obviously given as a result of the Theorem 1.2:

Corollary 5.4. Let F = ᾰφ(r, s), r = u1, s = v1

ᾰ be a Douglas warped product
metric on a manifold M of dimension n ≥ 3. If LACD + cFCACD = 0, then F is
a Randers metric.
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6. Proof of Theorem 1.3

A direct computation yields

Fv1 = φs, Fvi = (φ− sφs)l̆i.

By (2.1) and the Landsberg curvature formula LCDE = −1

2
FFvA

∂3GA

∂vC∂vD∂vE
, we

get

L111 = −φ
2

[
φsΦsss + (φ− sφs)Ψsss

]
, (6.1)

L11i =
sφ

2

[
φsΦsss + (φ− sφs)Ψsss

]
l̆i, (6.2)

L1ij =
φ

2

{[
φs(Φs − sΦss − s2Φsss)− s(φ− sφs)(Ψss + sΨsss)

]
l̆i l̆j

−
[
φs(Φs − sΦss)− s(φ− sφs)Ψss

]
ăij

}
, (6.3)

Lijk =
φ

2

{[
s3φsΦsss − 3sφs(Φs − sΦss)− (φ− sφs)[−3s2Ψss

− s3Ψsss]
]
l̆i l̆j l̆k + [sφs(Φs − sΦss)

− (φ− sφs)s2Ψss]l̆kăij(i→ j → k → i)
}
, (6.4)

where we use (3.1).
Note that a Finsler metric F is called Landsberg metric if the Landsberg

curvature is zero:
LCDE = 0.

So, a Finsler warped product metric F = ᾰφ(r, s) is a Landsberg metric if and
only if Φ and Ψ satisfy

− φ

2

[
φsΦsss + (φ− sφs)Ψsss

]
= 0, (6.5)

sφ

2

[
φsΦsss + (φ− sφs)Ψsss

]
l̆i = 0, (6.6)

− φ

2

{
−
[
φs(Φs − sΦss − s2Φsss)− s(φ− sφs)(Ψss + sΨsss)

]
l̆i l̆j

+
[
φs(Φs − sΦss)− s(φ− sφs)Ψss

]
ăij

}
= 0, (6.7)

φ

2

{[
s3φsΦsss − 3sφs(Φs − sΦss)− (φ− sφs)[−3s2Ψss − s3Ψsss]

]
l̆i l̆j l̆k

+ [sφs(Φs − sΦss)− (φ− sφs)s2Ψss]l̆kăij(i→ j → k → i)
}

= 0. (6.8)

Thus, by (6.5)–(6.8), F is a Landsberg metric if and only if the following equations
hold:

φsΦsss + (φ− sφs)Ψsss = 0, (6.9)

φs(Φs − sΦss)− s(φ− sφs)Ψss = 0. (6.10)
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Proof of the Theorem 1.3. Let F = ᾰφ(r, s) be a Landsberg warped product
metric. Then (6.9) and (6.10) hold. Plug (2.3) into (6.9) and (6.10) to obtain

3φsΨss + φΨsss + φsAsss = 0, (6.11)

φs(Ψ− sΨs)− sφΨss + φs(As − sAss) = 0. (6.12)

Let Ω = Ψ− sΨs and µ = φs. Then (6.12) is given as follows:

(φΩ)s + µ(As − sAss) = 0. (6.13)

Differentiating (6.13) with respect to s, we have

(φΩ)ss = sµAsss − µs(As − sAss). (6.14)

Moreover, we have the following:

(φΩ)ss = −φ(Ψss + sΨsss)− 2sφsΨss + φssΩ.

Plugging (6.11) into above two equations yields

µs(As − sAss)(φ− sφs)Ψss − φssΩ = −φ− sφs
s

Ωs − φssΩ. (6.15)

Together with (6.13), it yields

µ(φssΩ +
φ− sφs

s
Ωs)− µs(φsΩ + φΩs) = 0.

Therefore,

Ωs

Ω
[(φ− sφs)µ− sφµs] = sφsµs − sφssµ. (6.16)

Hence,

(φ− sφs)µ− sφµs = (φ− sφs)φs − sφφss

and

sφsµs − sφssµ = sφsφss − sφssφs = 0.

Thus, we conclude that (6.16) holds if and only if

(φ− sφs)φs − sφφss = 0, (6.17)

or

Ωs

Ω
= 0 (6.18)

satisfies.
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The solution of equation (6.17) is given by

φ =
√
ι1(r)s2 + 2ι2(r), (6.19)

where ι1 and ι2 are two functions of the variable r. Hence, F = ᾰφ is Riemannian.
Therefore, by (6.18), we have

Ψss = 0.

Its solution is given by

Ψ = a1(r)s+ a2(r), (6.20)

where a1 and a2 are two functions of r. Combining with (6.12), we have

φs[a2(r) +As − sAss] = 0. (6.21)

Note that φs 6= 0 (see [10, Proposition 5.1]). Then it follows from (6.21) that

As − sAss = −a2(r).

Solving the equation, we get

A =
1

2
s2a3(r)− a2(r)s+ a4(r). (6.22)

If a2(r) = 0, then A =
1

2
s2a3(r) + a4(r) and Ψ = a1(r)s, which means that F

is Berwaldian by Lemma 1.1.

If a2(r) 6= 0, let U =
φs
φ

and V =
φr
φ

, then

φs = Uφ, φr = V φ.

Substituting the above equations into Ψ and A, which are given by (2.4) and
(2.5), respectively, we obtain

Ψ =
s

2
V − UA, A =

sVs + sUV − V
2(Us + U2)

. (6.23)

Substituting (6.20) and (6.22) into (6.23), we have

U =
sa1(r) + 2a2(r)

s2a1(r) + 2sa2(r)− 2a4(r)
, V =

2Ψ + 2UA

s
.

Thus,

(lnφ)s =
sa1(r) + 2a2(r)

s2a1(r) + 2sa2(r)− 2a4(r)
,

(lnφ)r =

(
2 a2

1(r) + a1(r)a3(r)
)
s2 + 4 (a1(r) + 1/2 a3(r)) a2(r)s− 2a1(r)a4(r)

s2a1(r) + 2a2(r)s− 2 a4(r)
.

(6.24)
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Integrating the first equation above, we obtain

φ = exp

(∫ s

0

ta1(r) + 2a2(r)

t2a1(r) + 2ta2(r)− 2a4(r)
dt

)
a0(r),

where a0 is an arbitrary C∞ function of r. To determine a0(r), firstly notice that
φ(r, 0) = a0(r). Thus,

[φ(r, 0)]r = a′0(r).

By the second equation of (6.24), it follows that

a′0(r)

a0(r)
= a1(r).

Therefore, the integration with respect to r yields

a0(r) = c exp

(∫
a1(r) dr

)
,

where c is the constant of integration. The Theorem 1.3 is proved.
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[3] S. Bácsó and M. Matsumoto, On a Finsler spaces of Douglas type. A generalization
of the notion of Berwald metrics, Publ. Math. Debrecen. 51 (1997), 385–406.

[4] B. Chen, Z. Shen, and L. Zhao, Constructions of Einstein Finsler metrics by warped
product, Internat. J. Math. 29 (2018), No. 11, 1850081.

[5] X. Chen and Z. Shen, On Douglas metrics, Publ. Math. Debrecen. 66 (2005), No.
3–4, 503–512.

[6] G. Enli, H. Liu, and X. Mo, On spherically symmetric Finsler metrics with isotropic
Berwald curvature, Int. J. Geom. Methods Mod. Phys. 10 (2013), No. 10, 1350054.

[7] M. Gabrani, B. Rezaei , and E.S. Sevim, On warped product Finsler metrics with
isotropic E-curvature, Mathematical Researches, 7 (2021), No. 4.

[8] AB. Hushmandi and MM. Rezaii, On the curvature of warped product Finsler spaces
and the Laplacian of the Sasaki–Finsler metrics, J. Geom. Phys. 62 (2012), No. 10,
2077–2098.

[9] L. Kozma, R. Peter, and C. Varga, Warped product of Finsler manifolds, Ann. Univ.
Sci. Budapest. 44 (2001), 157–170.



482 Mehran Gabrani, Bahman Rezaei, and Esra Sengelen Sevim

[10] H. Liu and X. Mo, Finsler warped product metrics of Douglas type, Canad. Math.
Bull. 62 (2019), No. 1, 119–130.

[11] H. Liu, X. Mo, and H. Zhang, Finsler warped product metrics with special Rieman-
nian curvature properties, Sci. China Math. (2019), 1–18.

[12] P. J. McCarthy and S. F. Rutz, The general general four-dimensional spherically
symmetric Finsler space, Gen. Relativity Gravitation. 25 (1993), No. 6, 589–602.

[13] B. Najafi, Z. Shen, and A. Tayebi, Finsler metrics of scalar flag curvature with
special non-Riemannian curvature properties, Geom. Dedicata. 131 (2008), 87–97.

[14] E. Peyghan and A. Tayebi, Generalized Berwald metrics, Turk. J. Math. 36 (2012),
475–484.

[15] S. Rutz, Symmetry in Finsler spaces, Finsler geometry, Contemp. Math. 196 (1996),
289–300.

[16] G. Randers, On an asymmetric metric in the four-space of general relativity, Phys.
Rev. 59 (1941), 195–199.

[17] Z. Shen, Riemann-Finsler geometry with applications to information geometry,
Chin. Ann. Math. 27 (2006), 73–94.

[18] W. Song and F. Zhou, Spherically symmetric Finsler metrics with scalar flag cur-
vature, Turk. J. Math. 39 (2015), No. 1, 16–22.

[19] A. Tayebi and B. Najafi, On isotropic Berwald metric, Ann. Polon. Math. 103
(2012), No. 2, 109–121.

[20] A. Tayebi and M. Rafie-Rad, S-curvature of isotropic Berwald metrics, Sci. China
Ser. A 51 (2008), No. 12, 2198–2204.

[21] A. Tayebi and M. Razgordani, On H-curvature of (α, β)-metrics, Turk. J. Math. 44
(2020), 207–222.

[22] X.M. Wang and B.L. Li, On Douglas general (α, β)-metrics, Acta Math. Sin. (Engl.
Ser.) 33 (2017), No. 7, 951–968.

Received September 2, 2020, revised December 4, 2020.

Mehran Gabrani,

Department of Mathematics, Faculty of Science, Urmia university, Urmia, Iran,

E-mail: m.gabrani@urmia.ac.ir

Bahman Rezaei,

Department of Mathematics, Faculty of Science, Urmia university, Urmia, Iran,

E-mail: b.rezaei@urmia.ac.ir

Esra Sengelen Sevim,

Department of Mathematics, Istanbul Bilgi University, 34060, Eski Silahtaraga Elektrik
Santrali, Kazim Karabekir Cad. No: 2/13 Eyupsultan, Istanbul, Turkey,
E-mail: esra.sengelen@bilgi.edu.tr

mailto:m.gabrani@urmia.ac.ir
mailto:b.rezaei@urmia.ac.ir
mailto:esra.sengelen@bilgi.edu.tr


On Landsberg Warped Product Metrics 483

Про метрики Ландсберґа викривленого добутку
Mehran Gabrani, Bahman Rezaei, and Esra Sengelen Sevim

У цiй роботi ми обговорюємо клас фiнслерових метрик, якi називаю-
ться фiнслеровими метриками викривленого добутку. Цi метрики було
вивчено Ченом, Шеном i Жао в 2018. По сутi, ми вивчаємо кривину
Бервальда фiнслерових метрик викривленого добутку. Ми також ха-
рактеризуємо фiнслеровi метрики викривленого добутку з iзотропною
кривиною Бервальда i встановлюємо, що вони є метриками Рандерса
(теорема 1.2). Крiм того, для фiнслерових метрик викривленого добутку
ми розглядаємо важливу проблему фiнслерової геометрiї про iснування
фiнслерових єдинорогiв. Фактично, ми даємо вiдповiдь на питання, чи є
метрикою Бервальда метрика Ландсберга, що є фiнслеровою метрикою
викривленого добутку (теорема 1.3).

Ключовi слова: метрика Фiнслера викривленого добутку, метрика
Ландсберга, iзотропна кривина Бервальда
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